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Introduction

Introduction

“Synoptic meteorology”™ describes that part of meteorology which is concerned, on the basis of
synoptic observations, with the study of meteorological phenomena in regard to their spatial distri-
bution and changes in respect of time and is intended for forecasting the weather (see WMO [1]).
For this purpose the relevant meteorological parameters must be observed simultaneously for the
same dates, distributed as quickly as possible via a global telecommunications network and then
finally processed in a suitable format. This extensive material forms the basis of three-dimensional
weather analysis and diagnosis and, as a further extension, weather prediction.

To perform this task a larger organisational apparatus is needed. Therefore operational synoptics is
one of the most important tasks of the national meteorological services. Furthermore world wide
cooperation of the various services is essential and is therefore organised within the WMO.

Following the introduction of computer processing, a major change in the methods of synoptic me-
teorology has taken place since about 1960. Today most of the analyses required are produced nu-
merically. But of special importance was the introduction of numerical models in which — based on
the relevant equations — the behaviour of the atmosphere is simulated and the state of the meteoro-
logical parameters is computed over a certain number of days. The results of these model computa-
tions have meanwhile become so accurate that they now form the basis of short-range and
medium-range weather forecasting.

The main job of the meteorologist working today in synoptics is therefore to monitor the numerical
analyses and, if necessary, correct them, to diagnose physically the momentary state of the atmo-
sphere and to interpret the numerically computed forecasting results in such a way that they can be
used. Naturally it is necessary time after time to derive weather forecasts in the case of obvious
false prognosis from the models independently from the numerical methods. In order to be able to
undertake this work properly, comprehensive knowledge about the structure and dynamics of the
synoptic systems as well as basic theoretical knowledge is necessary. Only if the effective pro-
cesses in the weather system are known is it possible to extrapolate these in order to achieve per-
manent success in the future. The object of this guide is to provide the newcomer to the subject of
synoptic meteorology with the basic knowledge needed for this.

With regard to the composition of the guide, it should be noted that the first three chapters include
the theoretical principles which are necessary to understand the synoptic processes. In chapters 4-9
the most important synoptic structures and systems are described, whilst chapters 10-14 are de-
voted to the development processes. Chapter 15 contains details about the dynamics of convective
weather systems. Finally in chapter 16 some weather situations are given as examples of synoptic
developments.







List of symbols

List of symbols

A horizontal cross section, area

Ag equatorial projection of an area

Ay amplitude of streamlines, relative
streamlines and trajectories

A amplitude of the jet axis

Ar temperature advection

An vorticity advection

APE available potential energy

a earth's radius

B half-width

b three-hour pressure change; crest
height of a mountain

e circulation

c,C speed or speed vector of a moving
system

c phase velocity of waves

Ci, Cr imaginary and real part of phase
velocity

[ front velocity

L\2
cp=4 (—) ROSSBY velocity
2n

Cx» Cy velocity components
in x-and y-direction

Cp drag coefficient

Cps Cy specific heat at constant pressure or
constant volume

D thickness, relative topography;
horizontal divergence
grid spacing
deformation
area in polar diagram; frontogenesis
function; forcing function

F.F; horizontal or three-dimensional vector
of frictional force

FQ forcing of vertical motion

f=20sing Coriolis parameter

g vector of effective gravity

g gravitational acceleration

H characteristic height; height of a
topography in [m]; heat flux per unit
mass and time

h vertical thickness, layer thickness;

height of mountain topography;
parameter

internal energy

O™ ==

(=}

=]
L]

&

1.5, 1

~
3

Ri
Ro

- = w
E 3

—

unit vectors in x or y-direction
kinetic energy

curvature of isobars, streamlines and
trajectories

orthogonal curvature

wave number; constant

vertical unit vector
characteristic length; wavelength
critical wavelength

wavelength of streamline and
trajectory

stationary wavelength; vertical
wavelength

“half-width” of a mountain
mass

scale factor; m=u, — fy absolute
momentum

number of isobar-isosteric solenoids

normal coordinate of the natural
coordinate system

unit vector in n-direction
potential energy; potential vorticity
air pressure

heat; air mass characteristic;
forcing function

Q vector
constant
gas constant for dry air

radius of isobars, streamlines and
trajectories

orthogonal radius
RICHARDSON number
ROSSBY number

tangential coordinate of the natural
coordinate system; scalar magnitude

deformation

absolute temperature

virtual temperature

time

unit vector in s-direction

e-folding time

total potential energy

horizontal velocity; zonal basic flow

wind component in x-direction



10 List of symbols
ug, u¥ geostrophic, ageostrophic wind A difference
omponent in x-direction o
el differential; variation; discriminant;
U* vertical mean of the zonal wind declination angle
Ur thermal wind 4 relative vorticity
v wind velocity &g geostrophic relative vorticity
V,V¥3 horizontal and three-dimensional wind ir thermal vorticity
vector
. . B b n absolute vorticity
v wind component in y-direction
eostrophic absolute vorticit
¥ vector of geostrophic wind e 5 . d
ntial temperature
\ ageostrophic wind component g POt
Vg VE geostrophic, ageostrophic wind Os preulic-puleial teingoraus
component in y-direction A function of deformation
Vg gradient wind 0 air density
Vy normal component of the wind o stability parameter
¥r thermal wind T horizontal vector of drag
vertical velocity @ geopotential
w vertical wind component @ geographic latitude
W orogiapkically iriggesed vertical w MONTGOMERY stream function
motion
X horizontal, normally east-pointing v des’c‘l-'!:'“onlﬂ_f E'mdlenfts fnlf s sulr'facc -
coordinate of a Cartesian coordinate e bt -
system ageostrophic circulation
y horizontal, normally north-pointing 0,0 angula{ velocity of earth's rotation
coordinate of a Cartesian coordinate (vectorial or scalar)
system dp ; TR
) h =— vertical motion in the p-system
¥i ¢ ordinate of the streamline or relative dt
streamline x vector product
z vertical coordinate; geometric height d.a differential
i : a9 9 :
o specific volume; angle = E—'— a_y horizontal Nabla operator
: 7 9 of
B wind direction; § = — ROSSBY
ay W8 R ; :
parameter V3=—+4—+— three-dimensional Nabla operator
ox dy oz
¥ angle; function 32 32
dT V?=—+—  Laplace operator
_ o1 i ; a,‘z By'
== actual vertical temperature gradient
STt : The vectors have been shown in the illustrations by simple
-adiabatic temperature gradient :
M dry pe g letters with an arrow over them and the Nabla operator
Pr moist-adiabatic temperature gradient with a simple V.
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1 Basic Equations

In this section the most important basic equations which
are of importance when examining synoptic systems will
be noted briefly and mostly without derivation. Derivations
and more exact details can be obtained from the works of
HALTINER and MARTIN [2]. HOLTON [3], PETTERS-
SEN [4] and WIN-NIELSEN [5].

1.1 Equations of thermodynamics

The gas equation
pa=RyT

or (1.1)
P RyT
o

determines the state of the air as a gas mixture. The equa-
tion applies to dry air with pressure p, specific volume o,
air density o, temperature T and gas constant Ry. When ap-
plying to unsaturated moist air, T must be replaced by vir-
tual temperature T,.

A spatial configuration in which the surfaces of equal pres-
sure (isobaric surfaces) intersect the surfaces of equal spe-
cific volume (isosteric surfaces) is described as baroclinic.
According to the gas equation this is also synonymous with
the surfaces of equal density and equal temperature inter-
secting the pressure surfaces.

A configuration in which by contrast all these surfaces are
parallel to each other is called barotropic.

If heat dQ is imparted from the environment to an air parti-
cle, this is used partially to increase its inner energy and
partially for expansion work against the outer pressure
(first law of thermodynamics). For the unit mass the fol-
lowing applies

dQ=c,dT +pda (1.2)
or —using (1.1)
dQ=c¢,dT +adp. (1.3)

Cp. €, are the specific heats at constant pressure and con-
stant volume.

The most important processes by which diabatic heat trans-
fer occurs in the atmosphere are condensation, radiation
and turbulence.

Processes in which the particles neither absorb heat from
the environment nor supply heat to it are called adiabatic.
Assuming dQ = 0, Poisson's equation

o (g) i
Tn Po !

then results from (1.3) and (1.1) through which the varia-
tions of temperature and pressure are coupled with each
other during an adiabatic process. If pp= 1000 hPa is used,
(1.4) produces the definition equation of potential tempera-

fure
1000 "/
el

It is a conservative property for adiabatic processes.

(1.4)

(1.5)

In the case of adiabatic expansion of moist air, water va-
pour present in the air can condense, At the same time con-
densation heat is released which reduces adiabatic cooling
of the particles. In analogy to potential temperature, several
temperatures have been defined, which are conservative
for adiabatic processes with inclusion of the condensation.
For practical purposes the pseudo-potential temperature
Ops which can be calculated graphically in a thermody-
namic diagram is particularly suitable.

1.2 Equations of motion

The three-dimensional motion of a particle relative to the
rotating earth is described with the equation of motion:
d\’j.

1
Go= gV 20xvitg+Fs.

dt e

V. is the three-dimensional wind vector, —V; p the three-
dimensional pressure gradient, £2 the vector of the earth's
rotation, g effective gravity and F;, the vector of frictional
force. Corresponding to this equation the individual accel-
eration of the particle results from the effect of the pressure
gradient force, Coriolis force, gravity and frictional force.

By neglecting a relatively small component of Coriolis
force which results from the effect of vertical motion, and
assuming a frictionless flow, the horizontal equation of
motion for the x-, y-plane of a normal Cartesian coordinate
system
E = —l Vp—fkxv
dt 0
with the Coriolis parameter f =242 sin ¢ and the vertical
unit vector k results from (1.6). ¢ is the geographical lati-
tude, v is the horizontal wind vector, —¥Vp the horizontal
pressure gradient.

(1.7)

If the vertical component of the Coriolis force is neglected,
dw
i
is obtained for the vertical motion component w along the
vertical coordinate z.

(1.8)

For many investigations, it is more helpful to use a so-
called natural coordinate system instead of the Cartesian
system. Its horizontal coordinates (s, n) are defined by the
unit vectors t and n whereby t is arranged parallel to the
flow at each point and n runs perpendicularly to it, posi-
tively counted to the left looking along the direction of
flow.

In this system the horizontal wind vector is v = V t, where-
ds
by V= d_: represents the wind velocity.
dv_dv . dt
dt  dt dt
applies for acceleration.

(1.9)

With the aid of Fig 1.1 it is recognised that vector dt is
with its amount equal to the angle change d # and runs nor-
mal to t. Therefore

dt dsdt _ dp

—_——— =V —n=V .
T Sds dg s

is obtained.
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dg . : :
Here K.=d—‘f is the curvature of the particle trajectory.
Used in (1.9) we obtain

dv dV 2
Sles el vV
a0 dtH- Kin
or (1.10)
dv_dwt_l_v2
TSR Vel The

if the radius of trajectory R, -—-—Ii—l- is used. K, and R, are

positive in the case of cyclonic and negative in the case of
anticyclonic trajectory curvature.

It is easy to see that the Coriolis term — f kx v changes to
—f Vn in the natural coordinate system. Therefore equa-
tion (1.7) can be shown in two component equations for
the s and n-axes:

g s 1o
dt o s
v? 1 3p
AU i ] ) 1.11

dV/dt is the tangential component of acceleration. It de-
scribes changes in particle velocity. This requires that pres-
sure differences exist in the direction of motion. With mo-
tion towards low pressure the velocity increases, with mo-
tion towards high pressure it decreases.

VZ/R, is the normal or centripetal component of accelera-
tion. It describes changes in the direction of motion of the
particle depending on effects of forces working across the
trajectory. So that a particle can undergo a change of direc-

tedtm
df dt
T

Fig. 1.1
Change from t and n in the natural coordinate system

tion to the left, i.e. pass through a cyclonic trajectory with
R, >0, the pressure gradient force in this direction must
outweigh the Coriolis force which always pulls to the right.
For a change of direction to the right i.e. passing through
an anticyclonic trajectory (R, < 0), the Coriolis force must
either work alone (motion of inertia) or it must outweigh
the gradient force or both forces must pull in the same di-
rection.
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2 Relations between wind, pressure and
temperature fields

Based on a consideration of the observed dimensions, rela-
tions between the various atmospheric fields are derived in
this section. In doing so the presentation will be limited to
the relations which are relevant for synoptic analysis and
diagnosis in middle and high latitudes.

2.1 Order of magnitude of synoptic systems

In the practical use of the equations presented in the first
section, difficulties may be met, as many terms are con-
tained in these which either cannot be technically measured
or only inaccurately. This applies for example for the ac-
celeration terms in the equations of motion. However, in
order to be able to work with the equations, they must be
simplified as far as possible by either representing difficult
terms approximately or by simply neglecting them. How
far this is possible without impairing the statement of the
particular equation depends primarily on the dimensions of
the phenomena observed.

The classification system of “scales” was created for di-
mension-related differentiation of the varying types of me-
teorological phenomena and structures. Here the numerical
values for certain characteristic parameters such as length,
height, duration, speed etc are compared. The WMO [6]
uses the following subdivisions:

a) Small scale (<100 km); e.g. thunderstorms, local
winds, tornadoes

b) Meso scale (100-1000 km); e.g. fronts, convective
cloud clusters

¢) Large scale (1000-5000 km); e.g. low pressure and high
pressure systems

d) Planetary scale (>5000 km); e.g. long tropospheric
waves.

The characteristic length of the dimensional range con-
cerned is quoted in brackets in each case.

In the case of wave-shaped formations, it can be equated
approximately with a half wave-length.

Synoptic meteorology is concerned mainly with systems
which belong to the “large scale” so that the description
“synoptic scale” is also usual for this dimensional range.
But also phenomena of the “meso scale” and “planetary
scale” belong to the scope of synoptics.

Detailed below are the most important characteristic data
for the dimensions of the synoptic scale systems:

Horizontal velocity U ~10ms™!
Vertical velocity W ~10%2ms™!
Length L ~10°m
Height H ~10°m

Ratio of height to length H/L ~ 1/100
Duration (time scale) L/U ~ 10%s ~ 1 day

To characterise fluid systems, the ROSSBY number (after
the Swedish meterologist C.G. Rossby) is frequently used.
It is defined by the ratio of individual acceleration to iner-

tia acceleration i.e. acceleration as a result of the Coriolis
force. Using the parameters just listed,

(2.1)

results.

Ro has the dimension 107" for the “large scale”.

2.2 Hydrostatic equilibrium

If the magnitude of various terms in the equations of
motion is estimated by means of the data quoted above, the
result is that accelerations are one or more to the power of
ten less than the effective forces. This applies especially
for vertical acceleration dw/dt in (1.8) which with an order
of magnitude of 107ms™” is minute compared to the
terms on the right-hand side which possess the dimension
10 ms™. This means, however, that in the *large scale” a
nearly complete balance between vertical pressure gradient
force and gravity can be assumed. This balance is de-
scribed as hydrostatic equilibrium.

With dw/dt = 0 the hydrostatic equation

dp=-gedz (2.2)

results from (1.8).

For practical uses of this formula it is helpful to eliminate
the variation of g with latitude. This is done by introducing
geopotential ¢ as a new variable. It is defined as the energy
which is necessary to lift the unit mass from sea level to
level z.

z
= [gdz=gz [mzs"z]. (2.3)
0
With this new variable and using the gas equation, (2.2)
can be turned into the form
d@ 1  RyT,
— i —— = 2.4)
dp @ p (
in which only density or virtual temperature, resp., appear
as determining factor.

Besides the unit [m’s™] the “geopotential meter” unit is
used for the geopotential in synoptic practice. It is defined
by

1 gpm =9,8 ms™2.

For places where g = 9.8 ms, numerical agreement be-
tween geometric height in [m] and geopotential in [gpm]
results.

Assuming hydrostatic equilibrium in the environment, a
statement about temperature change is obtained, which re-
ceives an adiabatically moved particle in the vertical plane.
Where dQ=0 the following is obtained from (1.3)

dT _a 1
o oo

After passing through the height interval dz
dp' = —go'dz

applies to environmental pressure in accordance with (2.2).
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As the pressure field must be continuous, dp'= dp from
which

g ¢gxu_ T8

Tdz E ; T T ¢p
follows.

If the particle is in thermal equilibrium with the environ-
ment, T' = T is also the case and the adiabatic temperature
gradient emerges as

"= (-E) —£ _0,98°C/100 m. (2.5)

dz Cp
The index t describes a dry adiabatic vertical motion. If in
the case of rising moist air the condensation level is ex-
ceeded, latent heat - as already noted - is released and adia-
batic cooling is reduced accordingly. The moist adiabatic
temperature gradient ¢ within the rising cloud air mass is
therefore always less than the dry adiabatic gradient y,.

The difference between dry or moist adiabatic temperature
gradients and the actual temperature gradient y = —dT/dz is
a measure of the stability of thermal stratification with ver-
tical motions. The following applies for

Unsaturated air Saturated air

Y>n Unstable ¥ >P¢

Y= Indifferent 7 =%

Y<h Stable ¥ <P¢
and combined

Y<7 Absolutely stable
h>Y>% Latently unstable

Y >h Absolutely unstable

In consideration of the potential or pseudo-potential tem-
perature the following similarly is obtained for

Unsaturated air Saturated air

<0 Unstable <0
og of
—=0 Indifferent a—m =0
L) Stable Z <0

A lapse rate with vertical decrease of pseudo-potential tem-
perature is especially of major importance for convective
processes. A similar stratification is also described as po-
tentially unstable. It appears for example if, in the case of
only weak thermal stability, very dry air masses lie above
moist air. If the total air column is then subject to lifting,
the dry air cools dry-adiabatically, the moist air on the con-
trary after fast saturation cools moist-adiabatically. As a re-
sult the entire air column can very quickly become un-
stable (see 15.1).

2.3 Forms of equilibrium with horizontal motion

If friction is initially neglected which is permitted above
the planetary boundary layer, equations (1.7) and (1.11) ap-
ply for horizontal motion. If the dimensions of the terms
appearing in these are considered, 10*ms™ results for ac-
celerations, on the contrary 107ms? for the effective
forces and 107" for the ROSSBY number accordingly. Also
here there is a clear tendency for the forces to balance. It is
therefore allowed to set the acceleration term at zero and to
study the forms of equilibrium resulting from this.

If both the tangential as well as the centripetal components
of acceleration are set at zero, geostrophic equilibrium be-
tween pressure gradient and Coriolis force is obtained. It
describes a straight, uniform air motion with the geos-
trophic wind

I
vy = ~of Vpxk (2.6)

or in the natural coordinate system

1 ap

B ofdn’

The geostrophic wind blows parallel to the isobars with the
lower pressure values to the left (Fig 2.1). In the case of
the free atmosphere above the planetary boundary layer it
represents a good approximation of the true wind and can
therefore be used with success for analysis and diagnosis.

k

A

oF
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—

1
P p-0p

— >
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Fig. 2.1
Geostrophic wind (Northern Hemisphere)

C=

If the tangential acceleration is set at zero as in the case of
the geostrophic wind which means the motion is parallel to
the isobars, but allows curved trajectories, the form of
equilibrium of the gradient wind Vg is obtained with the
definition equation:

(2.7)

As already stated in 1.2, passing through curved trajec-
tories requires differences between pressure gradient force
and Coriolis force. In the case of cyclonically curved tra-
jectories (R,>0), the gradient force must predominate, in
the case of anticyclonically curved trajectories (R,<0) the
Coriolis force must predominate (see Fig 2.2). As, how-
ever, the Coriolis force is directly proportional to the wind
speed, it results from the differences with the gradient
force that the cyclonic gradient wind is weaker, in contrast
the anticyclonic gradient wind is stronger than the geos-
trophic wind with equal pressure difference. The gradient
wind consequently has the same direction as the geos-
trophic wind, but is sub-geostrophic in the area of cyclonic
trajectories and super-geostrophic in the area of anticyclo-
nic trajectories.
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Fig.2.2
Relation between
geostrophic wind
and gradient wind
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Using (2.6), an arithmetical relation between the velocities
of geostrophic and gradient wind

Vg Vi
Va =1+ m (2.8)
is obtained.

It can be seen from this that the speed differences only
reach significant amounts with relatively heavy curvature.

Thus a curve radius of lSIJ km is needed in the case of V,

=30ms™ and f = 10™*s, for the cyclonic gradient wind lc
become half as strong as the geostrophic wind. The double
speed results in the area of anticyclonic trajectories with a
curve radius of 1200 km.

The equation for Vg

_fR_ PR Riap
2 4 ¢ dan

is the result from (2.7).

Vi (29)

The positive sign before the root describes the cyclonic,
the negative sign, the anticyclonic gradient wind. As the
expression below the root must not be negative, the limit
condition

4 ap
IR(| > =of? [3n
or (2.10)
4v,
[R| }—f—

results for anticyclonically curved trajectories.

With decreasing curve radius the pressure gradient there-
fore must also become less. In the borderline case if the
root expression disappears, this becomes

R,
Vg=——
o 2
as well as
Vy=—— 2.11
£ 4 { ]

and therefore
Vo =2V,.

The anticyclonic gradient wind can thus achieve in extreme
cases double the speed of the geostrophic wind depending
on the pressure gradient. This speed was assumed in the

example quoted above. The curve radius of 1200 km there-
fore at the same time represents the minimum value of R,
for the pressure gradient which corresponds to the assumed
geostrophic wind of 30 ms™'. No further balance is possible
along a more heavily anticyclonically curved trajectory.

On account of the additional consideration of curved tra-
jectories, the gradient wind describes the horizontal flow
better than the geostrophic wind. In manual practice, how-
ever, no use can be made of this, as the curve radius of the
trajectories is normally not known and also can only be de-
termined with difficulty or with great expense of time. If
the radius of the streamlines or isobars is used instead, ser-
ious mistakes could arise as both radii can even deviate
from each other in regard to signs. The conditions for this
will be discussed in the next section. Statistical evaluations
have shown that gradient wind calculations, which are
based on the streamline curvature, provide less accurate
approximation of the true wind than the geostrophic wind
(see for example KIEFER and FISCHER [7]).

The frictional force must be considered within the plane-
tary boundary layer. It causes a slowing down of the true
wind below the geostrophic speed which is especially high
near the ground and fades away with increasing height. As
the Coriolis force is proportional to the wind speed, it can
no longer balance out the pressure gradient force in the
equilibrium, so that the wind includes a component in the
direction of the pressure gradient which is also at its max-
imum near the surface. A wind profile in the boundary
layer results from this which can be ideally described by a
logarithmic spiral (EKMAN spiral). The wind rotates with
increasing speed to the right by sub-geostrophic winds
strongly deflected to the low pressure near the ground, in
order to assume geostrophic direction and speed at the
upper limit of the boundary layer - at approximately a
height of 1000 to 1500 m.

The frictional force is mostly given by the form

ZEE (2.12)
pgodz

whereby 7 represents the horizontal vector of drag. The
corresponding equilibrium relation then reads

szlvp-kav+l-a£.
e e

< (2.13)

The pressure gradient force can be substituted by the geos-
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trophic wind corresponding to it in the form fk x v, so it
follows that:
19z

fkx(v—vg)==—

! 2.14
aE (2.14)

This means that the vector of the frictional force stands
perpendicular to the difference vector between the true and
geostrophic winds and points to the left in the Northern
Hemisphere. It can be seen from Fig 2.3, which shows the
equilibrium of forces for a particle in the lower part of the
boundary layer, that the frictional force chiefly affects the
wind in a contrary direction.

The value which the angle of deflection assumes to the iso-
bar direction near the ground, however, varies within wide
limits. It increases with higher ground roughness, greater
thermal stability and decreasing geographical latitude. An
angle of deflection of 30° can be assumed on average over-
land, whereby the ratio of V/V, is approximately 0.5. On
the contrary, over the sea the angle to the isobars is, at least
in the middle and higher latitudes, very narrow (10-20°)
and the wind speed reaches on average 70-80% of the
geostrophic value. These relations must be remembered
when analysing the pressure field at surface level.

2.4 Trajectories and streamlines

A trajectory describes the time-related path of an indivi-

dual air particle. If we restrict ourselves to horizontal mo-

tions, the following applies for these
dx d

=u(x,y,t); E%:v{x,y.l) (2.15)

dt

or in the natural system
ds
—=V L
rrimiA S )

In contrast to this a streamline provides a “snapshot” of the

motion field at a particular time. It runs tangentially to all

wind vectors and can be illustrated by
dy

v
g (x,¥,1).

By introducing the natural coordinate system in 1.2, the
following resulted for trajectory curvature K,
dp
Ki=—,
L dS |
whereby dp reflects the change of the wind direction over

the distance ds along the horizontal trajectory. In the case
of the time-related change

(2.16)

df dpds
—_—=— =V
it s @1
is therefore obtained.
On the other hand df/dt can be split up into
df dp
E—a—t+\'-v,ﬁ
or (2.18)
ap_dp . dp
o T o

dffdt is the local change in direction while dfi/ds describes
the horizontal variation of f for a fixed time and therefore

Fig. 23
Balance of forces with friction

exactly corresponds to the curvature K, of streamlines. In
consideration of this identity, the equation first quoted by
BLATON

dg
3= V(K ~K)

results from (2.17) and (2.18).

(2.19)

In a stationary field local change in the wind direction dis-
appears so that K, = K, results. When stationary, stream-
lines and trajectories are identical. When not stationary,
the curvature of the trajectories can be calculated from
streamlines and isotach analyses taking into consideration
local change in direction.

The Blaton equation will next be used in order to study the
relation between trajectories and streamlines in moving
pressure systems. In doing so systems with closed isobars
will be considered initially as they are characteristic of the
surface field.

Comparison of isobar and trajectory curvature



Relations between wind, pressure and temperature fields 17

Fig 2.5
Trajectories in the area
of a cyclone with V>¢ and V<ec.
According to HOLTON [3].

2V=C

¢ is the speed vector of the moving streamline field. If the
form of this field does not change in respect to time, the
local wind change is caused solely by the movement of the
system:

dp dp

—=—c:Vi=—ccosy—,

e
whereby y means the angle between the streamlines and
the direction of movement of the system observed.

Using (2.19)

d
V(K; — K;) = —c cos ',Pd—'z

and

(2.20)

V—-ccosy
Kr=__'v_ 5

are obtained.

Inside a balanced flow the streamline curvature is identical
with the isobar curvature K;.

Clearly the relation between trajectory and isobar curvature
depends on the ratio of V to c. Two cases must be distin-
guished accordingly:

1 V>c: The wind speed is greater than the speed of
movement. As Fig 2.4 shows K, and K; then have
the same sign. However, the trajectory curvature
is greater than the isobar curvature left of the
path in the case of moving cyclones and right in
the case of moving anticyclones as well as less
on the opposite fringes (see Fig 2.5). K, = K;
along the path of the system.

2 ¢>V: The speed of movement is greater than the wind
speed. In this case K, = 0 on the border of a sec-

v
tor, determined by cos ¥ = =

Within this sector the trajectory has an opposite
curvature to the isobars. In the case of a quickly
moving cyclone this can be expected on the right
of the path, in the case of an anticyclone on the
fringe left of the path (see Fig 2.5).

If gradient wind equilibrium is assumed, the different tra-
jectory curvature has consequences for the wind distribu-
tion in moving pressure systems. In the case of cyclones

the strongest sub-geostrophic winds can be expected on the
fringe left of the path while on the opposite side the winds
where ¢>V can even be supergeostrophic. Conversely, in
the case of anticyclones, the winds on the fringe right of
the path are at the strongest super-geostrophic while on the
another side the winds where ¢>V are below the geos-
trophic value. The limit (2.10) also applies to the centre
and the right fringe of anti-cyclones so that the pressure
gradient there must not exceed certain limits.

In contrast to the surface field, wave-shaped streamlines
predominate in higher altitudes. As the phase speed of
these waves is always less than the wind speed, K, and K,
have the same sign everywhere. Again assuming gradient
wind equilibrium, this means that winds in the area of
troughs must be more or less strongly sub-geostrophic, in
the area of ridges on the contrary super-geostrophic. How-
ever, the trajectory curvature in the area of the trough and
ridge axes is less than the streamline curvature. This must
be remembered when using the gradient wind relation qua-
litatively. At the turning point of streamlines the trajectory
curvature also becomes zero. Geostrophic winds can be
used there for initial approximate calculations.

In the case of ridges of the upper current, again the bound-
ary condition betweeen anticyclonic trajectory curvature
and pressure gradient applies. It is of importance if the par-
ticles which pass through a ridge with critical curvature
reach greater speed as a result of any kind of process. They
can then no longer follow the previous trajectory and shoot
away over the high pressure ridge. As a result greater ad-
justments can be introduced in the wind and pressure field
(see 13.9.5).

Interesting relations result for the amplitudes and wave
lengths of the trajectories within these kinds of waves. For
simplification it is assumed that the sine-shaped stream-
lines lie over a zonal basic flow U and the wave resulting
from this moves without changing amplitude with time-re-
lated constant speed ¢ in the direction of the basic flow. In
this case

dy _

)i ) cos ?-J—r(x-—-cl}
- U U | i
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applies for any particular streamline, which with constant
Vo, U and ¢ can be integrated to

(2.22)
Integration-constant k determines the position of the indi-

vidual streamlines in the field. Corresponding to Fig 2.6,
k = 0 for the streamline which pivots about the x-axis.

Yi

Ly

Fig. 2.6
Sine-shaped streamline (solid line) and associated
trajectory (broken line) with U>c>0

If the trajectory which begins at the turning point of the
streamlines with Xy = y, = 0 is now determined,

x=1Ut,
vl 2n c
Yo tin [L_s (1 ﬁ) x] (2.23)

results from the integration of (2.15) in consideration of
(2.21), whereby t has been replaced by x/U in the second
equation,

It can be seen from this that the trajectory is also sine-
shaped but differs in amplitude and wavelength from the
streamline.
o e 2.24
A, L U-—c (@24)
results from comparing (2.22) and (2.23) for the ratio of
both amplitudes and wavelengths.

In the case of a wave moving progressively in the direction
of the basic flow (U>c>0), amplitude and wavelength of
the trajectory are therefore greater than those of the stream-
line, on the contrary less in the case of a retrogressive wave
(U>0>c). In the case of stationary waves, streamlines and
trajectories are identical.

In the following sections relative motions within a moving
coordinate system are frequently considered, whereby the
relative system is coupled to a moving cyclone or a wave
of the upper air current. If - as assumed above - the shape
of the moving streamline field does not change in respect
to time, the motion remains stationary within the relative
system. In this case the relative streamlines can be con-
structed very easily by subtracting the movement field gra-
phically from the normal streamline field.

L —
- ~, 3 -

b) c<o

Fig. 2.7
Relation between streamlines (solid lines) and relative
streamlines (broken lines) with ¢>0(a) and c<0(b)

In Fig 2.7 this process is illustrated for a moving wave,
once for motion of the wave in the direction of the basic
flow, once in the opposite direction. It can be recognized
that in the first case the relative streamlines have a larger,
in the second case a smaller amplitude than the stream-
lines, while the wavelengths of both lines are the same.

This fact can also be shown in equations. While
dy} v
dx/, U

applies for the streamline,

ﬂ L Ey;
dx/, U-—c

is obtained for the relative streamline under the conditions
described.

d_Y)_ L
dx/, U-c \dx/,

results from the combination of both equations.

(2.25)

As U and ¢ should be independent from x, this can be inte-
grated to

U
YT_U_C)"&

and as the amplitudes represent the extreme value of the
ordinate,

ﬁ__ U
Ay U=—e
or (2.26)
U
A[:U—L' s

also applies.

The same relation also results therefore as for the ampli-
tudes of the trajectories. The wave length of the relative
streamlines is on the contrary identical with that of the nor-
mal streamlines since the relative system moves together
with the wave.

2.5 Pressure as vertical coordinate

It is known that the pressure distribution on defined level
surfaces is not analysed on charts for the free atmosphere
but conversely the height or geopotential distribution of se-




Relations between wind, pressure and temperature fields 19

lected pressure surfaces is represented. These analyses are
called absolute topographies: the isolines of equal geopo-
tential are named isohypses on account of the numerical si-
milarity of z and ¢.

For this method it is necessary to change the equation of
motion and the equation for the geostrophic wind from the
normal z-system into a system with the pressure as vertical
coordinate. For this purpose the general equation

d
Vs =Vs+ a-: Yoz (2.27)

is used.

Here =Vs is the normal horizontal gradient of a scalar vari-
able s, -V s the horizontal gradient of s determined on
the horizontal projection of a surface ¥ =const. and -V 2z
the horizontal gradient of height z of this surface.

With ¥ = p and s = p we obtain V, p=0. Using the hydro-
static equation and the definition equation of the geopoten-
tial

Vp=goV,ez= vaﬂ'b (2.28)
follows in this case.

The equation of motion (1.7) therefore assumes the form

%: -V @ —fkxv (2.29)
and for the geostrophic wind
vg=—%\"’p¢xk (2.30)

results.

In contrast to the z-system, the considerably height vari-
able density no longer appears in these equations. A nomo-
gram with the help of which the potential gradient can be
determined from the wind observations in accordance with
(2.30) can therefore be used universally for all pressure
surfaces. This is one of the many advantages which the p-
system offers in synoptic practice. In addition, however,
for theoretical investigations it is also in most cases super-
ior to the z-system.

For the geopotential difference between two pressure sur-
faces (p,,p1). which is also described as layer thickness or
relative topography, a relation is obtained from the hydro-
static equation. Integration of (2.4) produces

Po
D=® -®,=Ry [TudInp (2.31)
i
as well as for averaging the virtual temperature
D= Rdln(?) Pl (2.32)
1

D is directly proportional to the virtual mean temperature.
The representation of a relative topography therefore di-
rectly reflects the pattern of the mean temperature distribu-
tion in which the zones of steep temperature gradients, the
thermal frontal zones, can be recognised. For this reason
the relative topographies, which include the lower tropo-
sphere (normally the RT 500/1000 hPa), represent a valu-
able aid in the analysis of surface fronts.

2.6 Vertical change of the geostrophic wind

If it is assumed that wind and pressure fields are found
nearly in geostrophic equilibrium above the planetary
boundary layer, the vertical change of the wind vector is
chiefly determined by change in the geostrophic wind.

For the vector difference
AV, =¥y — Vg
between pressure surfaces pg and p,

Avg= —%V{tp. — @) xk

or (2.33)
1

is obtained from the definition equation for the geostrophic
wind and using (2.32)

Avg=—Repy (@) VT, x k. (2.34)
Pi

f
The difference vector therefore lies parallel to the relative
isohypses with the lower values to the left (see Fig 2.8). It
therefore also runs parallel to the isotherms of the mean
temperature with the colder air to the left. On account of
this relation with the temperature field Av, is also fre-
quently described as “thermal wind™ (vy).

Do-2 Do-1 Do " Do+l
“. .'.*( ) h¥4 ‘,
b e N N S Bk
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L ‘\‘ ‘ b 7 ./, 1
He— =X %
Q-‘!’ .‘|L/ .‘\‘// ‘\‘// " *
P P P N ¢'°
-3 G2 P D
Fig. 2.8

Relation between Av, and virtual mean temperature

The “thermal wind equation™ for the vertical shear of the
geostrophic wind

% & o1 xk (2.35)

az fT
results from (2.34) and (2.32) after the limit is exceeded.

The various types of vertical wind change which result
from the two equations are shown diagramatically in Fig
2.9 and can be finally characterised in short:

a) If the isotherms run parallel to the isohypses and the
colder air lies under the lower geopotential, the geos-
trophic wind increases with height without changing di-
rection.

b) If with parallel lines the warmer air lies under the lower
geopotential, the geostrophic wind decreases with
height, whereby a change in direction of 1807 is then
possible.
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Fig.29
Types of vertical wind change

¢) If isohypses and isotherms intersect, a change in direc-
tion of the geostrophic wind occurs with height. Simul-
taneously an advection of air with different temperature
occurs with the wind. The sketch shows that veering is
associated with warm air advection (WA) and backing
is associated with cold air advection (CA).

d) If the isobaric gradient of the virtual temperature disap-
pears, the geostrophic wind remains constant in height.

Cases a) to c¢) characterise baroclinic, Case d) barotropic
stratification of the atmosphere.

2.7 Temperature advection and local temperature
change

The horizontal temperature advection which appeared in
Case c¢) is defined by

A'r =-v:VT
or in the p-system (2.36)
Ar=-v-V,T.

Knowledge of this is very important for diagnostic and pre-
diction purposes. It is one of the three components by
which local temperature change 8T /8t is determined.

From the first law of thermodynamics follows, with differ-
entiation according to time
dQ  dT dp

at. TPat Sdo

Splitting up of dp/dt using the hydrostatic equation results
in

dT dQ ap

—=—4a— Vp—gw.
s A R
Calculations have shown that the influence of the two
right-hand middle terms on temperature change is slight.

aT 1 dQ

a=—"‘VT—[?‘t—}'}W+_‘;E

can therefore be written with good approximation.

(2.37)

An analogous relation applies for the p-system. Local tem-
perature increases occur corresponding to (2.37) as a result of

a) Advection of warmer air

b) Descending motion in the case of stable stratification
and/or

c) Diabatic heat gain.

Conversely local temperature decreases as a result of

a) Advection of colder air

b) Ascending motion in the case of stable stratification
and/or

¢) Diabatic heat loss.

In the case of vertical motions with condensation, the re-
lease of latent heat must be considered. This can be done
either by introduction of y; instead of y, or as a result of
corresponding changes in the diabatic term.

While the last two terms in (2.37) can routinely be re-
corded only with difficulty, the influence of temperature
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advection can be determined with sufficient accuracy. Un-
der the assumption that advection is mainly controlled by
the geostrophic wind,

AT ==V VPT,

applies (in the p-system) so that sign and amount of advec-
tion can be read by superposing the geopotential and tem-
perature fields. If the isohypses run in the direction of the
geostrophic wind from low to high temperatures, this is
cold air advection (Ay<(), conversely if they run from
high to low, warm air advection prevails (A7>0). The
amount of temperature advection can be estimated qualita-
tively from the density of the intersect points between iso-
hypses and isotherms.

As well as temperature advection on the individual pres-
sure surfaces, geostrophic advection of the average tem-
perature is frequently determined between selected pres-
sure surfaces e.g. between 500 and 1000 hPa. In doing so it
is assumed that vy changes linearly with height. As Fig
2.10 demonstrates all wind vectors within the layer in this
case have the same normal component regarding the rela-
tive isohypses as the middle wind ¥, and

.SLT ~ —i’s = W\.

applies.

Accordingly the advection can be calculated by superpos-
ing RT 500/1000 hPa on the surface chart. The surface iso-
bars are followed and marked, in each case according to
whether they run from low to high or from high to low va-
lues of RT, cold air advection or warm air advection by
suitable colours or symbols.

Assuming geostrophic equilibrium, statements about the
temperature advection in the area concerned can also be
obtained from the wind reports of a single aerological sta-
tion. For this purpose the wind values of the height or pres-
sure levels following each other are entered in a polar dia-
gram (see Fig 2.11).

The curve which joins the tips of the wind vectors with
each other is the hodograph. The change vector dv/dz
forms the tangent to this curve. Assuming that

av_ov,

8z 8z

the direction of the isotherms at the various levels is imme-
diately obtained from the direction of the tangent. Again
the sign of temperature advection can be read off in con-
junction with the wind direction.

In the sketch in 2.11 warm air advection is indicated at all
levels.

This method is, however, also suitable for determining
temperature advection quantitatively. Assuming T =T,
f av
VoT=—-Tkx £
g 0z

is obtained from (2.35).
from which

or (2.38)

Fig. 2.10
(See text)
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Fig. 2.12
(See text)

follows for the geostrophically approximated temperature
advection Aq.
G : :

The triple product k- (\rs X ﬁ) is equal in sum to the
area of the parallelogram which is produced by vectors v,
and dvy/0z and accordingly is twice as great as the triangu-
lar area produced by the two vectors in the polar diagram
(see Fig 2.12).

Therefore the advective temperature change is proportional
to the area over which the wind vector propagates over the
hodograph curve. If

] z
F(z)=§k-£vs><dvg
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is defined, F(z) is the area which is embraced by v,(0),
vy(z) and the hodograph. It is positive if v, rotates to the
left with height.

In this case
dF 1 A
az 2" ("s ‘5“)
and (2.40)
Ar=-2 £T E
g dz
apply.

Apart from this evaluation, the hodograph is also of great
help when analysing the temperature field. Assuming geos-
trophic equilibrium, the direction of the isotherms at the
various levels can be read - as already remarked - from the
hodograph curve. In addition the temperature gradient can
be calculated from the length of the curved sections. In
cases of doubt hydrostatically reliable and vertically uni-
form isothermic analysis is possible as a result.

2.8 Changes in vertical stability

Horizontal temperature advection is in many cases the de-
termining factor for local temperature changes. If advec-
tion is different at various heights and as a result various
temperature changes occur, the vertical temperature gradi-
ent must also change. This is however synonymous with a
change in vertical stability.

Z=0

g§<o;d’1ﬁ<o

dz? dz

WA increasing with height

dE ~>q.d2
>o,d_z|§.<:o

CA decreasing with height

A relation for the local time-related change in the vertical

temperature gradient
] dA
3y _ AT

ot az
CLLE G
cp 0z \ Ot

is obtained immediately from (2.37) with partial differen-
tiation in accordance with z.

aw ay
rn-7 E—W 3z

(2.41)

As well as through vertically varying temperature advec-
tion and vertical advection of y, stability changes occur if
the vertical motions or diabatic heat fluxes have a vertical
gradient.

As a result of vertically varying advection, stabilization oc-
curs in the case of

a) WA, increasing with height
b) CA, decreasing with height
c) WA above CA

and destabilization in the case of

a) WA, decreasing with height
b) CA, increasing with height
¢) CA above WA

(WA is warm air advection, CA is cold air advection).

The geostrophic part of temperature advection can be ea-
sily estimated if a hodograph curve is available. As Ag is
proportional to the area within the hodograph curve, the
changes in area expansion with increasing height (d°F/dz?)

WA over CA

GF <o, £ o
E(O,dzz>0 1z

CA increasing with height

WA decreasing with height

d*F
>0.d—22->0

CA over WA

Fig. 2.13
Hodographic curves in the case of advective change in stability
Top: Stabilizing tendency Bottom: Destablizing tendency
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are a measure of changes in stability which result from
(-0A+/0z). Some cases are shown in Fig 2.13,

However, it is important to point out that changes in stabi-
lity which result from vertically varying advection go back
for the most part simply to horizontal advection of an air
mass with a corresponding change in stability. It can be
seen that if Ay is differentiated vertically and at the same
time the horizontal wind vector is split into v, and an
ageostrophic part v* (see 2.10):

dAT 3
e SRR ol (S L TR
o= dz( vy -VT—v )

aT x aT
io(5) (-

dvg
—E.OT" VT,
+az +Bz

As % - VT in accordance with (2.35) disappears,

_%=_v.vy+ai,w

242
a0z az ( )

results.

The above statement is entirely true for geostrophoic con-
ditions. Additional destabilizing or stabilizing effects occur
only if the ageostrophic wind part has vertical differences
in the direction of the temperature gradient.

In regard to the influence of the vertical motions it can be
assumed that with (y,—y)>0 the stratification is dry stable.
Destabilizing can occur if with 8w/8z>0 the air column is
stretched vertically. If a distribution with disappearing ver-
tical motions near to the ground as well as at greater
heights and its maximum somewhere in the middle tropo-
sphere is assumed, this applies to the area below the stron-
gest ascent or above the strongest descent. Above the level
of the strongest ascent or below the level of the strongest
descent, conversely, a further increase in stability of the
given stable stratification occurs as a result of vertical con-
traction.

In addition destabilizing occurs if near the surface the
strongest heat gain or at a height the strongest heat loss
takes place. The first occurs during diurnal heating of the
air from the earth's surface, the second, for example, during
radiational cooling from cloud surfaces. A very great possi-
bility of destabilizing exists moreover if in the case of as-
cending motion, condensation occurs and heat is released
in the lower layers, but, however, not above it. This is the
deciding factor in the triggering of “potential instability”
defined in 2.2. With regard to stabilization by vertically
varying diabatic heat transfer on the other hand, this occurs
for example by nocturnal cooling of the earth from the
ground or by evaporation of rain below clouds.

2.9 Vertical structure of pressure systems

In the following some relations defining the structure of
the pressure systems will be derived. Here on the one hand
the tilt of the vertical axis and on the other the change in
intensity with height are of interest. Consideration is car-
ried out in the p-system.

For the centre of a depression the following applies if z re-
presents the height of a pressure surface:

dz )¢ az .
ox _ay =
and also

&z 3’z

—>0, —=>0.
ax?” ' ay?

As these conditions are also valid along the axis inclined in
the x-direction (see Fig 2.14),

a(ff) ~0
ox

d [fodz d [oz
ax (a) Xt ap (a) ¥

can be written.

ar

Low-axis

Fig. 2.14
Tilt of axis of a low pressure system

For the angle of inclination & to the vertical
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results from the equation of state and for

L R L
gaxp_Taxp'

Using this, the following then results

1 (-8T/ax),

20 ==
8I=T Fz/ox

(2.45)

With a>0 and 3°2/8x*>0 the term (~8T/ax),, must also be
positive which signifies a temperature decrease in the x-di-
rection. This means that the vertical axis of a low tends to
run to the coldest air. For a high on the other hand 3°z/
dx?<0 applies so that the axis tends to run towards the
warmest air (see Fig 2.15a). The tendency here is all the
greater the the greater the temperature gradient, all the less
the greater the curvature of the height profile of the pres-
sure surface concerned. If (—8T/dx), = 0 the axis is vertical.
This is the case on the one hand with barotropy, the case
on the other hand if the pressure centre coincides with a
temperature extreme.

Change in intensity of a pressure system with height can be
described by the vertical variation of the pressure surface
inclination

g [oz
dz \dx
which is directly proportional to the strength of the geos-
trophic equilibrium wind in accordance with (2.30). As
0§ s 18
dz g‘?ap

the following is obtained for

0 (92)__,, 2 (%
0z \0 _ggapax
e D[P
_ggaxap
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so that with (2.45)

i az\ 1 faT
az \ax/ T ax/,

results.

(2.46)

Applied to a cold low with a vertical axis this means that
its intensity increases with height as (8T/8x), is generally
positive outside the centre (see Fig 2.15b). A cold low is
therefore a vertically deep system. Similar considerations
apply for a warm high pressure area, the intensity of which
also increases with height. Flat pressure systems are on the
contrary warm cyclones and cold anticyclones. In these
cases a decrease in intensity results from (2.46) with
height. If in such a case the temperature field maintains its
orientation in the vertical plane, a sign change of the geo-
potential gradient occurs at a certain height. Then a high
lies at a height above the warm surface low, but a low
above the cold surface high.

Fig. 2.15
Vertical tilt of axis (a) and change in intensity (b)
of pressure systems depending on the temperature

2.10 Ageostrophic wind components

As already mentioned the geostrophic equilibrium above
the planetary boundary layer is on average such that the
geostrophic wind can be used as an aid for analysing the
topographies. The differences in equilibrium, the so-called
ageostrophic wind components, are therefore normally re-
latively minor. However, they cannot be neglected as even
these are of decisive importance in the synoptic processes.

A relation for the ageostrophic wind component
V=v-v, (2.47)

is obtained if as already executed once, the pressure gradi-
ent force in the horizontal equation of motion is substituted
by the geostrophic wind in the form fv, x k.

In this case

dv
dt

results.

=f(v—-vg) xk=fv"xk (2.48)

This relation tells us that the acceleration vector is perpen-
dicular to the vector of the ageostrophic component and
points to the right. It will be used in the following in order
to describe - based on acceleration - the various forms of
the ageostrophic wind part.

Here it is assumed that due to the tendency of the
atmosphere to balance out, not only the ageostrophic wind
part itself but also its time-related change is minimal. In
the case of oscillations around the balance condition, this
applies at least for the time mean. In the first approxima-
tion the actual acceleration dv/dt which receives a particle

can in this case be replaced by the change in the geos-
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Fig. 2.16
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trophic wind dv,/dt to which it is subject along its trajec-
tory:

|%

dv,

T :-:,F =fv' xk
and
.1 dvg

Therefore there is a relation at the same time with the pres-
sure field. In addition, if the split in the tangential and cen-
tripetal acceleration part is considered, it generally results
from (2.49) that changes in velocity of the geostrophic
wind must be associated with ageostrophic components
across the wind direction, changes in the direction of the
geostrophic wind on the other hand with ageostrophic com-
ponents parallel to the wind direction. With velocity in-
crease an ageostrophic component is linked to low pres-
sure, with velocity decrease to high pressure. In the case of
change in direction to the right v* points in the wind direc-
tion which means super-geostrophic winds, in the case of a
change of direction to the left against the wind direction,
due to which sub-geostrophic winds result (see Fig 2.16).

In accordance with
dv 3w v v
dt dat as dz

the total time-related change of v, can be split up into the
timely change at the fixed point, the change in the field
along the horizontal streamline as well as the change in the
vertical plane in the case of vertical motion of the particle.

(2.50)

If time-related density changes are neglected for the local
change of v, , the following applies

dvy 1 ap
—8_ _ vl xk 2.51
ot of (at) " ( )
so that in accordance with (2.49)
| ap
S O f [ 3 2.52
v of T(at) (2.52)

follows for the ageostrophic wind component associated
with it. The vector of the local change thus runs parallel to

the isallobars with the lower tendency values to the left
while the ageostrophic component associated with local
change perpendicularly intersects the isallobars and points
from the pressure rise to the pressure fall (see Fig 2.17).

This ageostrophic wind component is called “isallobaric
wind”. It causes convergence of the air in the centre of the
pressure fall and conversely divergence of the air in the
centre of the pressure rise. If the surface field is considered,
an ascending air motion above the area with pressure fall
which can lead to cloud formation and precipitations as
well as subsidence above the area with rise, which will be
connected with cloud dispersion, occurs as a result of rea-
sons of continuity.

Also in the arbitrarily selected situation of Fig 2.17, the
aforementioned general rule can be verified. Because of
the change field the geostrophic wind must turn to the left
with time lapse and at the same time increase in strength.
For this to happen the true winds must be both sub-geos-
trophic (on account of the change in direction) and also
possess a component in regard to the low pressure (on ac-
count of the increase in speed).

Fig. 2.17
Isallobaric wind (lg, [, ... isallobars)



26 Relations berween wind, pressure and temperature fields

Regarding the discussion concerning the ageostrophic wind
parts which occur in connection with changes of the geos-
trophic wind in the horizontal plane, the particle speed V
should be replaced by V, and the streamlines equated with
the isobars for the sake of simplicity. In this case changes
result and to be precise at the velocity where the isobars
run together or apart (confluence or diffluence zone), as
well as changes in direction along curved isobars.

These two possibilities can be represented mathematically
if the natural coordinate system is used and the coordinate
lies in the direction of the isobars. With a consideration as
in 1.2

v, 3 ave. NV

—E v, — (V.t)=V, —E+_E

s as it as{ B =Ny s H—Ri P

or (2.53)
GA'A oV,

g_a?=vg¥ 1+V£K.n

1s obtained.

R; and K; are the curved radius or curvature of the isobars
here, positive in the case of cyclonic, negative in the case
of anticyclonic curvature,

The first right-hand expression describes changes in speed,
the second changes in direction of the geostrophic wind
along the isobars. For the ageostrophic components linked
with this, the following is true
SOV L Vs

Er n : Kt (2.54)
Fig 2.18 shows the relations in the area of a confluence and
a diffluence zone through which particles flow. In the con-
fluence zone the particles must increase their velocity for
which ageostrophic motion to the lower pressure is re-
quired, in the diffluence zone they must reduce this, which
is controlled by motion to the higher pressure.

*

These kinds of ageostrophic wind components are espe-
cially strong in the upper troposphere in the area of the jet
streams. In the “entrance” and “exit” regions of a jet stream
maximum, differences in the wind direction from the iso-
hypse course between 20 and 30° often occur as a result.

In Fig 2.19 the relations in the area of curved isobars are
shown whereby a constant speed V,, has been assumed for
the sake of simplicity. It is seen that super-geostrophic

vl v

as/F'nl‘h5 P\

Confluence Diffluence
Fig. 2.18

Ageostrophic wind components with confluence and diffluence

winds result along anticyclonically curved isobars and sub-
geostrophic winds along cyclonically curved isobars.
These differences in speed are a pre-requisite for a change
in direction of the particles and correspond exactly to the
gradient wind equilibrium described in 2.3. These are espe-
cially great in the waves of the upper current and particu-
larly important in regard to the development of low pres-
sure and high pressure systems.

Change of the wind and ageostrophic component with si-
multaneous vertical motion are correlated with the particu-
lar temperature field as 8v,/8z only depends on the isobaric
temperature gradient in accordance with (2.35). The
change vector lies parallel to the isotherms so that corre-
sponding to
. wE

¥ = —ﬁ ? VPT (255}
the ageostrophic component lies across them and in the
case of rising (w>0) is always directed from the warm to
the cold side and in the case of descent (w<0) always from
the cold to the warm side of the current (see Fig 2.20).
While in the case of vertically uniform direction of the
geostrophic wind, lateral deviations result, super-geos-
trophic winds occur in the case of warm air advection with
rising as well as cold air advection with subsiding and con-
versely in the case of warm air advection with descent as

Fig. 2.19
Ageostrophic wind components
inside curved isobars
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Fig. 2.20
Ageostrophic wind components in the case of vertical motion
(Veu. Vo geostrophic wind at the lower and upper level, resp.)

well as cold air advection with ascent, sub-geostrophic
winds occur. These changes in direction and speed are ne-
cessary so that the rising or descending particle can match
the geostrophic equilibrium of its new environment.

In a statistical investigation into ageostrophic wind compo-
nents in the free atmosphere, KIEFER and FISCHER [7]
referred especially to the importance of the last accelera-
tion term. In their evaluation which was based on wind
measurements over the British Isles, they found the re-
markable fact that the difference in direction of the geos-
trophic wind is not independent of wind direction. Above

800 hPa southerly winds were correlated with an ageos-
trophic component towards the low geopotential and north-
erly winds with a component towards the high potential. A
comparison with the three acceleration terms showed in
this case that these differences in direction can be chiefly
traced back to the effect of vertical motions. In the case of
southerly winds it is on the front side of the tropospheric
troughs where normally rising air motion is found (see
12.3). The ageostrophic component must then be directed
there from the warm to the cold side of the current. As the
troughs represent cold systems and isotherms and iso-
hypses are mostly only at narrow angles to each other, this
means at the same time that the ageostrophic component
points to the low geopotential. The horizontal acceleration
resulting from this is necessary so that the particle which
has risen from a lower level of geostrophic speed can
match the higher equilibrium speed of its new environ-
ment.

In the area of northerly winds on the rear side of the trough,
the opposite effects result in the case of subsiding motion.
A diagrammatic illustration of these phenomena is given in
Fig 2.21.

2.11 Dynamic stability

More exact mathematical consideration shows that the
ageostrophic wind components just described are not only
correlated with the particular effective acceleration in re-
gard to their amounts but also that the conditions in the
stream field itself are important in this respect. It results
that in the case of otherwise equal conditions the ageos-
trophic wind part in the area of cyclonic shear and/or cur-
vature is especially small, in the area of anticyclonic shear
and/or curvature on the other hand it is especially large.

The reason for this is the differing dynamic stability of the
current. Stability in the case of horizontal or quasi horizon-
tal disturbance motions of the particles is called dynamic
stability. If such disturbance motion is slowed down, the
current is dynamically stable, if it is increased the current
is dynamically unstable.

A simple consideration will show how far shear influences
the stability conditions. Assuming adiabatic conditions, a
disturbance of the motion is studied on an isentropic sur-

Fig. 2.21
Ageostrophic wind components in
the vicinity of an upper
trough (500 hPa). According to
KIEFER and FISCHER [7]
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face. The stream field is stationary in respect to time, in
geostrophic equilibrium and has no change in the direction
of the flow. A lateral change in velocity i.e. shear, is per-
mitted.

We again use a natural coordinate system with the s-coor-
dinate in the direction of the current. The motion compo-
nent of the particle in this direction is V. At the beginning,
let us say:

V=V,

Then the particle is subjected suddenly to a disturbance
motion, with the speed V}; across the current. In this case
dv dvy,
— =V —N—_f(V-
dt { - dt f{v Vs)
applies for the individual changes of V and V. In addition
the particle experiences a change in the geostrophic wind
during its lateral motion in accordance with

avg .4V,

E-_VN%-;F
If now

dv _ dv,

oA

V>V, is also the case after some time due to which with
dV},/dt < 0 damping of the disturbance results. The con-
figuration is dynamically stable and the particle will turn
round sooner or later and find its equilibrium again through
oscillations. On the other hand if dV /dt <dV,/dt, V <V,
also is the case and with dV},/dt > 0 the disturbance mo-
tion is further increased. The configuration is dynamically
unstable so that the particle moves further away from its
original position with increasing velocity.

From the equations for dV/dt and dV/dt, the conditions
for dynamic stability or instability result immediately.

oV, > Stable
( -—n') =0  Dynamically indifferent (2.56)
L Unstable

is obtained.

It is seen that stream fields without shear are stable and
stream fields with cyclonic shear of the geostrophic wind
(8Vy/an < 0) are especially stable with these kinds of dis-
turbance motions, i.e. also with additional ageostrophic
components as described above. In the area of anticyclonic
shear (6“»’3 /on > D], stability on the other hand is minimal
and if the amount of shear reaches or exceeds that of the
Coriolis parameter, change to indifference or even to in-
stability occurs. Observations show that dynamic instabil-
ity occurs only on rare occasions at the mostly flat inclined
surfaces of potential temperature and cannot continue for a
long time before at least indifference is reached, as a result
of changes in the wind field. In spite of that, the threshold
to instability is not seldom passed over during the ascend-
ing motion of saturated air along the distinctly steeper or-
iented surfaces of pseudo-potential temperature. This leads
to strongly accelerated vertical motions and to the forma-
tion of band-like zones with heavy precipitation (,,sym-
metric instability”, comp. 5.6.4 and 7.3.3)

The difference in the dynamic stability of currents in which
the particles pass through curved trajectories results from
the relations for gradient wind equilibrium. In the area of
cyclonic trajectories stability prevails; in the area of antic-
yclonic trajectories a change to instability occurs if, in the
case of a given curved radius, the wind speed exceeds a cri-
tical value which can be read from (2.10).
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3 Principles of dynamics

In this section firstly four parameters are introduced by
which the horizontal stream field can be described with fair
approximation. The equations in which these parameters
appear represent the theoretical basis of modern synoptic
meteorology.

3.1 Characteristics of the horizontal stream field

The horizontal wind vector is determined in a normal Car-
tesian coordinate system with the components u and v. The
distribution of u and v can be described by a Taylor expan-
sion.

n= +(au X+ o3 +=
=50 9x/g ay “y
4 ov Y av L
V= — - e
b dx Ux ay u)’

The subscript 0 in this case identifies the values or deriva-
tions at the coordinate origin. The higher the derivations
used, the more exact the wind field will be represented.

Derivations
of higher
order

(3.1)

With limitation to the first derivation, an initial linear ap-
proximation for the description of the stream field is ob-
tained. If sums and differences of the derivation are ob-
tained, the following is true for it

Gt 1 fov Bu +l 6u+av .
“%3\ex ay/,” T2\ax Tay/,
+L du dv :H_! av+au
2\0x 9dy/, 2\0x 0y uy
V=y +l E_ﬁ_u x+l %4-3—“
STSNER Gyl 2\ax Byl
1 fOu dv +l av+au
2\9x ay ny 2\9x By Ux‘
Four parameters which alone or in any desired combination

characterise the linear stream field are defined by the va-
lues at the coordinate origin and the terms in brackets.

These are

Ug, Vo translation
du dv dv du s
—_———; |—+= deformation
dx dy ox dy
du 3 av dive
S — V
T ivergence

;ii_v = ﬂ rotation (vorticity)
dx dy g

3.1.1 Translation

The following applies for the streamlines of pure transla-
tion

dy v _vo

3x u uy

Integration leads to (3.3)

y= E x+k (k integration constant)

This equation describes a pattern of straight streamlines of
equal inclination and equal distance apart (Fig 3.1). They
are identical in the equilibrium with the pressure field to
isobars or isohypses.

An air parcel drifts in a time-related stationary translation
field with uniform speed in a straight line without changing
its form or outline. As a typical example of a translatorial
component of the current we mention the western basic
flow of the mid latitudes.

3.1.2 Deformation

In stream fields with deformation, the particles experience
a change in their form. This can occur on the one hand
through stretching or shrinking or on the other by shear.

Stretching deformation is defined by

du_av

ox 0y

ay_ ¥

i (3.4)

is obtained for the streamline and integrated
xy=k

This equation describes hyperbolic streamlines which
asymptotically approach the x and y axes (Fig 3.2). Also
here equilibrium with the pressure field is conceivable.
The deformation field is in this case identical to a four cen-
tre pressure pattern, with a col in the centre.

A particle which is located in a similar, time-related sta-
tionary field changes its form by being stretched along the
x-axis and by being compressed along the y-axis. There-
fore the x-axis is called the stretching axis or dilatation axis
and the y-axis the shrinking axis. If only deformation is ef-
fective, its horizontal cross section remains constant de-
spite the change in form of the particle.

In the case of shear deformation which is defined by

dv du

ax oz oy (3:5)
horizontal shear of the wind causes the change in form of
the particles (see Fig 3.3). However, rotation of the coordi-
nate system by 45° is sufficient to change the shear field
into the stretching field. It is therefore in principle not ne-
cessary to distinguish between both types of deformation.

In regard to the order of magnitude the deformation can be
approximated by

du ov U

o— 3.6
dx oy L (3.6)

With a characteristic speed of 10 ms™ and horizontal scale
of L=10°m a dimension of 10°s™" results in the Large
Scale. However, 10™*s™' can also be reached in some areas.

Deformation is especially important for the origin of large
horizontal temperature gradients arising in the area of ther-
mal frontal zones (frontogenesis, see 7.2).
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Fig. 3.1
Streamlines of pure translation
{broken outline of an air mass with horizontal cross section A)

Fig. 3.2
Streamlines of pure stretching deformation

Fig. 3.3
Streamlines of pure shear deformation
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Fig 3.4 shows fields in which deformation has been com-
bined with translation. In the case of translation in the di-
rection of the stretching axis, the image of a confluence
zone results, in the case of translation in the direction of
the shrinking axis, the image of a diffluence zone results.
The changes in form in these fields occur with simulta-
neous transport of the air.

3.1.3 Divergence

Divergence of the horizontal stream field is described by

d

Wipm o (3.7)
ax dy

ay _ ¥

—— = =k

dx x y %

applies to the streamlines of pure divergence.

These are straight lines which emerge in the case of
positive divergence at the coordinate origin and diverge
on all sides while those in the case of negative divergence
(convergence) move together at the origin (Fig 3.9).
They therefore describe, in the case of divergence, stream-
ing about a point- shaped source, in the case of conver-
gence, streaming about a point-shaped sink of the stream
field. The speed of the motion increases in this case out-
wards.

An air parcel, which is subject to divergence, stretches out
horizontally and expands its cross section. In the case of
convergence, however, it shrinks and its cross section be-
comes smaller. With the area A of the cross section, the di-
vergence can alternatively be defined by

(3.8)

In Fig 3.5 it can be seen immediately that no equilibrium
with the pressure field is conceivable for the streamlines of
pure divergence. The divergence will therefore only appear
as an additional component to the balanced part of the
flow.

=N\l

Fig. 34
Combination of deformation and translation

\[///

In the natural coordinate system the expression

Vaﬁ

a.

_av
T

Vv (3.9)

is obtained for horizontal divergence, whereby f represents
the wind direction. The divergence accordingly consists of
two components — velocity divergence 8V /38 s and direc-
tion divergence V @ 3/ n. If the velocity along the stream-
lines increases (decreases), velocity divergence (conver-
gence) results. If the streamlines converge (diverge) in the
direction of the wind, direction convergence (divergence)
is dominant (Fig 3.6).

In a field of pure divergence as shown in Fig 3.5 the parti-
cles are subject to both direction as well as velocity diver-
gence. In reality, however, this can only occur infrequently
or only for a short time. It can easily be seen that both parts
of divergence will more likely have contrary signs and
compensation must therefore be attempted. On account of
the tendency to equilibrium, wind speed and streamline
distance are namely generally conversely proportional. In a
confluence zone of the flow e.g. (see Fig 3.7) direction
convergence combined with velocity divergence is there-
fore found, in a diffluence zone conversely, direction di-
vergence combined with velocity convergence. Which part
is greater in individual cases and determines the sign of
horizontal divergence cannot be decided immediately. It is
therefore basically wrong to attempt to conclude only from

Fig. 3.5
Streamlines of pure horizontal
divergence (left)

e e e S ——

and convergence (right)
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Fig. 3.6
Velocity and direction divergence

the diverging or converging of isobars or isohypses hori-
zontal divergence or convergence.

On account of this tendency to compensate, the dimension
of the horizontal divergence is generally very small.
Although the two components have each an order of mag-
nitude of 107s" according to

du dv U
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the sum is one power of ten less, due to the mostly opposite
signs and has the dimension 10 in the Large Scale.
Only during synoptic developments, especially during the
cyclogenesis, does the order of magnitude increase up to
the value of 105" in the area concerned.

In order to get an idea of these dimensions, a time-related
constant divergence or convergence is assumed. Then (3.8)
can be integrated to

A=Agel™) (3.11)

The content of the cross section of a particle in this case
changes according to an e-function, whereby it lasts 10°-
10% = 1-10 days until the area has stretched out, times the
e-factor through divergence, or has shrunk to the e-th part
through convergence. In the case of convective develop-
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Fig. 3.7
Velocity and direction divergence in the area of
confluence and diffluence zones

ments in the small or meso scale in which divergence can
be 107%™, the same cross section changes occur, however,
in less than half an hour!

According to the reasoning given above, it is clear that the
horizontal divergence is determined by the ageostrophic
wind components considered in 2.10. However, also the
geostrophic wind itself contains a divergent part. Based on
the definitions in (2.6) and (2.30)

v 1
v-vg=—?3 ﬁ—E\'g-VQ (3.12)

is obtained in the z-system and
v
Vo Vg=— -!_E B
in the p-system

whereby 8 = :—; is described as ROSSBY parameter. It has
the magnitude of 10" 's'm™'.

In both equations a term with the meridional component of
the geostrophic wind appears. Divergence results with
vp<0 for motion to the south, convergence with v,>0 for
motion to the north. These divergences result due to the
spherical form of the earth and correspond to the direction
diver_%ence or convergence of the meridians. Its magnitude
is 10" and corresponds to the generally valid dimension
of the divergence in the Large Scale.

In the equation in the z-system an additional term appears
with density advection. Divergence results in the case of
advection of denser, convergence in the case of advection
of less dense air. This results from the fact that in otherwise
equal conditions, the geostrophic wind in air of greater
density is weaker than in air of less density.

On account of the small dimension of the divergence, it is
problematic to try to calculate the divergence directly from
wind measurements. Although the method for this is very
simple — only fields of both wind components or their va-
lues at certain grid points are needed -, the results would be
extremely prone to error on account of the inaccuracy of
wind measurements and should only be used with caution.
As on the other hand knowledge of divergence represents
an essential requirement for understanding synoptic pro-
cesses, indirect methods of determination must be used. A
good possibility for this is provided by the equation of vor-
ticity which is discussed in Section 3.4.
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Fig.3.8
Streamlines of pure rotation (left cyclonic, right anticyclonic)

3.1.4 Rotation (vorticity)

The fourth characteristic parameter describes rotational
motion components in the horizontal stream field. A dis-
tinction between relative and absolute rotation or vorticity
is made. Relative vorticity reflects the rotation around a
vertical axis relative to the earth and is defined by the ver-
tical component of the rotor of the three dimensional wind
vector

E!\r du

oy

In the case of absolute vorticity 5 which is related to an ab-
solute fixed star oriented system, the particular component
of the earth's rotation is also included which is exactly
f=20sing:

{=k-(Vaxv)= (3.13)

= = e 3.14
n=_+f=2 ay+ (3.14)
oy X
= 3.15
== (3.15)

applies for the streamlines of pure rotation which when in-
tegrated produces

x2+yl=k

These streamlines are therefore concentric circles around
the coordinate origin, whereby velocity increases outwards.
Circles in the anti-clockwise direction have positive, cir-
cles in the clockwise direction negative relative vorticity
(Fig 3.8).

In contrast to divergence, but similar as in the case of trans-
lation and deformation, equilibrium with the pressure field
is possible for a field of pure vorticity. The circles of Fig
3.8 can therefore also be understood as isobars or isohypses
and then describe a low in the area of positive or a high in
the area of negative rotation. On account of this connection
the words cyclonic or anticyclonic vorticity are also fre-
quently used for rotation of positive or negative signs.

In the natural coordinate system we obtain
aV

dn

with the streamline curvature K, positively numbered in
the case of cyclonic, negatively numbered in the case of
anticyclonic curvature. Similar to divergence, vorticity also
consists therefore of two components — curvature vorticity
VK, and shear vorticity (—@ V /@ n). In the area of cycloni-
cally (anticyclonically) curved streamlines, the particles
have positive (negative) curvature vorticity, whereby the
amount increases proportionally to wind speed. If the speed
decreases (increases) to the left when looking in the wind
direction, the particles have positive (negative) shear vor-
ticity (Fig 3.9).

{=VK, - (3.16)

The magnﬂude of absolute vorticity is determined by f and
is 10%s". The magnitude of relative vorticity lies ap-
promrnately in accordance with the scale-approximation at
10 s™! but can increase in individual areas or at certain
levels up to 10*s™", If, for example, the curvature radius of
the streamlines is assumcd as K, =+500 km, the curvature
vorticity at V=10 ms™ is VK,=#2x 10", This will be
typical for the surface field and the lnwer troposphere. Al
the jet stream level, however, V= 50 ms can be used in
this calculation and VK =+1x 107" is obtained. Simi-
larly to this +2 x 105" results with a lateral speed drop of
10 ms™ over 500 km distance, however, in the case of 50
ms '£10%s! results. Such major shear, however, is not
unusual at the fringes of the jet streams.
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Fig. 3.9
Curvature and shear vorticity

Fig. 3.10
Combination of curvature and shear vorticity
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The two parts of relative vorticity can — similar to the case
of divergence — compensate each other, but can also - in
contrast to divergence — overlap and therefore reinforce
each other. If a wind maximum is observed — looking in
the direction of flow — cyclonic shear vorticity is found on
its left fringe and on its right fringe anticyclonic shear vor-
ticity. In the case of simultaneous cyclonic curvature of the
streamlines, cyclonic curvature vorticity on the left fringe
adds to this, while on the right fringe, compensation can be
seen. Conversely, in the case of anticyclonic curvature, the
cyclonic shear vorticity on the left side is weakened by the
curvature effect, while on the right fringe shear and curva-
ture term have an equally negative sign (Fig 3.10).

Nevertheless, the negative relative vorticity cannot be of
any magnitude as otherwise the wind field would lose its
dynamic equilibrium. Corresponding to the discussion in
2.11, the limit condition applying to this is that the absolute
vorticity of the geostrophic wind determined on isentropic
surfaces must be

ng(-) = (gg-i" r)[;:_’n

- (=211 0 617
on o

This means that the anticyclonic relative vorticity of the
geostrophic wind must not exceed the value of f in total.
With initial approximation this also applies for the vorticity
of the true wind. In the above-quoted examples for curva-
ture and shear vorticity in the jet stream where 1x 107"
as amount resulted, the limit value would be just reached
in the anticyclonic case in the middle latitudes, the flow
therefore being in a dynamically indifferent state.

When using this equation in practice, the difference be-
tween the vorticity on ©-surfaces and on p-surfaces must
be considered in the case of baroclinity. If only shear vorti-
city is considered

av avV\ av |
L) W IR 5 TS 318
( an)p (f an); T ha 2:18)

is true, whereby @; describes the angle between pressure —
and isentropic surfaces, normal to the wind direction. In
sharply inclined baroclinic zones with major vertical wind
change, anticyclonic shear and minor absolute vorticity
can occur accordingly on @-surfaces together with cyclonic
shear and corresponding major vorticity on the p-surfaces.
Therefore no clear conclusion can be drawn in regard to
the level of stability of the current from a calculation of
vorticity only on the pressure surfaces. For saturated air the
conditions on surfaces of pseudopotential temperature have
to be considered.

Streamline patterns are shown in Fig 3.11 in which rotation
combined with other characteristics of the flow occurs. In
conjunction with a large translatory component, wave-
shaped streamlines with troughs and ridges result, as char-
acteristic of the middle and upper troposphere. If transla-
tion is relatively weak, closed streamlines are embedded
into the waves, which correspond to low and high pressure
areas. These kinds of fields are typical for the flow in the
lower troposphere near to the surface.

If rotation and deformation overlap in equal amounts, the
image of a shear zone results. In the case of heavier rota-
tion, the streamlines take on an elliptic form. Spiral-shaped
streamlines, however, result from a combination of rotation
and divergence.

oy

Fig. 3.11
(a) Combination of cyclonic rotation and deformation
(b) Combination of rotation and translation
(c) Combination of cyclonic rotation and horizontal convergence
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3.1.5 Computation of vorticity

Knowledge of the vorticity field is a pre-requirement for
many diagnostic applications. The definition of vorticity
required for this is most easily obtained by means of geo-
strophic approximation. Here the true or measured wind is
replaced by the geostrophic equilibrium wind and its rota-
tory component is calculated.

With
lad . lag
T ot i
* fay' ® fax
results for
dvg du, | (F® &P
;'E:———-=—- e
dx o8y f\ax? oy’
(3.19)
1addaf 1 _, u
—— —=_Vp+-25B.
fZayoy f 1"'H

As the second term on the right has a magnitude of 1057,
it can be neglected without further consideration and

& =% Ve (3.20)
and also
Lien

are obtained with good approximation.

For practical calculations the differential quotients must be
changed to difference quotients. A square grid, as shown in
Fig 3.12 with four points which lie at equi-distance d from
the centre point, is used for this purpose. With the aid of
this it is immediately seen that the two derivations of ¢
can be approximated for the centre point in the form of

PP 20+ P; PP D 2D+ Dy

axt dz T ey d?
Therefore
i
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Fig. 3.12
Grid for calculating vorticity
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Fig. 3.13
Nomogramm for computation of absolute
geostrophic vorticity (in 107 57")

results for the Laplace of @

D)+ Dy Dy Dy — 4y
dz

When doing the calculations, the distortion of the map pro-

jection (scale factor: m) and the definition of geopotential

(2.3) must be taken into consideration, so that the formula

for geostrophic absolute vorticity which can be used practi-

cally reads as follows:

Vo~

(3.22)

I]'gzgf;;_—(H]-i-Hz-i—Hs +Hy—4Hg)+f.  (3.23)

H,, here means data of height of the topography concerned
in [m] which are numerically identical with the geopoten-
tial data in [gpm]. The value 9.8 ms ~* must be used accord-
ingly for gravity acceleration g.

The nomogramme reproduced in Fig 3.13 can be used for
calculating vorticity manually. It is valid for maps with
stereographic projection and equates to a grid distance of
d=300 km. With a pre-printed grid overlay the required
figures can be very quickly read off and the value of abso-
lute vorticity can be seen immediately from the total in
consideration of the particular latitude. Naturally this pro-
cess requires a carefully analysed potential field of the par-
ticular topography.

In practice manual calculation of vorticity at certain pre-
defined points is sufficient, e.g. along one or several iso-
hypses. A field distribution of absolute vorticity can be ob-
tained by graphical or numerical methods. Examples of nu-
merically calculated vorticity fields are provided in later
chapters in connection with sample weather situations.

3.2 The equation of continuity

Mass can be neither created nor eliminated. If the mass
flow is considered through a volume element 8x 8y 6z, the
net flow, i.e. the difference between inflow and outflow of
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mass through the sides, must be equal, therefore, to the
time-related mass accumulation within the volume ele-
ment.

In the x-axis (of a Cartesian coordinate system, see Fig
3.14) the mass import is given by

ou dy oz,
4
7 '
1
| "
s 8 BT >
I et LT
y I’ Ev
bx
» X
Fig. 3.14

For deriving the equation of continuity

the mass export by

o
[gu+a (gu)éx] dy &z.

The difference between both expressions provides the net
flow in the x-axis:

d
A (o u) dx dy dz.

For the flows in the y and z axes, similar equations apply
so that for total net flow into the volume element

d a d
—[5-; (Qu}+a (Qv)+é—z (gw)] dx dy oz

is obtained.

Divided by the volume & x4 y8 z the net flow into the unit
volume, which must be equal according to the above to the
local time-related density change within the volume, is ob-
tained. Therefore

dp d o0 d
at- |ax @YW t5y (V) +5; (ew)
is true or with the three-dimensional Nabla operator

d

S3=-Y3-(ews).
This is the so-called equation of continuity. The expression
Vi-(ovs) represents the divergence of the three-dimen-
sional mass flow and is described with a positive sign as
mass divergence, with a negative sign as mass conver-
gence. In the case of mass divergence — seen three-dimen-
sionally — the density decreases locally, in the case of mass
convergence it increases.

(3.24)

The expression V3 - (¢ v3) can be split up so that

d
a—f= —v3-Vio—0V;:-v;

can also be written.

(3.25)

The first right-hand term is three-dimensional density ad-
vection. If denser (thinner) air is transported into the vo-
lume, the density in it must increase (decrease) locally.

du dv ow
vj“'3=_+

—— 3.
dx 0y 0z (326)

is three-dimensional wind divergence. It is composed of

: ; du 9v ! :
horizontal divergence V.v = 54_@ and vertical diver-

aw
gence —.

Horizontal divergence is a measure for the change in cross
section, vertical divergence a measure for the change in
vertical thickness of the air particles. Three-dimensional
divergence describes the volume expansion or contraction
which is caused by spatial differences of the wind accord-

ingly.

In the case of divergence in the three-dimensional wind
field the density must decrease locally, in the case of con-
vergence it must increase.

For incompressible media in which density is invariant
with changes of pressure, the equation of continuity takes
on the form

aw

Vivi=0 or Vov=——

=— (3.27)

Horizontal divergence (convergence) is linked accordingly
with vertical convergence (divergence) of equal magnitude
so that three-dimensional divergence disappears. Although
this equation cannot be applied directly to the air as gas
mixture, observations in the large scale show a quasi-in-
compressible behaviour of the atmosphere.

This is clear if the equation of continuity is derived for the
p-system and at the same time hydrostatic equilibrium is
assumed. If a particle of the mass §M with sides 6x, 8y and
dz which is located between pressure surfaces p and p — dp
is considered, 6z can be replaced by dp in accordance with
(2.2).
8z = §_p
ge

is true so that

ox by dp
g

is obtained for mass.

oM =

As mass remains constant with motion it follows

1 d iR d (éxdydp\
E_M(TE{JM)_EJL&yé'pm( g =f

By conversion

| dx 1 dy 1 dp
LR e e S AL )
o (dl)+5y (dl)+5p (dl)
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is obtained from this and finally if exceeding the limit

du ov da [dp
il (i) BT IR o 1) W
(3x+ay)p+ap (dl)

or with @ = dp/dt (3.28)
ow
VP -V + ﬁ - 0.

This is the equation of continuity for the p-system. Index p
here means that horizontal divergence must not be deter-
mined on level surfaces but on pressure surfaces. The rela-
tion just obtained is clearer if transparency is created using
the term with @. It can be split up as total pressure change
into

W= =a—+v-Vp+w?£. (3.29)

t dz

The horizontal wind vector consists of a geostrophic part
and a normally much smaller ageostrophic component

V=Vg+V.
As, however, the product v, - Vp disappears

ap
w=—+v -Vp— w.
at p—geo

is true when using the hydrostatic equation.

(3.30)

The total time-related pressure change of a particle con-
sists, therefore, of local pressure change at the fixed point,
pressure change with ageostrophic motion across the iso-
bars and pressure change with vertical motion. For synop-
tic systems the following magnitudes can be used for the
three terms
% ~ 10 h Pa/day
v .-Vp~1 ms~'-0.01 hPa-km™'
~ 1 hPa/day
gow ~ 100 h Pa/day

The estimate for g g w is naturally only valid for free atmo-
sphere as w must be zero on the ground. Therefore

(3.31)

dpo
e

is true near the ground.

However, in free atmosphere
(3.32)

can be used with good approximation. @ describes in this
case the vertical velocity in the the p-system, whereby, due
to the sign change, negative values indicate an ascending
motion, positive values a descending motion. Used in
(3.28), the quasi-incompressible form of the equation of
continuity results with

W= —gow

Vp-v= =¥

dz

This means that horizontal divergence (convergence) must

be linked on a pressure surface to vertical convergence (di-

vergence) in equal amounts. If it is assumed that on aver-

age the maximum of the vertical motions will be found in

the middle troposphere and that on the other hand at sur-

face level and at greater heights (tropopause) vertical mo-

tions will disappear, then the distribution as shown diagra-
matically in Fig 3.15 will result

(3.33)
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Fig. 3.15
Connection of horizontal and vertical divergence
and convergence in the troposphere

3.3 The pressure tendency equation

With the aid of the continuity equation it is easy to derive
the pressure tendency equation which provides insight into
the physical background of pressure changes.

Assuming hydrostatic balance and integrating the hydro-
static equation (2.2), the following is true for pressure p at
a defined level z

o0
p=[geodz (3.34)
Z

From this the following results for local pressure tendency
at this level

apy._ 7,90
(a:) —_zfg atdz

z

(3.35)

and using the continuity equation (3.24)
a o0
(a_]:) =—[gVi-(evs)dz
z z

= _TeV-(ev)dz-[g %{gw)dz. (3.36)

Since w=0 when z=cc the last term can be immediately in-
tegrated to (go w),. The local pressure tendency is there-
fore determined by the vertical integral of the horizontal
mass divergence and by vertical motion. If the first right-
hand term is again split up, the equation then reads

dap x
=) = V.vd
(F) - uwina

8o
—fgv-Vodz+(gow),. (3.37)
A

The first right-hand term contains horizontal divergence of
the wind field, the second density advection.

Corresponding to the equation, pressure increases at level z
with
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a) Horizontal convergence in the vertical integral above z
(V-v<0). As a result, mass is concentrated in the air
column above z. so that its weight increases.

b) Cold air advection in the wvertical integral above z
(—=v:Vo>0). Less dense mass is replaced by more
dense one so that the weight of the air column must in-
crease,

¢) Upwards motion at level z (w>0). As a result mass is
pumped from below into the air column above z which
also leads to an increase in weight.

Conversely, pressure decreases with

a) Horizontal divergence in the vertical integral above z

b* Warm air advection in the vertical integral above z
and/or

¢} Downwards motion at level z.

If the effect of vertical motions and horizontal vergences is
compared, it becomes immediately clear that their contri-
butions to pressure tendency will presumably always have
opposite signs and therefore try to compensate. If, for ex-
ample. pressure fall is triggered due to a downwards mo-
tion at level z, mass will flow in from the side, as a result
of which the pressure fall will be reduced. The same can be
expected if horizontal convergence is the first to take ef-
fect.

In regard to the order of magnitude of the contributions
which the two types of horizontal mass convergence pro-
vide, it can be said that in general the effect of horizontal
vergences in the wind field is greater by one to the power
of ten than that of density advection. The reason for this is
the fact that only advection with the ageostrophic wind part
is able to provide a contribution to the change in pressure,
while the normally dominant advection with the geo-
strophic wind is neutralised by divergence effect in the op-
posite direction (see 3.1.3).

If the relation (3.37) is applied to surface pressure ten-
dency, distinction must be made between flat terrain where
vertica! motion vanishes and mountaineous terrain where
vertical motions are forced. The following applies for flat
terrain

9o
at

:—JIEV'(Q\"}L‘Z
% & (3.38)

=—[goV-vdz— fgv-Vodaz
0 0

Surface pressure tendency is therefore only determined by
the integral over horizontal mass divergence in which, in
accordance with the above argumentation, divergence of
the wind field generally dominates. In the case of mountai-
neous lerrain vertical divergence also comes into consid-
eration and produces a contribution to pressure rise in the
case of forced ascent, in the case of descent a contribution
to pressure fall (see 14.3).

Occasionally pressure changes are differentiated dynami-
cally and thermally and it is argued, for example, that pres-
sure on the surface must fall if the air column above the
place concerned is heated diabatically and therefore is re-
duced in density. This argument is not correct. Density
changes by heating or cooling only lead to vertical expan-
sion or shrinking of the air column and are therefore asso-
ciated with pressure changes with height, but not, however,
— as the total mass remains the same — to changes on the

surface. Only if, as a consequence of vertical expansion by
heating, the air begins to flow away with height diver-
gently to the side, pressure starts to decrease on the surface
as a consequence of the loss of mass, while with height the
rise initially seen is reduced.

With the p-system the tendency equation takes on a more
simple form, From the continuity equation (3.28)

d @ a
v + = e — T ——
P V==55="354P/Y
d P
P fv,.vdp (3.39)
dt o
is obtained.

And for local tendency at the level at which pressure p pre-
vails

dap

P
—=—[V,-vdp—v -Vp+gow. (3.40)
0

at

The right-hand second term which reflects the direct
change effect in the case of ageostrophic motions across
the isobars is normally small with an average order of mag-
nitude of 1 hPa per day (see (3.31)). Since w vanishes in
the case of flat terrain, the following therefore applies ap-
proximately for surface pressure tendency

3 Py
%m—gvp-vdp (3.41)

The pressure tendency on the surface is therefore chiefly
determined by the vertical integral over isobaric wind di-
vergence. The surface pressure falls if divergence prevails
on the pressure surfaces and rises if convergence prevails.

From the above relation the following is true for geopoten-
tial tendency on pressure surfaces

ad 1 F
———Efvp—vdp—v‘-vpcbkkgw,
0

= (3.42)

The geopotential falls accordingly with

a) Horizontal divergence in the integral above the pressure
interval between p and p=0,

b) Ageostrophic motion from the low to high geopotential
and/or

¢) Descending motion through the pressure surface.

The second term disappears in the case of motion parallel
to the contours.

3.4 The vorticity equation

By crosswise differentiation of the equation of motion, the
vorticity equation is obtained which gives information on
the time-related change of the rotatory component of the
horizontal wind.

d
e 3V, v+k- (:—;xvpm) (3.43)

dt

applies in the case of a frictionless motion in the p-system.
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The first right-hand term is called the divergence term. It
can be split up into

AV v=—""A Vv V,v. (3.44)
A B

Part A is effective if the particles already have relative ro-
tation. In this case isobaric convergence leads to increase,
isobaric divergence to decrease of vorticity irrespective of
the sign. This is identical with the conservation of momen-
tum of rotation, here applied to the rotation around a verti-
cal axis relative to the earth.

Part B describes the creation of vorticity by the Coriolis
force. As can be read from Fig 3.16 pull to the right
through this force in the case of convergence leads to cy-
clonic, in the case of divergence to anticyclonic rotation.
This process is the most important form of creation of vor-
ticity in systems of the large scale.
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Fig. 3.16

Creation of relative vorticity by horizontal
convergence or divergence

If the particles possess positive relative vorticity, Parts A
and B have the same sign and reinforce each other. In the
case of negative relative vorticity, however, compensation
takes place. If in this case { remains quantatively less than
f, B is dominant, if it exceeds f. A is dominant. If the
amounts are the same, A and B cancel each other. This is
also clear in the sum

—n Vv,

in which the sign and amount of absolute vorticity together
decisively determine the time-related change. In the case
of positive n, convergence leads to time-related vorticity
increase, divergence to time-related vorticity decrease of
the particles whereby the rate of change increases with 7.
In the case of 7 < 0 the opposite changes result while in the
case of =0, i.e. { = —f, divergence is unable to have any
effect on vorticity change.

Assuming dynamic stability (see 2.11} it can be assumed
that the particles will generally possess positive absolute
vorticity. If the time-related change is only looked at with
the divergence term

dn

— =V, v,
TEpiE U
dlinn

TR L

can also be written, which, in the case of time-related con-
stant divergence, produces when integrated
n=npe TPt (3.45)
Vorticity then changes exponentially where, however, the
various effects of terms A and B are manifest. With the ty-
pical magnitude of divergence during synoptic develop-
ments of 10!, 10%s~ 1 day for the time results in which
the original vorticity has increased through convergence
times the e factor or reduced through divergence to the e-th
part.

The second right-hand term in (3.43) is called the twisting
term. [t describes the conversion of rotation around a hori-
zontal axis into rotation around the vertical axis by hori-
zontal gradients of the vertical velocity. Its effect is ex-
plained in Fig 3.17 which diagramatically shows a cross-
section through a zonal current increasing with height.
With du/ap < 0 this flow contains strong vertical shear
and therefore rotation around the y-axis. If horizontally
varying vertical motions now begin (with 8@ /d y < 0), the
position of the isotachs originally lying isobarically
changes and shear vorticity arises which is cyclonic in the
case assumed here.

As a special example of the vorticity equation, the condi-
tion of a horizontal divergence-free current should be men-
tioned. In this case both forcing terms on the right side of
(3.43) disappear and the particles keep their absolute vorti-
city. Along their trajectory changes from relative to plane-
tary vorticity and vice-versa are possible (see 10.2).

Otherwise in the case of a time-related vorticity change
naturally alternation between shear and curvature vorticity
is possible. It can be shown (PICHLER [8]) that the change
is determined by the term

av @ (ad
RV — [
[' as+an(aa)]

or (3.46)

av a8 fdv
s[kv -2 (3]

With a positive sign transition from curvature to shear is
described, with negative sign transition from shear to cur-
vature is described. Important here on the one hand is velo-

Fig. 3.17
Effect of the twisting term
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city divergence. If it is positive, which is normally ob-
served in a confluence zone, curvature vorticity changes to
shear vorticity; if it is negative (diffluence zone), conver-
sely transition from shear to curvature vorticity occurs.
The other factor is ageostrophic motion across the iso-
hypses which lead to changes in speed of the particles. If
these changes vary across the current, transition from shear
to curvature or vice-versa occurs depending on the particu-
lar distribution.

Resolved in accordance with the local time-related ten-
dency of relative vorticity, the equation of vorticity reads

3¢

at:—l"vpn—

av
+k- (a—ﬁxvpﬁ)) N

In addition to divergence term and twisting term, horizon-
tal advection of absolute vorticity and vertical advection of
relative vorticity also appear here. Advection of absolute
vorticity which will be called A, can be split up further
into advection of relative and advection of planetary vorti-

city (Az, Af):
-v-Von

8¢
ma—p—rﬁ’p-v

(3.47)
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with 3 Eg—;, the ROSSBY parameter introduced in 3.13.

A positive vorticity tendency results through these three
advection terms if either

a) The horizontal wind brings in particles with greater re-
lative vorticity ,

b) The horizontal wind has a meridional component to the
south (v<0) or

¢) Particles with greater relative vorticity reach the pres-
sure level concerned by vertical motions.

A negative tendency results in the case of negative hori-
zontal or vertical advection and also if the wind has a mer-
idional component to the north (v=>0).

Finally the individual terms of the equation of vorticity for
the large scale will be estimated whereby L—10°
Ap=10°hPa, Aw=10"hPas”, f=10"s" and B=10""m"s"
are used.

For the horizontal speed U, on the one hand the value typi-
cal for the lower troposphere 10 ms™, on the {Jthcr hand

the value characteristic of the jet stream 50 ms™' is used.
Therefore the following result
a¢ 98¢ o8¢ | s Ciatag -9 -2
at’ ax B}' L2 52, oy
Vﬁ"-‘Uﬂ=lU_mS_2
fV~v~f%=lD‘°s‘z
u? (3.49)
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dp dplL

It is seen that twisting term and vertical advection are one
power of ten smaller than all other terms. They are, there-
fore, mainly neglected for practical use of the equation of
vorticity in the large scale. Nevertheless, in individual
cases or with processes in a relatively small area, they can
be very significant. Using magnitude of 10 for the di-
vergence, the term £ V- v also becomes very small and can
be neglected compared with f V- v (see. 12.2)

3.5 Potential vorticity

In the case of adiabatically working processes, the air parti-
cles move on isentropic surfaces which they cannot leave.
As, therefore, no motion component normal for isentropic
surfaces exists, the vorticity equation in the @-system has
the simple form

dne 9l
e Y . Vene=-neVe-v. (3.50)
Alternatively this can be written as
dhe_ NodA
dt A dt

whereby A here represents the cross section of an isentro-
pically flowing particle. From this results further

d

5 (Ang) =0 or Ang=const., (3.51)
following the motion of the particle. The product of abso-
lute vorticity and cross section magnitude is therefore con-
stant in the case of adiabatic motion. If the cross section of
the particles increases by isentropic divergence, their abso-

lute vorticity becomes less; if A decreases by isentropic
convergence, i must increase and vice versa.

If an air particle is examined between the isentropic sur-
faces @ and © + § O, its mass is given by:

M=pAédz
and, as
dz= 15_;31 M= éiE
ge £
The mass remains constant during motion so that
g gée
A=—const. or A=="—
3p 3p const.,

is obtained, as § @ also represents a constant. Under con-
sideration of (3.51) this leads to

e\ . _69 b, .
g(ép) = const. or gng( ap) = const., (3.52)

following the motion.
The quotient g(g%) is described as isentropic potential

vorticity (IPV). It remains conservative within an adiabatic
air flow. This means an increase in vorticity produces an
enlargement of the layer thickness between the isentropic
surfaces and conversely a decrease of vorticity is asso-
ciated with a reduction of this layer thickness. This is
equally important with a change in thermal stratification as
the alternative form of the equation shows. With an in-
crease of vorticity, thermal stability is weakened accord-
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ingly by vertical stretching, with decreasing vorticity, how-
ever, it is increased by vertical shrinking. Conversely it is
true that in an area where the current flows out into a stable
zone of crowded isentropic surfaces, the air particles gain
anticyclonic vorticity (through isentropic divergence)
while they develop marked cyclonic rotation through con-
vergence when entering an area with greater layer thick-
ness.

3.6 Circulation and circulation theorem

In many considerations not only is rotation of the particles
around a vertical axis interesting, but also around horizon-
tal or any direction oriented axes. They are mathematically
recorded by the rotor

Vixwv;

of the velocity field whose vertical component represents
relative vorticity.

As an alternative to this a macroscopic measure for rota-
tional motion components can be defined. Here a closed
curve in space is considered. As a result of tangential wind
components, this curve can be changed into rotational mo-
tion. A statement is obtained in this connection by the
curve integral formed over this wind component (see Fig
3.18).

2,

Fig. 3.18
(See text)

C=4§v3-dl=§V; cos pdl (3.53)

C is the circulation. It is positive if rotational motion runs
in the direction of integration, i.e. anti-clockwise, negative
if it runs clockwise.

In the case of horizontally oriented curves, the same sign
results as in the case of relative vorticity i.e. circulation is
positive for cyclonic, negative for anticyclonic rotation.

Information about the time-related change of circulation is
obtained by applying the curve integral to the three-dimen-
sional equation of motion for a frictionless current

f%dl:—fﬂ‘?;p-dl

-$ (20 xv;3)-dl+ ¢ g-dlL
For the lefthand integrands

d‘\i‘lx
dt

(3.54)

d d
-dl——-a(‘v;-dl)—“a{dl}

can be written and, as d1/d t = v,
d ¥3
dt

The curve integral of a total differential disappears so that

d
dl—a(\';'dl)—"}‘d\r’;.

1
§V3'dV3=5§d (vi-v3)=0.

As also the last term in (3.54) is zero, it follows

dC d
E:ﬁf\’}'d]:wﬁﬂ'v3p'dl

— $(22 x v3)-dL

The term (242 x v3) -d1 can be changed to (v3 x d1)- 24},
The amount of vector vy x d1is Vy d 1 whereby Vy; repre-
sents the wind component normal to the curve. Therefore
¢V d1 represents expansion of the area which is enclosed
by the curve, per unit time. With A as magnitude of the
area and n as unit vector along the normals directed out-
wards, the following results:

(3.55)

~$20 xv5)-d1=~ 1 (An-20)

If the angle between the rotation axis (£2) and the normals
(n) directed outwards is described with i, we obtain (see
Fig 3.19)

An-20 = 20A cos .

On the other hand A cos § is the projection of A onto the
equatorial plane which will be described as Ag. Therefore
the circulation theorem of V. BJERKNES is obtained in
the form

dC dAg
—=—¢adp—20—.
dt fadp dt

It describes the time-related change in circulation relative

to the rotating earth.

(3.56)

The first right-hand term is called the solenoid term. Sole-
noids are square tubes which result if the surfaces of equal
pressure (isobaric surfaces) and equal specific volume
(isosteric surfaces) intersect in space. It can be easily seen
that the expression — §adp is equal to the number N of
the isobaric-isosteric solenoids embraced by the curve.

For this purpose the curve ABCD in Fig 3.20 which runs
along two isobaric and two isosteric surfaces is examined.
The following contributions to the curve integral along the
individual parts result:

ix A 1}

Q

Equator

Fig. 3.19
(See text)
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(p. ar)-Solenoids embraced by the curve ABCD

A—B: po—1—po—3 with g+ 3
contribution 2(ay + 3)
B—C: po—3const; dp=0
C—D: po—3—po—1 with ap+1
contribution —2(ag + 1)
D—A: po—1lconst; dp=0

Therefore as total sum results:
2ap+6—-2ap—2=4,

which corresponds exactly to the number of solenoids em-
braced by the curve.

As N is always positive when solenoids are present, the so-
lenoid term causes positive circulation acceleration which
is directed from the ascendent of the specific volume V3 a
to the gradient of pressure —V; p. As a result, the warmer
air is accelerated to the lower and the colder air to the high-
er pressure. If circulation is vertically oriented, the warmer
air in it is lifted and set in motion aloft towards the colder
air, while the colder air at the same time subsides and at a
lower level pushes forward towards the area of the warmer
air. Such circulation is described as solenoidally direct. As
the denser mass in it descends and the less dense mass
rises, the centre of gravity of the whole system moves
downwards. This is synonymous with a reduction of poten-
tial energy and its conversion into kinetic energy of the cir-
culation motion. This energy transformation forms the
main source of all atmospheric motions — from small area
circulation of the sea breeze, e.g.. right up to the large scale
eddies of cyclones and anticyclones. However, this kind of
energy conversion is only possible in the case of baroclinic
stratification as in the case of barotropy isobaric and isos-
teric surfaces lie parallel in space and therefore no sole-
noids exist.

Using the equation of state (1.1) the solenoid term can be
converted.

N=-fadp=—¢§RyTd In p, (3.57)

applies so that isothermic and isobaric surfaces can also be
used to calculate solenoid acceleration. In addition

N=§c,TdIn© (3.58)

is obtained using the definition equation of potential tem-
perature (1.5).

The solenoid number results accordingly from the spatial
distribution of isothermic and isentropic surfaces (see Fig
3.21).

Fig 3.21
Solenoid representation by means of p and T or T and @

The term

_agfhs
dt
is described as the Coriolis effect as it contains the influ-
ence of the earth's rotation. It produces a contribution to
circulation acceleration relative to the earth under the fol-
lowing conditions:

a) In the case of horizontally oriented surfaces, the area
content reduces through horizontal convergence. With
dAg/di<0 it becomes dC/dt>0 and positive (cyclonic)
circulation results. Conversely in the case of horizontal
divergence with dAg/dt=0 and dC/di<0, negative (an-
ticyclonic) circulation is set in motion.

b) In the case of motion of a horizontally oriented surface
with constant content to the equator, Ag reduces and cy-
clonic circulation results. In the case of motion to the
pole on the other hand Ag increases and anticyclonic
circulation is triggered.

c) As a result of horizontally differing vertical motions,
the spatial orientation of a curve and the surface en-
closed by it are changed. As a result the magnitude of



Principles of dynamics 43

Ag also changes due to which corresponding circulation
accelerations take place.

These statements correspond qualitatively to the statements
of the vorticity equation (3.43).

As already detailed, the energy for most atmospheric mo-
tions comes from acceleration by the solenoid term. How-
ever, once these motions have started, acceleration is
mostly reduced, as the Coriolis effect works in a compen-
sating way. As an example of this, a baroclinic flow is con-

sidered, which should be in geostrophic equilibrium. Due
to the solenoids, positive circulation acceleration occurs
for each vertical and across the flow oriented surface. On
account of the vertical wind differences, however, the
curve at the same time inverts and the surface expands so
that the Coriolis effect produces a negative acceleration
contribution which competes with the positive contribution
of the solenoids. Only if the equilibrium is disturbed by
any kind of process, circulation across the flow can start by
outweighing one of the two terms.
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4 Air masses

Observations show that the meridional temperature con-
trast between pole and equator is not uniformly distributed.
There are rather large areas which are filled by relatively
uniformly heated air, divided by zones where wide tem-
perature differences occur within a short distance. Apart
from temperatures, such discontinuous distribution also ap-
plies in the case of other characteristics of the air particles.
The large scale air volumes of uniform character are de-
scribed as air masses, while the terms front and frontal
zone have been introduced for the transition zones.

4.1 Origin, classification and characteristics of air
masses

The ability to define and classify air masses in a clear way
can be traced back to the fact that within the general circu-
lation, larger quantities of air are subject for longer periods
to the same conditions in regard to radiation and exchange
with the earth surface and at the same time mostly acquire
similar characteristics such as temperature and humidity
content, vertical temperature gradients, content of pollution
etc. Determining factors for this process are the geographic
latitude, type of ground — and here especially the land-sea
distribution — as well as the prevailing system of horizontal
motion in the area concerned. In addition the effect of the
predominant vertical motion is of importance in free atmo-
sphere. Large quasi-stationary anticyclones are seen espe-
cially as ,.source areas" for the air masses.

In lower latitudes on account of heat excess, warm air
masses are produced, in high latitudes on account of heat
deficit, cold air masses are produced. In regard to the type
of the underlying surface, oceans play a special role. On
account of high heat storage, but above all on account of
the large heat conductivity of moved water caused by tur-
bulent exchange, the surface temperature of large sea sur-
faces only has minimum seasonal variation. The oceans
therefore work generally in the winter as heat source but in
the summer as heat sink for the air passing over them. In
addition the oceans naturally form the main reservoir for
evaporation and water vapour transport into the atmo-
sphere.

To typify and distinguish the individual air masses, vari-
ables such as pseudo-potential or equivalent potential tem-
perature are generally used. They also include the humidity
content of air with the available condensation heat and are
invariant with vertical motion including condensation or
evaporation.

Corresponding to the concept of the ,polar front theory*
(see Section 8.1), only two main air masses were distin-
guished earlier — the cold and dry polar air coming from
the heat deficit region of the high latitudes and the warm
and moist tropical air produced in the southern regions of
excess heat — on both sides of a front, even the polar front.
According to the state of equilibrium a strongly baroclinic
front of this type must be associated with a high tropo-
spheric strong wind field which has later been proven by
aerological soundings and described as ,.polar front jet
stream”, The ascents also showed, however, that south of
the polar front a further baroclinic zone exists, connected
with a second extraordinarily powerful and persistent
strong wind field, the sub-tropical jet. In addition it has
been shown that the circulation of lower latitudes (Hadley
circulation) for the most part runs enclosed within itself, so
that air masses, which actually originate in the tropics, only
sometimes reach the west wind zone.

Using the diagram of general circulation (see Fig 4.1, ac-
cording to PALMEN and NEWTON [9]), three main air
masses are therefore distinguished today: polar air (PA),
tropical air (TA), and a middle air mass strongly varying in
character, which is described as temperate air and is typical
for the west wind zone of the more central latitudes (MLA
mid-latitude air). These three air masses are only weakly
baroclinic or even barotropic and are separated by the
strongly baroclinic zones of the polar front — between polar
air and temperate air — and the sub-tropical front — between
temperate air and tropical air. In the middle troposphere
(500 hPa) the mean position of the polar front varies ac-
cording to season between 40° and 70°N, that of the sub-
tropical front between 30° and 45°N.

The contrast between TA and MLA is, however, mainly
concentrated front-like only in the upper troposphere,
where northerly penetrating tropical air within the Hadley
circulation converges with MLA air. In the lower tropo-
sphere, however, no clear air mass division between both
air masses generally develops on account of the prevailing
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horizontal divergence of the stream field (see Section 7:
frontogenesis).

In contrast to this, the baroclinic zone of the polar front
normally reaches as far as the surface or is especially
strongly marked in the lower troposphere, and the contrast
between PA and MLA frequently shows itself with extraor-
dinary sharpness in the form of line-like surface fronts.
This applies especially to the area of the cyclones where
frontal contrasts are maintained by horizontal convergence,
while weakening and dissipation of the surface fronts occur
regularly in the area of high pressure regions as a result of
divergence.

In regard to temperature-related characterization of the
three main air masses, typical vertical distributions are re-
produced in Fig 4.2 which have been obtained by DE-
FANT [10]. It is seen that, within the troposphere, the tem-
perature difference between the three masses is 5-10 K in
summer, while in winter it increases and exceeds 20 K near
the ground. The greatly differing height situation of the tro-
popause is characteristic. In the area of the two frontal
zones, consequently, a break zone of the tropopause, with
sudden change in height, occurs (see also Fig 5.8).

It can be further seen from the temperature curves that the
polar air is the most stable of the three main air masses. In
the middle troposphere the vertical temperature gradient in
it is 0.6 K/100 m. Especially striking, however, is the iso-
thermic or inverse stratification below 2 km height, which
greatly restricts vertical exchange. It can be traced back to
the fact that diabatic cooling, to which this air mass is sub-
ject, is at its greatest near the ground, especially of course
in winter and over snow-covered land or the frozen sur-
faces of the Arctic. In summer the melting processes pre-
vent large temperature increases above (0°C. On account of
its low temperature, the polar air can only absorb little
water vapour. But also the inclusion of additions which,
for example, can act as condensation cores is normally
negligible. As a consequence, the horizontal visibility is
mostly very good. The tropopause has an average height of
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9 km and temperatures around -50°C in the polar air. In the
stratosphere this air mass is al its warmest in summer,
while in winter it is colder than the temperate air on ac-
count of lack of radiation at high latitudes.

The tropical air, being the tropospherically warmest air
mass, is at the same time the one with the least static stabi-
lity. The vertical temperature decrease is 0.7-0.8 K/100 m
in the middle between the ground and a height of 13 km.
At this height the secondary, at about 16 km height, the ac-
tual tropical tropopause is located with temperatures near
-70°C in summer and around -80°C in winter. In the strato-
sphere this mass is therefore the coldest of the three main
air masses. On account of evaporation from the ocean sur-
faces, the tropical air in the lower troposphere generally
has a high moisture content. As a result of this, the vertical
profile of the pseudo-potential temperature is also deter-
mined, which has maximum values nearest the ground and
a minimum at 700-500 hPa. The stratification is conse-
quently potentially unstable (see 2.2). Instability is trig-
gered when the tropical air reaches the rising branch of the
Hadley circulation above the Intertropical Convergence
Zone (ITCZ). There deep cumulonimbi form in this case
which mostly arrange themselves into large area cloud
masses, so-called ,cloud clusters”. Further northwards,
however, very dry air can be found in the middle tropo-
sphere on account of the predominant subsiding motion. It
is separated from the moisture-laden air near the ground by
the ,,Passat inversion™ which is located at a height of 1-2
km above the ground. Only flat cumulus clouds can form
under it.

The temperate air of the middle latitudes is the air mass
with the least uniform characteristics. The reason for this
lies in the fact that this mass is always enclosed in the west
wind zone with more or less fast motion, whereby it is sub-
ject to strong changes as a result of influences from the
ground, but especially also as a result of vertical motion of
the moving cyclones and anticyclones in this area. These
processes are described in more detail in the following sec-
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tion. It can be seen from the temperature curves in Fig 4.2
that the vertical temperature gradient in the temperate air is
around (0.7 K/100 m and the tropopause has a temperature
of around -55°C at a height of 11 km.

In regard to the weather conditions in the west wind zone
the air mass difference between polar air and temperate air
is of major importance in accordance with what has just
been stated above. However, tropical air from the Hadley
circulation repeatedly penetrates into the westwind zone.
Near the surface these intrusions occur mainly on the west
fringe of the high pressure areas of the sub-tropical high
pressure belt — i.e. for example on the west fringe of the
Azores high. With height tropical air can be transported far
to the north if waves of greater amplitude have formed in-
side the upper current. On account of the vertical change of
wind direction connected with temperature advection, rela-
tive motions from differing directions occur in this case at
various levels, so that tropical air with height can pass over
temperate or polar air in the lower layers, or vice versa.
From this air mass stratification, thermal stability is natu-
rally clearly determined and resulting from this also the
character of the weather in the area concerned.

Within the polar air another second, but limited to the low-
er troposphere, frontal zone can be made out in winter,
which is called the arctic front. It separates the extreme
cold air of the areas near the pole from the less cold air
masses in the south and frequently is fixed orographically
on coastlines and the pack ice boundary. In addition its po-
sition is greatly influenced by the extent of snow cover on
continental land. As the baroclinic zone of the arctic front
remains restricted to the lower troposphere, it does not ap-
pear useful to define ,arctic air” in addition to polar air.
Also, it would be very difficult in individual cases to dis-
tinguish between air which actually comes from arctic re-
gions and equally cold or colder air which originates far to
the south in the area of an anticyclone over snow-covered
continental land.

4.2 Air mass transformation

The same processes such as radiation, turbulent exchange
and vertical motion, which lead to the origin of typical
characteristics of the air masses at their source, cause faster
or slower or greater or smaller changes in the way they ap-
pear when the air masses move from the source area and
are transported within the moving pressure systems and
waves, The processes taking place here are described as air
mass transformation.

Zp

A noticeable change in an air mass can already occur if the
force of the vertical exchange due to turbulence in it,
changes significantly. This occurs, for example, if a polar
air mass comes into the circulation system of a depression
from the weak wind area of a winter anticyclone and as a
result is more thoroughly mixed. As turbulence tries to cre-
ate uniform distribution of the air mass characteristics with
constant levels of potential temperature and mixing ratio,
mixing leads to a rise in temperature and reduction in rela-
tive humidity near the ground, as well as to cooling and in-
creased humidity in the upper part of the layer affected by
mixing. As a result the inversion on the ground is dissi-
pated, while a new one forms above the mixed layer. The
increased humidity aloft can give rise to the formation of
St or Sc-cloud (see Fig 4.3a).

A very important transformation process is warming or
cooling from the ground. In this respect again large sea
areas play an important role. As the surface temperature of
the ocean on account of good heat conductivity and heat
storage mentioned earlier practically does not react to
changes in air temperature, the oceans represent huge heat
sources or heat sinks depending on the temperature of the
air passing over them. However, the intensity of heat trans-
fers from water to air or vice versa is dependent on the di-
rection of the heat flux. During warming from the surface
at the same time weakening of the thermal stability occurs
as a result of which turbulent exchange is greatly increased
while stabilisation which is associated with cooling leads
to calming of the vertical turbulent motion. With otherwise
similar conditions, therefore, heating of an air mass which
passes over a warmer surface is considerably faster than
cooling down of an air mass which passes over a cold sur-
face. Turbulent warming soon covers a vertically thick area
while cooling down remains limited to a shallow layer near
the ground (Fig 4.3b).

In this process humidity plays an important role. Humidity
is transported from the ocean surface into the normally dry
air masses which originate from continental land. If the air
mass is cooled down at the same time by the ground, rela-
tive humidity quickly increases inside the stable layer near
the ground as a result of which visibility becomes worse
and fog can arise. With simultaneous warming and destabi-
lization of the air mass, the increase in humidity causes
convective clouds to form. As a result of the condensation
heat released in these clouds, higher air layers are also in-
cluded in the transformation process and warmed up (Fig
4.3c).

Radiation works as a transformation factor mainly if the air
masses are situated over continental land. In the case of fair

Fig 4.3
Air mass transformation by a) turbulent mixing b) diabatic heat transfers from and to the ground c) release of latent heat
d) stretching and shrinking
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weather in summer, air is heated by the ground progres-
sively from day to day — associated with destabilization
and reduction of relative humidity, in winter conversely
the air layers near the ground cool down progressively with
stabilisation and increase in humidity.

A clear example of the influence of radiation on air mass
transformation has been given by WEXLER [12], He ex-
amined the temperature changes within marine polar air
masses which flow with temperatures around freezing
point and fairly moist adiabatic lapse rate from the North
Pacific into the cold Yukon valley (Alaska) and there come
under the influence of high pressure.

In the case of very weak winds, turbulent heat transfer is
minimal so that radiation on the snow-covered ground sur-
face can cause temperature reduction to -33°C in only two
hours. Cooling remains in this case limited to an infinitesi-
mal level which increases slowly through molecular heat
conductivity.

At the upper level of the ground inversion which resulted
thus, increased cooling then occurs so that an isothermic
layer is formed which increases more and more with
height. As counter-radiation now becomes less on the
ground, further but slower cooling, which eventually leads
to temperatures of -70°C, results there.

Fig 4.4 diagramatically shows several stages of the cooling
process described and, for comparison, a temperature
sounding from the area concerned.

PETTERSSEN [4] pointed out that dynamic processes are
also of great importance for the change in air mass struc-
ture. The large scale vertical motions occurring in these
processes influence the vertical temperature and humidity
distribution to a large extent. Ascent leads to adiabatic
cooling connected with an increase in relative humidity,
eventual cloud formation and precipitation, descent leads
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Various stages of transformation from marine to continental polar
air. According to HALTINER and MARTIN [2]

to adiabatic warming with humidity reduction and cloud
dispersion. The configuration is in this case generally such
that the vertical motions are at their maximum in the mid-
dle troposphere while on the ground and at greater heights
(jet stream or tropopause level) the motion is horizontal.
As Fig 4.3d shows in the case of rising, vertical stretching
linked with destabilization occurs in the lower troposphere
and vertical shrinking linked with stabilisation in the upper
troposphere. Destabilization can lead, in the case of suffi-
cient humidity, to the fact that not only stratiform clouds
but also deep cumulus clouds with showers and thunder are
formed as a result of rising. Upper stabilisation can result
in the tropopause newly forming at a lower level.

In the subsidence area, on the other hand, destabilization
aloft and stabilisation in the lower troposphere occur. As a
result convective overturnings are prevented from leaving
the ground or at least made more difficult. In conjunction
with turbulent and convective vertical exchange, frequently
stratification with a 1-2 km thick mixed layer arises and a
powerful inversion with reduced humidity above this. In
the upper part of the mixed layer, St or Sc fields or even
single fine weather cumuli can form.

The influence of vertical motions will be demonstrated fi-
nally with the example of large-scale meridional air mass
transport. The trajectories which are run through here by
the particles are shown in idealised form in Fig 4.5. It is
characteristic that the cold air and warm air streams flow
apart in the meridional direction so that one part of the air
masses moves along a heavily cyclonically curved trajec-
tory, while another part moves along a heavily anticycloni-
cally curved trajectory (see PALMEN and NEWTON [9]).

Assuming adiabatic motion, the conservation of potential
vorticity (3.52) applies along these trajactories, i.e.

(E+f)
4p

following the motion. Ap here is the total vertical thickness
of an air mass, i.e. for example polar air. In addition the
shear vorticity will be neglected as against the curvature in
further considerations.

g = const.,

If the polar air particles start in a straight line at 60°N, i.e.
with{ =0
rApw_ S0+

is obtained for ratio r of the vertical thickness at 60°N and
30°N.

The following ratios result from this for some selected va-
lues of {5

$w | —3fw| O
e |03 | o | 1o | 12

]fm"fml f30

It is recognised that considerable vertical shrinking of the
cold air mass takes place along straight and anticycloni-
cally curved trajectories, which must be linked with corre-
sponding horizontal divergence. Along the cyclonically
curved trajectory which has the relative vorticity
Lo = feo — f3p at 30°N, absolute vorticity remains constant.
Along this trajectory the current remains divergence-free
and the vertical thickness remains unchanged. In the area
of air trajectories which have an even stronger cyclonic
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curve at 30°N, however, the polar air expands vertically,
linked with horizontal convergence.

With shrinking or stretching of the air masses, correspond-
ing temperature and stability changes occur. Under the as-
sumption that the polar air at 60°N reaches up to 300 hPa
and has a temperature of -58°C there, the following pres-
sure and temperature values along the straight trajectory
can be calculated for the upper limit of the heavily shrink-
ing air mass:

Latitude 60° | 50° | 40° | 30° | 20° | 10°
Upper limit [hPa] | 300 | 380 | 490 | 590 | 730 | 860
T [°C] 58|43 (26 [-13 | +4 | +22

Adiabatic warming is so fast in the case of straight line tra-
jectories that between 40° and 30°N at the latest the polar
air has lost its original air mass character and, according to
the temperature ratios in Fig 4.2, should be classified as
MLA. If equally fast diabatic heat transfer does not take
place near the ground at the same time, thermal stratifica-
tion quickly stabilises (see Fig 4.3). If cumulonimbi could
perhaps develop with showers and thunder originally in the
deep polar air, at best the formation of flat fine weather cu-
muli is now possible. It is therefore seen that the whole ap-
pearance of an air mass can totally change with the dy-
namic processes resulting from air mass transport,

From this consideration, it also follows that polar air flow-
ing southwards only maintains its vertical thickness in the

case of cyclonic motion, whereby it again reverts sooner or
later towards the pole. Deep polar air masses at low lati-
tudes must therefore possess large cyclonic vorticity,
which is confirmed in the form of isolated cold cyclones.
Polar air, which follows anticyclonic trajectories, however,
shrinks to a layer which becomes flatter and flatter. In the
case of a sufficiently heavy curvature of the trajectories,
this flat and adiabatically warmed cold air also turns again
to the north and eventually comes under the influence of a
cyclone, whereby its vertical thickness again increases.

In the case of a meridional cold air outbreak which follows
the diagram in Fig 4.5, the thickness of the cold air on the
east fringe, in the area of cyclonically curved trajectories
must therefore be far greater than on the west fringe where
the air trajectories run anticyclonically. On the east fringe
of the cold air surge, the front surface will be accordingly
more steeply oriented to the warm air than in its west part
where the front changes into a quasi-horizontal inversion.

Conversely, warm air brought northwards (MLA or TA)
only maintains its original thickness and thermal structure
with anticyclonically trajectory curvature. Deep warm air
at high latitudes must therefore have large anticyclonic
vorticity — as, for example, in the form of isolated high
pressure areas. Along straight or cyclonically curved tra-
jectories on the other hand, a heavier or weaker vertical
stretching of the warm air takes place, linked with horizon-
tal convergence, adiabatic cooling aloft and destabilization
of thermal stratification,

o I --[-------30“ N

Fig4.5
Idealized trajectories with meridional air mass transports. According to PETTERSSEN [4]
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