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Abstract

Small-scale heat and momentum exchange processes were linearily parameterized using the assumption
that the coefficients which couple fluxes and driving forces in the linear regression laws are
symmetrical with respect to an invariable space direction.

To carry out this analysis the atmosphere (ocean) was considered as a one-component viscous fluid
not subjected to external forces. As fundamental physical concepts we applied, in addition to the
conservation laws of energy and momentum the principle of conservation of angular momentum. This
concept plays an important role whenever momentum and energy transport involves not only degrees
of freedom of translatory but also of rotational motions so that an antisymmetric component of

the stress tensor must be considered. A systematic parameterization shows that transport processes
due to the antisymmetric stress part, become relevant whichwere so far ignored in meteorological
investigations.

With the assumption of axisymmetric exchange coefficients, the regression laws simplify consider-
ably since the number of independent coefficients is greatly reduced. Thus, in particular, some
cross-processes cancel out. From the extended regression laws derived in this analysis follow
additionally, as special cases, the well-known linear laws of isotropic systems (Curie-theorem)
as well as the flux-gradient relationships usually hypothesized to planetary boundary layer ex-
change.

Zusammenfassung

Anhand des Wirme- und Impulstransports behandelten wir die lineare Parametrisation von kleinrdu-
migen Austauschprozessen, wobei die Koeffizienten, welche Flisse und Antriebe in den linearen
Regressionsgesetzen verkniipfen, symmetrisch in bezug auf eine invariante Raumrichtung angenommen
wurden.

Dazu betrachten wir die Atmosphire (Ozean) als eine ein-komponentige viskose Fliissigkeit ohne den
EinfluB externer Krifte. Als grundlegende Erhaltungssitze wurden auBer dem Energie- und Impuls-
satz auch der Drehimpulssatz verwendet. Er spielt dann eine wesentliche Rolle, wenn der Druck-
tensor auch einen antisymmetrischen Teil enthdlt, der dadurch bedingt ist, daB im Impuls- und
Energietransport nicht nur die Freiheitsgrade der translatorischen, sondern auch der rotatorischen
Bewegung zu beriicksichtigen sind. Eine systematische Parametrisation zeigt dann, daB durch den
antisymmetrischen Anteil des Drucktensors Transportprozesse relevant werden, die in meteorologi-
schen Betrachtungen bisher unbeachtet blieben.

Mit der Annahme, daP die Tensoren der Austauschkoeffizienten achsensymmetrisch sind, vereinfachen
sich die Regressionsgesetze erheblich, wobei die Zahl der unabhdngigen Koeffizienten stark redu-
ziert wird; insbesondere werden eine Reihe von Oberlagerungsprozessen eliminiert. Aus den erwei-
terten Regressionsgesetzen dieser Analyse ergeben sich auBerdem als Spezialfdlle die linearen Ge-
setze isotroper Systeme (Curie-Theorem) sowie die FluB-Gradient-Beziehungen wie sie gewdhnlich
fiir den Austausch in der planetarischen Grenzschicht unterstellt werden.



1 Introduction

a General Problem

In the present article emphasis will be placed
on the development of the basic concepts and
equations that are essential for special stud-
ies of atmospheric (and oceanic) small subgrid-
scale transport processes. One of the physical
problems, associated with the description of
atmospheric states and developments by grid
representation, is the treatment of those pro-
cesses in the scale smaller than grid size.
Despite the smallness of this scale the ex-
change processes perform work and transport
considerable quantities of water vapor, momen-
tum and heat; thus, the energy content cou-
pled to these small-scale processes is quite
significant.

To gain an insight in depths of the various
participating tensor type exchange processes,
we shall first briefly reexamine the theory

of linear parameterization following the clas-
sical Onsager-Casimir approach which is based
on the second law of thermodynamics. Van Mieg-
hem (1949) was the first to direct attention

to the particular value of this theory for me-
teorological application. He applied the theo-
ry to discuss irreversible subgrid-scale phy-
sics in an attempt to predict atmospheric large
scale states. More recently, the same approach
was used by Yositake (1956), Suzuki (1957) as
well as by Hinkelmann (1973) who also empha-
sized that theory and practical simulation of
long range weather forecasting and general cir-
culation could not be effectively promoted
without sufficient understanding of the irre-
versible phenomenons.

The above mentional method of parameterization
implied by the Onsager-Casimir theory shows
clearly (e.g. de Groot and Mazur, 1969; Gyar-
mati, 1970) that the irreversible processes are
associated to the conservations laws of mass,
energy, linear and angular momentum. It should
be emphasized that the conservation law of an-
gular momentum so far has hardly ever been con-
sidered in studying small scale atmospheric

{and oceanic) transport processes. The only
consequence derived from this conservation law
was at most the symmetry properties of the
stress tensor which follow from the assumption
that the external mechanical angular momentum
> - - -
'r'xj’l..{ (Y = radius vector, _f = density, ({ = ve-
locity) was accepted as conservative quantity.
Moreover we are familiar with internal angular
momenta which stem from rotational motions of
molecules and especially from turbulent vor-
tecies which, on the average, cause an intrin-
sic macroscopic angular momentum. For this rea-
son, in the treatment of the stress tensor and
the velocity field, it is mendatory to involve
the exchange of external and intrinsic angular
momen tum.

b Specific Treatment

We shall first concentrate on processes which
are related to the stress-tensor and the velo-
city field. In this discussion we shall in-
clude rotational phenomena which come from the
exchange of mechanically external and intrinsic
angular momentum. This leads to a discussion
of the antisymmetric part of the stress tensor
as well as the balances of angular-momentum
and intrinsic rotational energy (according to
Grad, 1952 or Gyarmati, 1970) which have not
yet been considered with sufficient attention
in studies of atmospheric and oceanic exchange,
Surely, the conservation law of angular momen-
tum plays an important part in atmospheric and
oceanic investigations when irreversible trans-
fer processes are examined in the presence of
rotational motions of the fluid. For the des-
cription of such processes we rely on the work
of Grad and Gyarmati as well as on Meixner's
(1961) treatise which allows to insert the ex-
change of intrinsic and external angular momen-
tum into the thermodynamics of irreversible
processes.

When the theory of irreversible processes for
continuous systems is extended to the turbulent
transfer of energy, momentum, angular-momentum
and mass it must be regarded as a characteris-



tic property that the exchange coefficients

are not isotropic. The non-isotropic behaviour
is obvious, for example, since one considers

in almost all cases of thermal stratification
the fact that the principal axes of the stress
tensor of turbulent friction (represented by
the Reynolds-stress formulation) and the corre-
sponding strain tensor are not aligned (see

e. g. Monin and Yaglom, 1971, and Fiedler,
1975). As a realistic symmetry condition for
the tensorial structure of the coefficients

the condition of local axisymmetry should be
introduced, where, in a first order approach
the vertical direction may be regarded as the
axis of symmetry. This corresponds to obser-
vations and experiments in wind channels which
show that small-scale turbulent transports

have considerably different length scales along
vertical and horizontal directions.

The main object of the present article is to
derive the axisymmetric expressions of all ten-
sor types of exchange coefficients which may

be of interest for the description of small-
scale irreversible processes. Above all, axi-
symmetric coefficients should be taken into
account together with linear constitutive equa-
tions to treat eddy-fluxes most adequately in
large-scale atmospheric and oceanic motions.

It is not our intent in this article to exam-
ine special effects described by these equa-
tions or to determine the constitutive coeffi-
cients in dependence on the static stability
of stratification, on the barodinic stability,
or on other characteristic properties of the
fluid and motion. A complete discussion of
these topics is not yet possible.

A suitable method to develop axisymmetric coef-
ficient tensors including all natural symme-
tries of the constitutive equations is obtain-
able by means of the relevant theorems of the
theory of invariants. We shall establish the
axisymmetric equations similar to the proce-
dure of Robertson (1940), Batchelor (1946) and
Chandrasekhar (1950) who make use of the invar-
iance theory in the treatment of the so-called
correlation method of isotropic and axisymmet-
ric turbulence (see also Panchev, 1971). But
it should be clarified that in contrast to the
correlation-method, where the conditions of
axisymmetry is applied to the irreversible
fluxes, in the present discussion this condi-
tion is applied to the coefficients of the con-
stitutive equations given in section 3. From
this follows that turbulence characteristics
such as the irreversible fluxes, should in no
way be considered as axial symmetrical.



2 The Basic Laws of Momentum
Angular Momentum and Energy

As far as the tensor structure of conductivity
or exchange coefficients is concerned it is
sufficient to develop only one coefficient of
each tensor class since coefficients of the
same tensor character possess the same struc-
ture independent of their physical meaning
{e.g. de Groot and Mazur, 1969). According to
the aim of this article we may thus confine
ourselves to considering as atmospheric (or
oceanic) system a simple one-component fluid
which we assume to be not subjected to any ex-
ternal forces, and for which we must only con-
sider the irreversible transport processes due
to friction and heat exchange phenomena. In or-
der to discuss this problem as complete as pos-
sible we must go back to the conservation laws
of energy and momentum of the fluid. In the ab-
sence of external bulk-forces the balances of
these laws can be formulated, with respect to
unit volume, as follows

(2-1)

(2-2)

where the vector j?E characterizes, at first
quite formally, the non-convective flow per
unit mass of the total emergy and where the
dyad F) represents the total stress tensor
per unit mass due to the isotropic pressure
force as well as the friction furces.+) In con-
trast to what is usually done we will not as-
sume that }3 is symmetric, but leave princi-
pally open the possibility that F’ contains
an antisymmetric part. Then, in order to ob-
tain a complete balance of momentum, we need
to consider the law of conservation of total
angular momentum . According to Grad (1952)
can be considered as the sum of two

+} For identifying the symbols used in the
present text the reader is referred to the
list of symbols at the end of this article.

contributions

=3

> =
Q=R+S with
- — -
R.‘: r'x.bl ] and (2_3]
g -
S=6w
> —» =2
Therein, the quantities (l N 12 and :; are

axial vectors which, also, could alternatively
be written as seooqg order antisymmetric ten-
sors; physically, R denotes the external angu-
lar momentum per unit mass given by the vector-
product of the mean velocity ﬂi and the posi-
tion vector ?' both related to an arbitrary
system of coordinates, while S denotes the
internal angular momentum given as the product
of the inertia moment per unit mass © and the
angular velocity (:; which both arise as the
consequence of a possible internal rotation of
the constituent particles of the system. As a
result of these properties the balance equa-
tions for the angular momenta can be written
(see Appendix A) after assuming the intrinsic
flux-density to be negligible, in the form:

5’ +V(rxP) 0
i S
gds - -2 p2

which has been quoted firstly by Grad (1952)
and later for example by de Groot and Mazur
{19&2} as well as Gyarmati (1970).
ty f>d~ denotes the axial stress vector which
was introduced instead of the antiSynn»tch
part of the stress tensor Pas (‘P-'P)
the components of ?3 and P25 are re1ated to
one another according to the formula

-ﬁ( (P, EJ‘E(E;'?)) 2-5)
41,

1,23 (cycl)

The gquanti-

-4
2
K =

It is clear from Eq. (2-4) that, if the fluid



possesses no intrinsic internal motion, i. e.
-' .
(=0 and §= ¢ , then P is symmetric

;ﬁa= ) L.E.P=ﬁ

—
and R , which is conserved, equals the total
angular momentum. Hence,

—+
- i~
_§“—i—§ + V- (T‘xP):O with P= P (2-7)
On the other hand we can write, if the stress
tensor is smetric.
oL.S >
=0 and f- v- (r x'PJ= 0 (2-8)
dt f
which means that the external and internal
angular momentum are separately conserved.

(2-6)

In atmospheric investigations this condition
applies to eddying exchange by smali-scale
turbulence where it is assumed that the fric-
tion processes can be expressed in terms of
the symmetric stress-tensor © (L" (L" . This
tensor is given by the statistical correlation
between the velocity oscillations {TL" and the
momentum oscillations § (" from which the eddy-
kinetic energy per unit volume E = i eu T
can be formed. In so doing, the t.ntal stress
of the turbulent motion may be expressed by

R=cu'd"-2E6 +pd
(.e. 1%?3 =0

rl "n

(2-9)

Equation (2-9) requires that, in accordance
with Eq. (2-8), both ¢ are con-
served. Thus, it is obvious from Egs.(2-1.2)
and Eq. (2-4) that with use of the stress-ten-
re (L"(" intrinsic rotations of the elements

¢t and

of turbulent motion as well as the external
angular momentum '_r'x " remain completely dis-
regarded. In order to prevent those strong re-
strictions we would provide instead of Eg.(2-9),
as a more realistic formulation of the eddy
stress tensor,

=pS+(R-p§)+R

which is relevant if rotational phenomena are
to be taken into comsideration, Note then that

(2-10)

the e:pressinngﬁ'{a"-ﬁ-Eé (Eq. 2-8) follow-
ing from the Reynolds-method of taking the
mean of the momentum balance equation is no
suitable approach to the symmetric component
Pts— PS if the antisymmetric stress component
P3% plays a role in the total friction stress.

For the energy budget we also must consider the
-

angular momentum (9 (0 (see Eq.2-2) from which

we may form the intrinsic rotational energy

1 2

2 8 w
Also, it is clear that, due to our basic as-
sumptions, potential energies and energies due
to diffusion processes are excluded. Thus, let

us decompose the total energy per unit mass in-
to the three parts:

E:ET"‘EP'*EI

where Er=i! U? is the kinetic energy and
€1 the internal energy, both per unit mass. We
can find the balance equation for £g from Eq.
(2-4) by scalar multiplication of the § -bal-
ance equation with t;.). as:

% 2w -PP=-2wi P ey

Therein, W is the antisymmetric tensor conju-
gated to c:; » the components of which are given
D)"I.J;j ==Wiji = Wy where i, j, k=1, 2, 3,
cycl. The balance equation for the kinetic

(2-11)

(2-12)

energy (see Appendix A) follows by means of a
scalar multiplication of the equation of motion
(2-2) with J, as

dér _ _

dt i v-Pe
= -V(P-[I) +P.’VJ_

(2-14)

Subtracting Eq. (2-13) and Eq. (2-14) from the
energy conservation law Eq. (2-1) we obtain the

balance equation of internal energy
de . -
S'_I == J = 'U.. =
dt v (_If P-d)
- P: vk + 1P w

(2-15)



= 10 =

which is identical with the first law of ther-
modynamics. Thus, the corresponding heat flux
density can be expressed by:

- —%
e
]:|1 =’J[5 - T)'£L
including the total external heat transport
supplied by reversible and irreversible ex-

change. With Eq. (2-16) the internal energy
balance Eq. (2-15) assumes the form

dEI__ T _N: 71 3..
Sl P:vi + 2P @
=-vl,-P:vid +2P%: w

g
where the expressiuns_:]:’-' V[:E and .Zpafw
(or alternatively, 2 P9+ (> ) indicate the
total reversible and irreversible working ca-
pacity due to the stress-forces. Also, we must
consider that additional terms representing re-

(2-186)

(2-17)

versible as well as irreversible work, the lat-
ter being especially caused by diffusive ef-
fects, do not occur because of the simplifica-
tions made at the beginning of this section.

For further treatment it turns out to be use-
ful to split up these "work-terms" into their
reversible and irreversible parts. Let us split
therefore the total stress tenmsor into the iso-
tropic equilibrium pressure p, multiplied by
the unit tensor cf , and the friction stress

]: s 1.8,
P=pd+I

Furthermore it is useful to SeparateI addi-
tively into such terms which differ through
their invariance properties. Thus we proceed
to

(2-18)

+§ + 7% + T (2-19)
where EF is a third of the trace ]: is the
symmetrical part with zero trace andrIa is the
antisymmetric part of ]: . Using the previous
conditions it follows consequently that | i:
Pas_,.or in the equivalent vector formulation
13- P2 as well. In analogy to Eq. (2-19)
let us also split up the velocity gradient in

terms of the components

vi = “]?(l?u § o+ (Vid)"+ )
+ (v )*

T (V)= V-’ |

where

> (2-20)

(vid)* =

which imply the vectorial invariants
—+10,5§ ( -rJai -

— = X
(vid), =0, (va), = vxid
Inserting Eqs. (2-18) to (2-21) into Eq. (2-17)

the balance equation of the internal energy
then may be expressed through

aleI

(2-21)

(pegloit-T"(wd) -
‘fa'(Vxﬁ - ,2,{5) } V'fh (2-22)

or, on account of the law of mass conservation,

i.e. V[;L. = g-l‘ d_f{aﬂ: in the equivalent form

gk p ). gvi <% (wid)

- (2-23)
Ta ot -
T gt -23) +v I, - 0
In Eq. (2-23) it becomes evident that the anti-
symmetric part of the stress tensor which, ac-
cording to Eq. (2-4), affects the transforma-
tion of internal and external angular momentum,

contributes to energy dissipation +}

+ .

) Grad (1952), Meixner (1961), and particular-
ly Baranowski and Romotowski (1964) elabo-
rated on the dissipating character of i'a
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3 The Governing Constitutive Laws for the
Transpoert Processes

a The Balance Of Entropy And The Linear
Regression Relations

To develop the balance of entropy we apply the
second law of thermodynamics in the form of the
Gibbs basic equation (Meixner and Reik, 1959;
Hasse, 1963) which reads, when mass changes
are not taken into consideration,

Td'_‘s = E + P ﬂ

dt clt

According to the classical theory of irrever-
sible processes of weak non-equilibrium oscil-

(3-1)

lations (elaborated on by de Groot and Mazur,
1969; Meixner, 1961, 1968; Gyarmati, 1970 where
discussions of angular momentum effects are
included) we can insert Eq. (2-23) into Eg.
(3-1). In carrying out the procedure of balan-
cing we thus proceed to the entropy equation

F%+V.[h)=_fh.g'fqt

T
5 =10,8
- 6, VT'_U. _ IO;-’-': _(_?Tu'_)l - (3-2)

= - —
-[2(exd-28) 3 0
according to which the dissipation function

due to the total entropy production may be
formulated as:

0,8

v T @)
_fa.(Vx& -Z(Z)) >0

(3-3)

On the right side of Eq. (3-3) we recognize a
sum of products consisting of scalars, polar
and axial vectors and of symmetric tensors of
Znd order without trace. Note in Eq. (3-3) that
the thermodynamic driving forces of various
tensor character being the factors of the irre-
versible fluxes discussed in the previous sec-
tion, are to be considered as available quan-

tities. According to the linear Onsager-theory,
which implies weak non-equilibrium, the fluxes
are proporticnal to these forces. However in
formulating this proportionality we must con-
sider that, in accordance with the condition
6' =0 for thermodynamic equilibrium, all
fluxes and forces dissappear simultaneously,
i.e.

-t 0,s

=0, $-0,1"%0,

-’a .

I%=0, if (3-4)
=5 240,58

vi-0,vu-o, (Vi)™= 0,

VxM=D}CD=O

Hence, each cartesian flux-component depends,

in the absence of any natural conditions of
symmetry, on all cartesian force components in
terms of linear and homogeneous regression laws.
Following the general treatment of Gyarmati
(1970) the most general dependence between the
flux and force tensors of Eq. (3-3) can be ex-
pressed in the form

$=-KSvid -KSvT-

(3-5)
-K s (vx -28)- K (vi)”*
I,=-K"v-it -K"vT -

(3-6)
- kYl (wxit-208) - KYE: (vid)*®
% -K¥vil -K*".9T -

(3-7)
- KO (W -283) - K (it )
I™=-K¥od -KMvT -

(3-8)

_K't&. (VK !1’_‘2[3.) _ Kﬁ: (VEUO;S
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Therein the K - coefficients correspond to
the conductivity or exchange coefficients of
heat and friction and are marked by upper in-
dices indicating the tensorial character of
their connected fluxes and forces. Hence, in
general we have to distinguish linear combi-
nations of the following tensor types:

§ = scalar, V = polar vector, & = axial

vector, f = symmetric tensor without trace,
so that the coefficients occuring in the line-
ar constitutive equations for heat and fric-
tion transports must apparently be tensors of
the order 0, 1, 2, 3 and 4 and of polar or
axial character indicated in the following
table

0 1

tensor order

2 3 g8

.

polar tensor KSS KSV , !'('VS

KW_, Kaal KS'E; KfS

KV'I‘. Kﬂ" K{f

axial tensor —_

?sa pas
K>, K

at p,ta
K

k¥, K&

Table 1

Note that the coefficient tensors KSt, K”,
Ka* and K*' must be symmetric and have a
zero trace in their last pair of cartesian in-
. . 0,5 . .
dices since (Grad.ﬁ) 1% is a symmetric
tensor with zero trace. Subsequently, the ten-
ts oty pta t
sors K*> K* K and K must be sym-
metric with zero trace with respect to their
first pair of indices since the friction flux
I 0)S js a symmetric tensor without trace.
Hence, there are the fundamental symmetry con-
ditions

KKJKK

L

(3-9)
SKi=0, 2K
i i
vt _ 44 tv
Kf.jx Kixj ) K;;K KJLK
(3-10)
2 K'I"f - D z K‘t'f =0
- 5” ~ VLK
! L
at _ pat ta
K;‘;‘x - Kit-:j ) KL K}LK
(3-11)

at _ ta _
1ZK£D. =0 LZK&K =0

: Tensor order and character of the exchange coefficients

K‘H - tt - tt
YKL O jike e

= 3-12
.Z Kuuc { !
it
> K, =0
Kk Y
Note that the polar tensors Kaa and va

as well as the axial tensors K¥@ and K2V
need not fulfill any conditidns of symmetry
because they couple fluxes and forces which
possess no symmetry properties. Also, it is
trivial that the scalar coefficient and all
vector coefficients of polar or axial charac-
ter are not subjected to any symmetries.

b Forced Conditions Of Symmetry

In addition to the fundamental conditions of
symmetry we must consider that in many appli-
cations it is meaningful to make use of further
symmetry conditions which are not included in
Egs. {3-9) to (3-12) and with the help of which
the complexity of the exchange tensors can be
considerably reduced. Such symmetries can be
required as additional "forced conditions"” in
accordance with natural symmetries of the
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physical structure of the fluid or the flow.

Let us, first, briefly discuss the characteris-
tics of transformation which are significant
for the exchange coefficient tensors of Egs.
(3-5) to (3-8), assuming arbitrary conditions
of symmetry which are included in the group of
orthogonal transformations. Using the theories
of de Groot and Mazur (1969) and/or Smith and
Rivlin (1957) we find that an arbitrary ex-
change tensor is transformed with respect to

a transformation A , where fA|=f-1', in com-
ponent or symbolic form by the relations

K'o =

iy tn (3-13)

]A]"" AijAgjsAui K

iy Q)2 n g )y dn
or K'! ='AIWA"(')K

where 14,4, ,--- Y and )y, ), - )n

are indices for the cartesian components of the
tensors K and A and where M =0 for po-
lar tensors K and{kﬂl’ for axial tensors K .

If the exchange processes do not possess fur-
ther properties of symmetry, except the index
symmetries (3-9) to (3-12), it follows that the
transformed P{' -tensors of order 1 and higher
(Eq. 3-13) are generally different from the
non-transformed ones. But if there is an addi-
tional condition of symmetry which belongs to
the transformation /& the exchange tensors re-
main invariant under this transformation, i. e.

K'=K ana |AJ*A"CK

Equation (3-14) allows to determine the struc-
ture of the constitutive coefficient scheme if,
the matrix A , which analytically specifies

the symmetries of the system, is inserted into
Eq. (3-14).
cient structure with respect to the symmetry
characteristics related to any spatial direc-

= K (3-14)

In order to determine the coeffi-

tions, such as it is done in this paper for the
case of axisymmetry, the invariant condition
(Eq. 3-14) can be more suitably expressed in
terms of scalar invariants.Finally, from the

procedure discussed in the following sections
the axisymmetric form of each coefficient of
the scheme of table 1 can be obtained without
expressing the transformation A in form of
an explicit matrix.

4 Axisymmetric Coefficients
and Transports

Instead of the various tensors of the coeffi-
cient scheme of table 1 we shall consider the
cartesian tensor KI)KE of arbitrary order
and of polar or axial character. Its spatial
structure is assumed to be an explicit func-
tion of a definite direction 5: descr1b1ng
-

the axis of symetry. Let & ,b , C d. etc.
denote arbitrary unit vectors (see F1g. 1)s
the fundamental scalar form of any coefficient

tensor of arbitrary order is then expressible
as the scalar product

K(N;3,6,¢,d...) =
=2> KHK,,(AJa by Codyp...

(),K,2-.

in terms of the direction cus1nes a , h1. Ci»

dy» etc. of the polar vectors a b C d. et:
z

(4-1)

>
ol

y \ >3 X

Figure 1: A symbolic representation of the
configuration of the unit vectors

If we now consider any arbitrary rotation or
reflexion of the axes of reference it must be
required that the axis of symmetry remains un-
altered, i. e. )1’ . With the use Eg. (4-1)
the invariant cond1t|0n (3-14) is then expres-
sible, in accordance with the assumption of
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axisymmetry, by
K (:x} E;: ETJ éz"‘)’=
=K (fﬁ’j é;‘; E;]J Eff} 63‘1- -)

(4-2)

Also applying Egq. (3-14), together with Eqgs.
{4-1,2), it must additionally be considered
with respect © the tensor invariance, in ac-

cordance with a fundamental theorem of the in-
variant theory, that the scalar forms of axial
tensors Kr. K- are scalar functions of the
(polar) vectnrs }‘ a E c, n'.
ge sign if this vectur canf1guratmon is sub-

.which chan-
jected to a reflexion in the origin; thus we

have, for axial tensors under reflexions, the
invariance condition

(4-2a)

and ]A['m= -'1

- KGR D)

since /l¢=‘f, IA!:'-

Both equations (4-2) and (4-2a), however, state
analytically that, at any arbitrary movement
out of the full rotation group, b_v means of
which the vector canf1gurat1on }\ 51 ;?
etc. is transformed into )\ 3 b ir etc.,
the tensor K:.jk.l ... remains unchanged

}< £j$(4£ . (};)':s - - - =

b,c,d...
—’
fog..lﬂj -y T > '
) ab',c' ...
Thus, as clearly pointed out in the procedures
used by Robertson (1940), Batchelor (1946) and

Chandrasekhar (1950]+), the general problem,
formulated in Eq. (3-14), can be restated for

(4-3)

‘) See, also, Smith and Rivlin (1957) and Ghosh
(1968) of whom the latter applied the inva-
riance theory in order to examine the beha-
viour of the stress tensor §il"d" in an axi-
symmetric stream including fluid inhomoge-
neities.

the axisymmetric case, in terms of Egs.(4-2,2a)
which means that the most general function
(A éf ] must be determined which is
a sca1ar 1nvar1ant under an arbitrary proper
or improper rotatTOn of the vector configura-
tion formed by )n -5 E. o_l’ etc. where
.h will not be changed. Then. because of Eq.
(4-3), the axisymmetric structure of the ten-
sor KLKI(;‘FJ is determined as well, (see
also Panchev, 1971).

Firstly, we recognize from Eq.
scalar form of the tensor ng'KL_

(4-1) that the

.. is to be
determined as a sum of homogeneous and linear
functions of the configuration a b1j Sy d1 etc.
This problem is readily solved since it follows
from the theory of invariants (to which Robert-
son (1940) first directed attention) that such
a scalar function of any number of vectors

—- 5 —+ - 3
A3.8,C.d...
in terms of the fundamental invariants satis-
fying the same conditions, namely by

must be expressible only

> (4-4)

With respect to the scalar invariants of Eq.
(4-4) must be noted that, according to the
theory of invariance, tensors of polar character
and their corresponding forms depend only on
the scalar invarants of type (a) while axial
tensors and their skew forms must only be ex-
pressible as sums of products of an odd number
. i e .
of determinants such as )\-(ax k) of the in-
variant type (b) (Chandrasekhar, 1950). Con-
sequently, choosing the combinations of the
available invariants of type (a) and (b), which
must be required in conformance with relation
(4-1), the most general axisymmetric forms and
tensors may be evaluated. In table 2 we sum-
marized, as an essential result of these cal-
culations specified completely in Appendix B,
all the needed invariant combinations of the
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fundamental scalar products or determinants
which are correlated to each exchange coeffi-

cient of the scheme of table 1.

Polar Coefficients

Axial Coefficients

order | tensors invariant scalar tensors invariant deter-
form invariants form minants

0 KSS KSS k’55 — — —_

—
;8

>4

1 K"K K(

>
(12
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Table 2: Scalar invariants of the axisymmetric

Note, that the analytical structure of the
fundamental axisymmetric invariants, characte-
rized in table 2 by the forms such as K[X,E,EJ'
result by inner multiplications according to

Eg. (4-1). In addition, we must note in table 2
that, in consistency with Egs. (4-2) and (4-Za),
the forms of axial tensors transform as ordi-
nary polar tensors under proper rotations but
they take the opposite sign on a reflexion in
the origin.

On the basis of those invariant expressions
presented in table 2, the axisymmetric struc-
ture of the exchange coefficients has been cal-
culated in Appendix B. The results of these
calculations shall now be summing discussed for

coefficient tensors

each coefficient tensor type:

i Coefficient-Tensors Of 1. Order (Vectors)
(See Also Fig. 2)

Polar structure: K; =2 A; or R’=ofx
where of = scalar constant. This means that the
components of the polar exchange tensors of
first order are determined by one single scalar
each:

- sV s vs
st=x )'l ] Kv =0lf )l)

or K= 290, KE="A )
(L:{leg)
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where the >\£ are the direction cosines of }1’ .
The scalars gfsv, IVS are, in principle, dif-
ferent from each other.
a vector which is invariant under the full ro-
tation group can be described by its value in
the invariant d|rect1on Hence, inserting the
coefficients stand Kvsm their axisymmetric
formulations into the corresponding expressions
of Egs. (3-5) and (3-6), we find

- . o+
KwT= £¥30T K" v =L Avil(o-6)

which means that the cross-effects between the
scalar friction flux ?f and the heat flux

are expressible by two scalar coefficients "V
and V5, only. Finally if the axis of sym-
metry is considered to be equal to the unit

Also, it is clear that

Figure 2: I

A -axis

vector of the vertical direction we obtain, in-
—’

troducing A= €z instead of Eq. (4-6), the for-

mulas

Kot £ 2, K il = (X" vidl) &; oe1)

Equations (4-6,7) denote that cross-exchange

v

processes between the fluxes of heat and volume
viscosity are under axisymmetric transport con-
ditions merely possible along the axis of sym-

metry.

v Sa

With respect to the axial vectors K and
K35 (see table 1) we must recognize that the

- - i
corresponding axisymmetric form 2 K; (A) a;
van1shes 1ndent1cally. since with the two vec-
tors )‘g and 3 no determinant of the invariant
type (b) (see Eq. 4-4) can be constructed.
Hence,

K*%=0 , KZ=0

indicating that the fluxes of volume and rota-
tional friction do not interfere. Thus, the

(4-8)

corresponding axisymmetric cross-effects bet-
ween bulk-viscosity and rotational friction
transport processes must disappear in Eqs.
(3-5) and (3-7):

Inversion of a polar and axial vector with respect to a plane directed through the

Esa _(an—'zé:)) =0
=3 4-9
Kas V-I:I.= 0 (4-9)

ii Coefficient-Tensors Of 2nd Order

Polar structure: KL
o o

or K=AXIN~+ EJ

Axisymmetric coefficients of 2nd order are thus

expressible by the scalars A and B . Further-
more the conditions of symmetry for different

AA; 2 +BE
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indices, -{:ﬁj‘. are, in accordance with Eq.(3-9)
ipso facto fulfilled. Requiring in addition the
tensor trace to be zero P({j is described by
only one coefficient:

Ki=A(hidj-185) or K=R(AN-16)

From the formulas (3-6,7) it is seen that the

coefficients which relate vectorial fluxes and
forces are not subjected to zero trace so that
we obtain

K:jv*—' AN N +BYS
or K'Y=A"XXx + BYS

Kfja - ﬂaa)\ir‘:j + Baa‘cﬁj,
or K3 = A3RX Y + RS )

as well as for the corresponding partial fluxes

?(4-10)

of heat conduction and of friction exchange due
to rotational effects:

Vv —
K™ vT =
_ Vo
=(A"N X+ BYS)-VT
aad - >,
K. (i?x'Ll -4 W) =
da=- = -
-(A%F3+ B24) (vl -25)
Equation (4-11) documents clearly the influence
of the axis of symmetry on vectorial exchange
phenomena. Beside familiar isotropic exchange
processes of heat and rotational friction there

are additigra] terms, due to the invariant di-

rection A ,» coupled with the constitutive
coefficients A% and AYY .
Coefficients which connect scalar (or dyadic)

(4-11)

fluxes with dyadic (or scalar) forces have no
trace according to Eq. (3-9). With their cano-
nical form (see Eq. B-5) we then proceed to

st
Kij = _HH(A,;/\j -%5(;‘) , or )
Kfjs = A (iny-58y), or
K= A¥(AA-56)

5{4~12]

Inserting Eq. (4-12) into the corresponding
expressions for the frictional cross-processes
of Egs. (3-5) and (3-8) we obtain

r (4-13)

St 5
so that only 2 values _H and _Ht are needed to
describe the 18 cross-coefficients in Eq.(4-13),

If we are interested in knowing the partial
fluxes of Eqs. (4-11) and (4-13) in which the
coefficients are vergipally axisymmetric the
invariant direction A is to be replaced by

Eé , being the unit vector of the vertical
direction. Hence, the vertically axisymmetric
structure of Egs. (4-11,13) may be formulated
as:

K"vT=
= {(_QVV-P -B'v'b)é; é‘z + ‘BVVJ‘H}‘VT

(4-14)

Ka&- (Vx L -203)=

={(ﬂaa+3aa)§zgz ) BaaSH}-(Vxﬁ-ifﬁ)

(4-15)
ts -
K~™vu-=
15
_ Az y
= T(legez‘crH)VM
where JH= gxgx + E-?):, E}, , being the

horizontal unit tensor.
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Axial structure: KEj =P EE;‘J‘K AK ) or

- o= J - =+ > - - -;-
K= P0(88- 880 (63 88),€5-52)
which can alternatively be written as a vector

4 i

7Ky = 'P(-""-“;}‘thi =Px. Eorresparrdmg‘lg
we obtain for the coefficients KV4 and K4V
(see table 1) the axisymmetric forms represen-
ted in vector notation

4/Va AVa 128V _pav 2
7K, =PEA and 3K =P
Then results from straight-forward calculation
that the irreversible cross-effects between the

heat flux and the axial component of the fric-
tion flux (see Eq. 3-6, 7) can be written as

Kva' (wa q_z_{;,*):
= - PV Vx (an*.l 5)

(4-16)

(4-17)

K&V.yT = -P¥3x VT

i
When X is assumed to coincide with the unit
vector of the vertical direction, i. e. A =
-
(0, 0, 1) = E:&’ Eq. (4-17) resolves as follows

Kva. (Vxﬁ -2 LFU’) -
__pva a (0,8, -0y €, ﬂ
P[ve-52 -2(wé-wé

(4-18)

=__Pav[2Ig _elg ]

x Xy 7Y

We wish to stress that all relations formulated
in Eq. (4-13,15,17, and 18) document instruc-
tively a characteristic property of axisymme-
tric exchange: the interference between the mo-
mentum flux components due to bulk and shear
viscosity as well as the interference between
the momentum flux component due to rotational
friction and the conductive heat flux,

iii Coefficient-Tensors Of Third Order

As calculated in Eqs.(B-11) and (B-13) all axi-
symmetric third order coefficients in the scheme
of table 1 must vanish since their natural sym-
metries, formulated in Eq.(3-11), must be taken

into account. Note also that the corresponding
flux contributions which are related to these

coefficients in Eqs. (3-6) to (3-8) thus dis-

appear:

K':(v)**= 0
K¥.vT=0

K2 (wil)%S= 0
K. (vxi-283)=0

(4-19)

"This expresses that there are no axisymmetric

cross-exchange processes neither between the
constitutive equations of the heat flux and
N a 0,5 h

the friction fluxes and I nor between

these friction fluxes themselves.

iiii Coefficient-Tensors Of Fourth Order

There is in table 1 only one coefficient of

fourth order. Because of its polar character,

its general axisymmetric structure is expres-
sible according to Eq. (B-14) in terms of 10
scalars as follows

Kisce™ AN b Acdet

+ BAX Ske + CareSi +

+ DN A Sy + EXjdcSie+
+FAde Sik + G AjAe Si+
*Hddke *IduSje *KSie i

JUn account of the symmetry conditions (Eq.3-12)

(4-20)

only the threeparameters B, U, H are left as
independents (see Eq. B-23) instead of which
the new parameters R = (KH“kHH)/-Z 3
D= (Kuy Ku )2y He - Kyyy/3 - (KK /2
shall be introduced alternatively. In terms of
the new coefficients KH; Kyy and Kyy
we then obtain for the tensor structure of the
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fourth order tensor:
(4-21)

%{v_ﬂ,j SI(,E

Kijre =
K (Sicdie*duedje)-
-;&‘-_;—ki‘—*—*()\c Aj ke *AApdis -

I

Jij Urmt)

+

kf!V

Jl GA A’(QBI +‘AJ‘AK e+

+Ar_' :)Kj_f SJK "‘/\j )I‘E {,_‘K) +

+

in accordance with Eq.(B-25) This version
{Eq.4-21) can even be simplified in consider-
ing that Kiju. will exclusively be used
as factor of the deformation tensor in the
double-scalar product KH : (V(I)O'S » being
part of the friction deviator Iﬂ'S of Eq.
(3-8). Note that the multiplication with the
strain rate tensor must be carried out with
respect to the last pair of indices of K- ,
employing it in the form of Eq.(4-21), As a re-
sult we obtain from this procedure that the

9 components of that expression can be deduced

from

0
Z KLJKL (’?}D;,:)DISd

(e 2 toza)s|

(ko Ke)dis Mee * (ki

(4-22)

*(X X Gigt XAk Sie + A Ay i + XA edin)

# (Kt Bhgps = kg ) A2 A A [

(5 She - 500 a)

denoting that the i -terms of the coeffi-
cient presented in £q. (4-21) do not contribute

in any way to the friction flux. Hence,
is sufficiently expressible without these terms
by means of the approach:

tt

Kijne =
"H (c&mfjx +die 5}»«)* ,q-';;mj)’if}\l&j

(4-23)

+k—-H1-kH [.)IMKJ“ +)\j)‘ﬁ: Sig t

2 0 St A MgSie |+

+ 3 (k3K = # ki) 22 Mg

Wote in this connection, that we will confine
ourselves to formulate the axisymmetric struc-
ture of the fourth-ranked tensor Ktt
the index version (Eg.4-23), since the tensor-

only in
ial form is not very instructive.

In connection with Eq. (3-8) the three parame-
ters [y, Kuy and Ky have the meaning of
shear-viscous coefficients, If, as it is usual-
ly done in many simulation models of atmospher-
ic and oceanic circulation, the processes of
bulk-viscosity and rotational friction due, to
Eqs. (3-5) and (3-7) are ignored, the momentum
transfer is completely represented by the shear
viscous flux Ialswhich is then sufficiently
described in the form of Eq. (4-22) including
the frictional coefficients kH ;kHH and Kyy -
Employing, instead of Eq. (4-22), the tensorial
formulation we proceed to the equivalent rela-
tion:

(4-24)
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where EE is a unit vector denoting symbolical-
ly the direction of the cartesian axes of co-
ordinates. The last terms of kq. (4-24) where
the tensor of strain must be double-scalarly
multiplied with the exchange coefficients could
still be reformulated in a more instructive
manner if the axis of symmetry will be expli-
citly specified. In order to do this we will
write down Eq. (4-24) for that case in which
the unit vector of the axis of symmetry coin-
cides with the unit vector of the vertical di-
rection of a particular x, y, z-cartesian sys-
tem of coordinates. Inserting A = (0, 0, 1)
and arranging Eq. (4-24) in terms of Ky »
Kyy and Kyy » we obtain

Z
* k;H(Vsu -?BZJJ(SH 28.2,) (a2s)

where SH = gy, Ex + E,-E:” V= Ex’%x + gy?/c')y,
t-;LH = é’x u + é;.‘lr We stress that the
form of the shear frictional exchange expres-
sions specified in Eq. (4-25) is equivalent

to that recently found by Herbert (1975) on the
basis of the Curie-theorem applied to isotropic
cdrtesian directions.

5 Applications to Isotropic Systems

a Governing Equations

[t is well-known that isotropy represents the
strongest restriction within the set of spatial
symmetry conditions. Expressed in the language
of the theory of invariants an isotropic tensor
of arbitrary order and polar character is inva-
riant under all (proper) rotations and reflec-
tions. Considering axial tensors - or skew

tensors as they are sometimes called - it fol-
lows from Eq. (3-14) that they transform as
ordinary tensors under proper rotations but
they take the opposite sign to true (polar)
tensors on inversions. In comparison to axi-
symmetric coefficients, formulated in section
4 above, the single difference characterizing
isotropic coefficients is their independence
on any invariant distinguished direction. From
Eqs. (4-2) and (4-2a) it is therefore clear
that the invariant condition for the scalar
forms of isotropic exchange coefficients of or-
der Y1 > 0 then reads

K@ B2, &)

for proper rotations

NERE

for inversions

K(a’,B‘,E,&’,..) =

Consequently, the isotropic structure of the
exchange coefficients should be directly con-
cluded from their corresponding axisymmetric
forms when the condition )\ = (0, 0, 0) is
applied to these expressions.

By wvirtue of this hypothesis we find from sec-
tion 4 the non-vanishing isotropic coefficients

K =Kdg o or K=K, §
K =K Sy 1 or K¥=Ky §

(5-2)

(5-3)

it 2
Kﬂixz - km (‘gﬂx ‘5;'1* Sie 5}K "3 5*«) (3-4)
Therein the more suitable notations Kj, and Ky
have been introduced instead of the coefficients
R and B3, where K|, denotes isotropic ener-
gy transport by the heat flux e«ndK,r denotes
isotropic momentum transport by the rotational
friction stress. The coefficient knqhas been
utilized instead ofL(Hdenating isotropic momen-
tum exchange by the shear-friction stress. This
coefficient remains left in Eq. (4-21) as the
single cgffficient if one considers that in ad-
dition toA =(0,0,0) also the isotropic condi-
tion P;FJH: kP{ must be valid for satisfying
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the trace-conditions due to Eq. (3-12}). Fur-
thermore follows obviously from the isotropic
version of Eg. (4-23) that Eq. (5-4) can alsu
be written without the c'gkg-tem since KL Ke
is for the present purposes a well- def1ned phy-
sical quantity, exclusively applied as factor
of the deformation deviator (DUk /2Xe)%*
Hence, as isotropic factor of the deformation
deviator we have

11

KEJ'K.&:,: K (Jiuéjz*ét'z gj-‘c) (5-5)
Note, that in the scheme of coefficients of
table 1 all those coefficients which connect
fluxes and forces of the same tensor order
and character are, (Eqs: (5-2) to (5-5)), ex-
pressible by one scalar each. But those coef-
ficients which connect fluxes and forces of
different order or character will disappear,
which can easily be shown as follows:

Equatigns (4-5), (4-7) and (4-15) together

with A = 0 yield immediately
¥s
P(:Sv E) ) F<ﬂ = [}
as (5-6)
k:L =0 ) k:; =
{l:»:/rr‘z;'?')
a av R
S0, K¥=0 (5i742y e

From the axisymmetric polar coefficients of
2nd crder we firstly obtan% for vamshmg )‘
that K .= -Tgﬂ“éljand 'VSJ? 5LJ
Also, to satisfy that the coeff1¢=ent traces
are zero, in accordance with Eq. {3-9}_}?St= 0]
and ths= 0O as well as

St ts ..
K. =0 KH =0 (L]]= ’rlzrs) (5-8)

LJ )
must be valid. Moreover, all isotropic coeffi-
cients of third order are zero, which is ob-
vious from their vanishing axisymmetric forms
(see Section 4, c).

We find with all the results obtained for iso-
tropic coefficients that instead of Egqs. (3-5)
to (3-8) the linear constitutive equations

—

Ih == KhVT

2&)

1"=—KUV«J.]

I—Nv

(V o -
= X
¢ (5-9)

I-*ﬂ

‘. Km(gd-o-2vits)

have to be used where the four coefficients

Ky (instead of KSS ), Ky, » Ky and K are
scalars with which the isotropic irreversible
exchange of heat and friction is completely
described. The practical meaning of the coeffi-
cients given in Eq. (5-9) is evident, particu-
larly, if the actual forces coupled with them
are taken into consideration. Thus the coeffi-
cient F(h denotes the pure heat conductivity
while K1;den0tes the volume, Kr-the rotation-
al and Ky, the shear friction (or viscosity)
coefficient, respectively, effected by the com-
pressibility , the rotational and the shear be-
haviour of the fluid.

Equation (5-9) can also be expressed in such a
way that for the case of isotropic systems all
exchange coefficients occuring in linear con-
stitutive equations of the irreversible fluxes
are reduced to a scalar multiplied by the unit
tensor. Hence, in analogy to K" and K33 of
qs. (5-2,3), the coefficient P(ft can be writ-
ten as

}(f* — }(ft:= F(VH S

It should be remarked that if, more than one

(5-10)

vectorial phenomenon exist, as in the presence
of diffusive mass fluxes among the constituent
substances of the system (e.g. air, water va-
por, aerosol particles), we have cross-effects
which couple the heat and the diffusive mass
fluxes. However, these cross effects possess
according to the theory outlined here, also
scalar coefficients expressible in the form
gs. (5-2,3 and 10).
the constitutive equations written down in Lq.
(5-9) is then completely justified as well.

The tensor structure of

In conclusion we can thus remark that we suc-
ceeded in deriving frum axisynmetric systems
with the assumption ,>\ = (0, 0, 0) the well-



known constitutive coefficients and equations
which are usually written down for isotropic
systems with the aid of the Curie-theorem (de
Groot and Mazur, 1909). As it has been demon-
strated by de Groot and HMazur this principle
means in accordance with Eqs. (5-2) to (5-10)
that only fluxes and forces of same tensorial
order and character can be connected with iso-
tropic coefficients, whereas conversely, fluxes
and forces of different order or character do
not interfere with one another,

b Discussion Of Eddy-Fluxes
Of Averaged Turbulent Flow

For the description of eddying motion in the
atmosphere and ocean the fluxes of turbulent
friction, heat, and mass diffusion should be
taken into account. By applying a statistical
averaging operation to all terms of the origi-
nal field differential equations of motion,
energy and continuity, asually used in order
to characterize fluid dynamic fields of tur-
bulent flows, one obtains differential equa-
tions for the averaged field variables inclu-
ding as additional terms so-called eddy-fluxes.
These fluxes represent statistical correlation
products between the turbulent velocity fluc-
tuations and field quantities denoting indivi-
dual realisations of the averaged field varia-
bles such as mean momentum, enthalpy, tempera-
tur, and mass fractions of the constituent com-
ponents (see for example van Hieghem, 1973).

By taking a density-weighted mean of the equa-
tions of fluid dynamics the flux of turbulent
friction is then expressible in terms of the
irreversible part of the Reynolds-stress

(cf. Eq. 2-9):

I'Re:.:W_SigEJ

implying that rotational and bulk eddy-visco-

(5-11)

sity effects have been disregarded, i. e.

3l= p and Efa =0

With a procedure for the averaged momentum ba-
lance equation similar to that of sections 2

(5-12)

22

and 3 the relationships

_t}

Lo =

_ S Kike[duk due 2 - (5-13)

) u% z (?xfaxx‘é"""'“'fm)
(‘f:)j='f,2-,3;'

may be formulated as linear constitutive equa-
tions for the stress components. In Eq. (5-13)
was considered that, because of the anisotropy
of the length-scales in eddy-flow motions, the
eddy-viscosities, denoted by the fourth-ranked
tensor Kt:jK,L s must be assumed to be sub-
jected to this anisotropy behaviour. From Eg.
(5-11) it is clear that the eddy-friction flux
is only subjected to its natural symmetries

fj }ﬂ L
IRE = IRE and Z IR¢= (9] (5-14)

Thus it will be reasonable for all practical
applications to determine, under any given an-
isotropic restriction, the tensor structure of
the coefficient kt-"jK.t instead of the flux
density ]:g since the coefficient tensor has

a more obvious geometrical meaning and its prin-
cipal axes may sometimes be preassigned in con-
sistency with realistic geometrical considera-
tions. As a first rough approximation one, of-
ten, simply assumes analogously to molecular
movements that the eddy-viscosity tensor k;]KL
may also be expressed as an isotropic tensor

in terms of one scalar only; this yields in
accordance with Eq. (5-10) and (5-9) the hypo-
thetical formulation

Kijwe — Kej = K S

and

i

(5-13a)
4 P
- E‘V'U. TS(_J)

QU , U
Re

o

which is close to that already provided by
Boussinesq (1877, 1897). This hypothesis

{Eq. 5-13a) is also applied and discussed in
many modern works as for example by Harlow and
Nakayama (1967) and by Lumley (1967). Note,
however, that by applying the isotropy hypo-
thesis to the eddy-flux of turbulent friction
the constitutive equations require linear-
homogeneous proportionality among stress and
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strain rate components of the same index pair

_1. .o
J ~ (’BU\L all t’j.)
?KJ
Hence the principal axes of the stress and the

(5-15)

strain rate tensors would be the same. However,
it has been suspected that this is not true

in real flows. This suspect has been confirmed
by Monin and Yaglom (1971) and by Fiedler (1975)
who used recent observations of Weseley (1974)
for all elements of the Reynolds-stress within
the turbulent atmospheric boundary layer,
wherein the thermal stability varies within

the range -1 % E/Lé“f , with | being the
Obukhov length. This confirmation implies that
the direction of the principal axes of the
stress and mean strain rate tensors are not
aligned, the difference in non-alignment in-
creasing with increasing thermal stability.
This result implies further that the 81 compo-
nents of the tensor K['J'K,E defined by the
constitutive equations of Eq. (5-13) are not
describable by one physical constant of the
fluid, such as done in Eqg. (5-13a) and what is
well satisfied for the coefficients of molecu-
lar viscosity (section 5a). On the contrary
the eddy-viscosity tensor may depend in a com-
plex way upon the anisotropic character of the
turbulent motion.

Equations analogous to Eqg. (5-11) may also

be applied to turbulent heat and mass transfer.
If h denotes the specific enthalpy then the
flux density of eddy heat transport in the equa-
tion for the averaged internal energy may be

defined (see van Mieghem, 1973) as

Th:z ghﬁ"

(5-16)

Considering in Eq. (5-16) merely sensible heat
transfer caused by temperature gradients we may
formulate the constitutive relationship for

h in consistency with Eq. (3-7) as

?“” 2L (5i=123) =)

which is relevant for an1sotrop1c turbulent
heat exchange and where the components of the
tensor ﬁ(?1 denote the thermal eddy-conducti-
If we ignore the anisotropy of this
e. take its isotropic form

vities.
coefficient, i.

Kh =K SLJ » then Eg. (5-17) reduces to
IF.F-KL’DTV?x (i =1, 2, 3) for all space-
directions according to Eq. (6-9).

Lonsiderations of Monin and Yaglom (1971, see
sect.10.3) yield that the tensor of Eg. (5-17)
can in general be expected to be symmetrical

G

F:h = P(h ) LI =123
which, expressed in another way, equals to the
assumption that the components of the heat con-
ductivity tensor are subjected to reciprocal

Onsager-conditions., But even in this case we
are dealing with six eddy-conductivity coeffi-

(5-18)

cients. These coefficients one could not calcu-
late from Eq. (5-17) without any additional
hypothesis about the temnsorial structure of
P(h This is the result of the fact that if at
a given point in the stream the terms g‘hu_
and TBTfEKL are known, it is impossible from
the three relations of Eq. (6-17) to define the

six different K? ~components ,

Note, however, as has been pointed out by
Kamenkovich (1967) that the turbulent heat con-
duction (as well as the turbulent mass diffu-
sion which we do not particularly discuss in

the scope of this article), is in a large scale
atmospheric and oceanic movement adequately des-
cribed in terms of a coefficient of horizontal
eddy conductivity k11 and a coefficient of ver-
tical eddy conductivity, Kp‘ . Consequently the
conductivity tensor may be written in the prin-
cipal axes formulation 1nsert1ng k;1 for the
horizontal elements and l{h for the vertical
element within the tensor matrix. We take a par-
ticular coordinate system and denote it by x,

¥, Z: the surface x, y, is taken as horizontal,
z is directed vertically so that the_gpnstitu-
tive equation (5-17) for the vector J—h may be
expressed with respect to the x, y, z-system of
coordinates (see also Herbert, 1975)

H 2T
Ihjx kh 0 O ﬁ
H T | (5-19
Ihﬁ- 0 k, O Dy (5-19)
- T
T2 0 0 K./ \u
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or in symbolic writing

T,=-(K82 k'S, v

T, =-

—h

This relation together with Eq. (4-13) yields
that the eddy-conductivity Kh= K: Ez ez +K: 'SH
is a vertically axisymmetric tensor where the
coefficients Y+ BYY and B within Eq.
(4-13) are to be replaced by KI:' and KE .
respectively. In the study of large-scale at-
mospheric and oceanic motion it appears to us
as natural to assume that the exchange-coeffi-
cient of eddy-heat conduction (as well as of
eddy-mass diffusion) is axisymmetric relative
to a vertical direction. Furthermore this hypo-
thesis of axisynmetry should be applied also
within the viscosity coefficients of eddy-fric-
tional processes. Indeed, in large-scale move-
ments it is observed that the momentum along

a vertical direction and the momentum along a
horizontal surface, differ so considerably that
one may ignore any non-isotropy of the eddy-
viscosity tensor Kfj';(_e on a horizontal sur-
face. If we consider the coefficient tensor of
eddy viscosity related to the irreversible part
of the Reynmolds-stress then it becomes, in ana-
logy to Eq. (4-23) under the assumption of axi-
symmetry, expressible by three scalar coeffi-
cients. In this connexion such a formulation
should also be considered as an approach with
which the discrepancy among the directions of
the principal axes of the eddy-stress and the
strain rate tensor (discussed in this section
above) could be avoided.

6 The Constitutive Equations with
Axisymmetric Tensor Coefficients

a Governing Equations
The constitutive equations of heat and friction

(3-5) to (3-8) with
totally anisotropic coefficients can now be re-

fluxes represented in Egs.

formulated with axisymmetric coefficients if
all partial results calculated in section 4 are
applied. Similar to the shear viscosity coeffi-
cients kH | kHH and KHV we wish to ex-
press all remaining coefficients which couple

fluxes and forces of the same order and charac-
ter by means of meteorologically familiar nota-
tions. Instead of the parameters _ﬂw and :BW
we m'I'I use the coefficients Kh = v
Kh = A+ EW where Kh and K in-
dicate the heat conductivities in hor“-zcnta]
and vertical directions. Correspondingly we
take, instead of the parameters Kss Aana
‘3‘3‘3 the coefflcwnts K‘v Kss and

H . Eaa and K = f3% Baa‘mdmatmg
the volume viscosity as well as the rotational
friction coefficients in vertical and horizon-
tal directions. Consider that all cross-coeffi-
cients coupling fluxes and forces of different
order or character shall retain the notation
given in section 4,
For the case in which the axis of symmetry
is not explicitly specified we then obtain as
linear constitutive equations in tensor formu-
Tation

p=-Ko Pl -3 0T -

22y oS (6-1)
A (AN-48):(wd)”
+h = -xvs;r\'? 11 =
kKRR RS fOT e e
+'Pva}:x(§?xi1-.2£3)
[°= -{(K-K) AR kS
(6-3)
(Vxti-205) + P T
Iofsﬂ__ﬂfs(ﬁ.;\’_ ;JJV'L_I © e
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where the vector é; has been supplied to denote
the unit vectors in the directions of the car-
tesian axes of coordinates. If we assume that
the axis of symmetry coincides with the verti-
cal direction of a cartesian system of Efnrdi:
nates, we readily find,after inserting A = SE
together with the partial results obtained in
section 4a to d, that the linear constitutive
equations quoted in Egs (6-2) to (6-4) above
may be expressed as follows

- iy T
3-:-- k;u.57'DL - Jf V‘%%é -

‘:?,"'(16263 -§u): (vid) |
Ih _‘_-IVS-QEV‘{:E _

v oT 2 H -
KK st
v -/:‘;—%" —.Z(caxé’x—m},é}ﬂ

(6-7)

2 3 22
s 36Z+1 ?EEH >
- %’[ﬁg 520053 *W’)ez]

= -

It should be noted that both versions of the

constitutive equations (Eqs. 6-1 to 6-8) demon-
strate instructively the typical properties of

anisotropic systems contrasting those of iso-
tropic systems (see Eq. (5-9)) in which each
flux depends only on one single scalar coeffi-
cient. Despite the extremely strong mathemati-
cal resemblance between axisymmetry and iso-
tropy discussed in section 5a it will be ob-
vious from the structure of the constitutive
equations that axisymmetric coefficients are
able to describe in much more detail the phys-
ical nature of turbulent atmospheric(or ocean-
ic) transport phenomena.

Let us consider the so-called simple phenomena
of heat, momentum and angular-momentum trans-
fer within the axisymmetric fluid. Here the
vectorial fluxes are expressed in terms of two
exchange coefficients each (see also table 3),
i. e. in that manner we could readily imagine
in section 5b, Egs. (5-19, 19a) where the flux
density of enthalpy and sensible heat were dis-
cussed. Hitherto we must note that the coeffi-
cients of rotational viscosity K"f-l and K:
have not yet been examined either in atmospher-
ic or oceanic studies since a flux density ]:d
which may depend on vortex-vector VKL-I. and
intrinsic macroscopic angular frequency 63 wWas
always ignored. Based on the theory treated in
the present article it is believed, however,
that the rotational exchange of friction and
the vortex-effect would constitute an important
contribution to the completeness of the equa-
tions of motion; this completeness would be
very meaningful for the treatment of small-
scale irreversible friction processes which
must be considered in a series of specific dy-
namic problems as well as in general circula-
tion models and long range prediction of the
atmospheric field parameters,

From Eqs. (6-4) or (6-8) we further recognize
that the shear-frictional flux is related to

the tensor of strain through the three viscos-
ity coefficients kHj KHH and kHv- We thus
conclude that the directions of the principal
axes of stress and strain rate tensor are diffe-
rent from each other. In our discussion of sec-
tion 5b this behaviour was argued to be char-
acteristic for eddying momentum transfer in at-
mosphere and ocean. Recent studies to this
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problem utilized by Fiedler (1975) on the basis
of velocity observations within the turbulent
boundary layer document qualitatively the non-
alignment of the principal axes of the tensors
of stress and strain.

With regard to the cross-processes due to axi-
symmetric exchange it is remarkable that the
vectorial flux densities he 1?6 {describing
heat transfer as well as momentum transfer by
rotational friction) and the shear-frictional
flux density Ion as well as the bulk-vis-
cous flux ?‘ and
table 3) such as is quite typical in isotropic
systems. All remaining cross-processes, how-
ever must be supposed to take place explicitly
declaring the anisotropic character of the
flow. But note also the interesting fact that
along the axis of synmetry the_cross-processes
between the polar flux vector ]:h and the axial
flux vector disappear (see Egs.{6-12/13))
which, on the other hand, shows also weak re-
semblance to the structure of the constitutive
equations of isotropic systems.

do not interfere (see also

Concerning the coherence of the cross-effects
it must be noted that the 6 correlated cross-
coefficients are not independent of each other
if their corresponding fluxes of heat,momentum

and angular-momentum are assumed to be recipro-
cally correlated in the meaning of the Unsager-
Casimir principle. Then, according to the reci-
procal relationships the coefficients (see e.q.
llaase, 1963; Gyarmati, 1970) % and Y5
as well as 'Plfd and 'Pav are coefficients of
Casimir-type while _J?5£ and Aﬁtsare coeffi-
cients of Onsager-type. This implies the con-
ditions

Iv.s= } fsv ¢Pav= _ Twa
—H‘H: +H$-E

The total number of coefficients remaining to
be determined in the axisymmetric case reduces
from 14 to 11. These are summarized with respect
to character and meaning in Table 3. Finally,
as a meaningful result of the axisymmetric con-
siderations it should be remarked that all 256
components of the exchange tensors appearing
within the original equations (3-4) to (3-8)
are representable in terms of those 11 para-
neters. Their dependence on the properties of
the fluid and the flow must be determined by
means of experiments or with the aid of statis-

(6-9)

(6-10)

tical methods and theories. From this view the
coefficients are constants of state.

heat con-|volume rotational|shear volume vis- | heat conduc- volume vis-
duction |viscosity|friction |friction cosity heat | tion rotational| cosity shear
conduction friction friction

coefficients K H KH KH
of simple h K ' Y K . B .
processes Kv v KV KHH

h Y HV
coefficients st i
of cross- - — — —_ SI{_“IYE Pd'v;_?{/a ﬂ =+
processes
Table 3: Axisymmetric constitutive coefficients
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b Constitutive Equations For The z-Direction

It is known that for many special investiga-
tions of the atmosphere's dynamic structure
the vertical exchange of mass, momentum, angu-
lar-momentum and energy is of a particular in-
terest. The constitutive equations parametriz-
ing the vertical components of the correspond-
ing flux densities can easily be found from
Eqs. (6-1) to (6-8) by means of the vector op-
] and considering thereby that
the structures of the scalar equations (6-1)
or (6-4) evidently remain intact. For conven-
ience sake we only consider here the case in
which the axis of symmetry is wvertical. From
Egs. (6-5) to {6-8) we then find the following
relations for the vertical flux components

=_ISVV.(1_KVE

s
eration ez . ( s

h 5z (6-11)
a_ W _u
1% -Ko(% ?y 20,) o
7. - Ku DUy

—

{8k il 2212,

LY
In addition we will consider that vertical

‘p-_-hﬁ

fluxes are mainly applied to describe exchange
processes under the conditions of the turbu-
lent air layer between earth surface and free
atmosphere where the influence of volume vis-
cosity fluxes are usually omitted. Omitting
also all cross-effects in Eqs. (6-11) and(6-13)
coupled with the existence of volume viscosity
we obtain that the vertical transfer of heat,
rotational and shear friction may be described
by the reduced set of constitutive equations

v T
Th = - Kh - (6-14)
a U U
(B3 1)
> K ?u.q
T = - AHV ¢UH
1 0z (6-16)

‘KHH@:.J 3 V“') e

Here 'E' is_the so- called shear-stress vector
defined by E’ e I S and c0n515t1ng of the

three compcnents (I zy 3 ) Hote
that 't' still depends on two coeff|c1ents of
which the coefficient KHV be‘lc—ngs tu tne tan-
gential stress vector 'ZZH (sz: :!‘r‘ ) J
while the coefficient [,y belongs to thE ver-
tical component of the stress-vector I 22
Consequently we may Eq. (6-16) equivalently
separate into the two portions

IOFS= - @(‘lg—f'VHEH)

£ 3 > (6-17)
-

__ Kuv 2uu
Tw="""7 7%z

where V- J-H =?{.L/'3x + 9U/dY = horizontal
velocity divergence. We wish to emphasize that
the constitutive equations (6-14) to (6-17) re-
present the simplest flux-force relations which
without requiring any further physical restric-
tions can be written down with respect to the
z-direction of a system of coordinates, the
axis of this direction coinciding with the axis
of symmetry.
a particular meteorological interest that there

In this connexion it should be of

exists beside a vertically directed heat flux
L 2lso two vertically directed friction
fluxes of which (i) the rotational friction
Flux d belonging to the antisymmetric part
of the stress tensor contains the vorticity
2V [ox —?Ju/ay as driving force and K: as
exchange coefficient, (ii) the shear friction
flux I::; belonging to the symmetric part of
the stress tensor contains the horizontal and
vertical velocity divergenceVH-{IH and 3"&?/‘33
as driving forces and P(FJH as exchange coeffi-
cient., Note that such fluxes have never been
taken into account when frictional exchange
processes within the turbulent atmospheric sur-
face layer were considered.

Those constitutive relations which are usually
applied to boundary layer exchange can be veri-
fied if we introduce in the equations of this
section the famous Prandt]l layer assumptions
meaning that the fluid behaves homogeneously
with respect to a horizontal surface and that
the vertical velocity is neqligible. These con-
ditions, i. e. 9/0X = 9/dy=0and 9 =0 , then
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yield the vanishing of the vorticity as well
as of all components of velocity divergence so
that follows I‘ale: w; and I;E'sz (. Ignoring
also (@, and thus T2 one obtains as remaining
constitutive equations N
T--kV2T | 7 - Kuy dUy (6-18)
“h h22 H FY

which are in this or somewhat modified formula-
tions usually applied to the eddy-transport of
heat and momentum in the atmosphere near the
ground. Note that these equations no longer al-
Tow any recognition of axisymmetric (or aniso-
tropic) behaviour of the eddying motion. This
rather justifies that under the Prandtl layer
conditions the irreversible processes of small-
scale eddy-heat as well as momentum exchange
will be found in dependence on their thermody-
namic forces E’T/f)gand Z’apﬁgsuch as it is usu-
ally done in isotropic systems (see section 5a).

7 Conclusion

Constitutive equations for linear and angular
momentum transfer processes have been derived
under conditions applicable to irreversible
subgrid-scale exchange in the atmosphere and
ocean. A number of aspects have been dealt with
in this investigation which so far have been
inadequately treated in the meteorological lit-
erature. In conclusion, some of the main re-
sults will be summarized:

(2) The mechanical bulk- and shear friction
transport will have to be completed by means
of an antisymmetric part of the stress tensor
which causes the exchange between external and
intrinsic angular momentum. The antisymmetric
stress component can be parameterized in terms
of a linear constitutive equation. Therein, the
rotation of the velocity vector as well as the
intrinsic frequency act as thermodynamic driv-
ing forces. Thus the vorticity assumes the
meaning of a driving force for the total ver-
tical momentum transport.

(b) It stands to reason that, because of the
effect of buoyancy, the mass, energy and momen-
tum transport should be formulated under the
condition of axisymmetry. Because of this and

by means of additional natural invariance con-
ditions, the number of independent exchange co-
efficients can be considerably reduced; the con-
stitutive transport equations retain a struc-
ture for an adequate description of atmospheric
{and oceanic) exchange.

In particular, from this structure very illumi-
nating derivations were given for the wellknown
transport equations of isotropic exchange as
well as for the simplified flux-gradient rela-
tions usually applied to planetary boundary
layer exchange.

(c) The main conclusion, associated with the
axisymmetric coefficient structure, are: Cross-
effects between shear friction transfer and heat
diffusion, shear friction and rotational fric-
tion transfer are definitely excluded. Despite
this the remaining transport formulation are
still general enough to be applicable to ex-
tended theories of turbulent motion of the at-
mosphere such as in the air layer near the ground.

For simple diffusion of heat (corresponding
statements are also valid for water vapor)
there result two constitutive coefficients
(vertical and horizontal) in agreement with

the conventional empiric formulations. We ob-
tain completely new contributions to the trans-
port in terms of the horizontal and vertical
rotational momentum transfer. Implicitly in-
cluded are contributions for heat transport
(cross-processes) which act perpendicularly to
the axis of symmetry. This heat transport as
well as the complete inverse rotational fric-
tion transport, due to temperature inhomogene-
ities, are each merely correlated with a single
transport coefficient.

Finally, we obtain for the momentum transfer
by shear friction processes, in dependency of
the deformation field, three coefficients for
the description of the fourth ranked viscosity
tensor. It follows that the conjugated consti-
tutive equations are applicable for the treat-
ment of arbitrary flow fields in contrast to
the conventional shear stress parameterizations
which ordinarily apply only to incompressible
fluids of zero vertical velocity components.
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8 Special Considerations to the Axi-
symmetric Turbulent Exchange of Heat
and Momentum
— A Note —

a Introduction

In supplementing the previous developments of
sections 1-7 we wish to discuss a special
treatment of turbulent momentum and heat ex-
change. We make the usual assumption that tur-
bulent exchange processes in the atmosphere
are caused by fluctuations of the translatory
velocity field. Using these special conditions
it is possible to assume that the frictional
stress tensor is symmetric. Thus it is not re-
quired to consider the balance of external and
intrinsic angular momentum.

Applying the usual averaging procedure of at-
mospheric turbulence to the thermo-hydrodyna-
mic relations results in balance equations for
the average momentum, mass and energies which
are derived by various versions in the meteor-
ological literature. It is our aim in this sec-
tion to formulate the basic equations in such
a manmer that the thermodynamic laws can be ap-
plied without internal inconsistencies in the
presence of small turbulent transport proces-
ses. Analogous to the procedures of previous
sections, the viscous and the heat flux can be
parameterized with the aid of the entropy ba-
lance equation and the assumption of axisymmet-
tric exchange.

For practical purposes we will present in sec-
tion Bc the parameterized axisymmetric diver-
gence expressions of the heat and momentum
fluxes in general orthogonal and special coor-

dinates.

}1 The equation of state furegir_jaa erfect
gas) then may be written J[ = 1 Rogf‘ , with

Rp= 281.05 m*s 2 K™,

b Thermodynamics Of A One-Component
Turbulent Viscous Fluid

Basic Concepts

i We assume that thermodynamic equilibrium
states exist also when turbulent processes take
place. The conjugate thermodynamic variables
then are average-values of pressure, tempera-
ture, energy etc. As temperature in the turbu-
lent system we utilize the quantity iz which is
defined by the thermal equation of state

}_(ﬁ: %, f‘);.- 0 )} from which T is com-
putablg as function of the thermodynamic pres-
sure T and the density of the total system @.

1i As analytical form of the first law of
thermodynamics we will utilize the balance
equation for the mean internal energy. This
equation can be derived from the independent
balances for the mean total energy and all me-
chanical energy types. Thus, in absence of in-
trinsic rotations of the system we can define
the total mean energy to be the sum of the po-
tential energy, the kinetic energies of the
mean and of the eddying motion as well as the
mean internal energy:

A A A

E=¢ +E,+E + ¢,
where each energy expression is referred to
unit mass.

(8-1)

iii  To apply the laws of classical thermody-
namics to the variables of the mean state of
turbulent systems it is particularly important
to give a suitable definition qi the mean total
*;Anterna'l energy per unit mass EI.'Eot . Setting
EI‘.{'D‘t = EI (Herbert, 1975; Hinkelmann,1973)
is disadvantageous since the thermodynamic bas-
ic principles cannot be formulated without some
internal inconsistencies. To avoid such prob-

lems we define
-

2 s b rE=E-f-€
= + = - % -

61‘, tot I T
According to Egq. (8-2) and to molecular-kinetic

(8-2)

relations we require that the total mean ther-
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modynamic pressure consists of

- - T3 - -
W=P+%§u1’2’=P+§§E (8-3)
where F.- is the mean molecular pressure and

.E‘,g E is the trace of the complete Reynolds

stress tensor, .&fE T 5“' P

iiii Utilizing Egs. (8-2, 3) the Gibbs basic

equation may then be formulated as
A - ~ A —— 4 '
JE e =TdS -Td (/g)ﬂ
A
where § is the mean entropy and '!/g' =1. Eq.
(8-4) may be thought of as a theorem and as an
analytical formulation of the second law of

thermodynamics for a one-component turbulent
system.

(8-4)

Energetics

Using Eg. (8-3) the equation of mean motion for
the system of the rotating earth may be written
as

Y =

S’ E—' +V-(I+I,Re) =
--vT-3v-250xi
where & = mean velocity vector, T = mean mo-

lecular friction tensor, I&: ell' - ,%'EE
(c.f. Eq. 5-11) = symmetric and traceless part

of the Reynolds-stress tensor and = the
constant earth's angular frequency. Scalar mul-
tiplication of the equation of motion by re-

sults in the budget equation for the mean kine-
tic energy ET {IVL

gm + V_(ﬁ‘cr + _+I_Rc).a =

(8-5)

1
=
<
=
+
—
<
+

+Tee:[£(ViE+ GV)-{vd 4]

In addition, the budget equations for the poten-
Py
tial energy @J and the total energy € are

given by
(8-6)

According to Eqs (8-2, 5 and 6) the first law
of thermodynamics is then written in terms of
the budget equation of the total mean internal
energy as follows

(8-7)

— —n = A
Thergin we abbreviated Ig - (]TJ**I* IQEJ'{:’L
by fh describing the total heat flux density of
the system.

In the following analysis the molecular viscos-
ity flux shall be ignnl-la-ed in order to focus at-
tention on the fluxes h and I'Re' Then fol-
lows from Eqs. (8-4 and 7) and the continuity
equation the budget equation of entropy as

§;D_§+V(fh) f )

Dt
(wmv V—ﬁ.é) >

1

..ZT
The right side of Eq. (8-8) represents the en-
tropy source strength function which is zero at
h=0,1re=0

is greater than zero at non-equilibrium.

(8-8)

equilibrium, » and which

At this point we especially note that as a con-
sequence of former definitions only the devia-
tor of the total Reynolds stress tensor occurs
in the formulation of the irreversible turbu-
lent viscosity flux; the reason is that the
trace of the complete Reynolds stress tensor
acts as part of the thermodynamic pressure. On
the other hand, if one defines T_-[': "5 , 1t be-
comes necessary to modify the former theory so

that in Eq. (8-8) the deviator [ _ must be re-
T
placed by the total stress tensor eu'W
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Such a definition should be avoided in as nuch
as this implies the physical defect that now
represents some type of bulk-viscosity.

Constitutive Equations

As shown in section 5b and 6 a realistic ap-
proach for the treatment of atmospheric ex-
change processes is to take the exchange coef-
ficients as symmetric with respect to an inva-
riant axis. One usually assumes that the axis
of symmetry coincides with the vertical direc-
tion of a cartesian coordinate system. With
this prerequisite, %h and I-'.;_,‘e can be para-
meterized according to Egs. (6-b to o-8); note
well however, that in these equations the flux
components coupled to the coefficients IVS .
'Pva and ﬂfs do not occur under the special
conditions of section 8. The flux components
then take the form

.
Ih,x ) Kh H ?x
A
_ T
Ih,y kh H f}g
Ih,% -kh v ’az
(8-9)
T Ky~ Kin
lnc]wx kHuu 2 uZE
KH+kHH ~ Kuu
2 U Tuw

'RE 22

- "KHux‘;‘ ) IRe,xz: Ige}gf - kHvuxz

U,

k"”“ MEEJ Irechy - IRe,yxz

~
T

IRC, v 2 - I‘Ee,z-y -

where
u qu,‘_ "QU,J _ é
Vooexs  axg
implying the identity uEl‘=

M CS‘.LJ (‘:Jj:x;#j
_(uxx+u>‘)¢)'

With the use of Eg. (8-9) the corresponding
dissipative energy rates then may be computed

das
2T

wh- . I'H. DXL .
e ( aTx %%y )} ]*kh,v (%) >0

Ee— -Z Iﬂet} ;_t k u

3Kuy K
Ky (Ug *ume) %ﬁu?*(a )

4 $Kyu -Ku )
¢ (SkHH"'kHM + 3kHH+I<Hu
For the two forms wh and wRE to be positive
at arbitrary values of _BT/:)KL and L{tj , the
following necessary and sufficient conditions

(8-10)

kh,H>D ) kH,V>O

(8-12)

K0 ), Kyu>0 ) Ky >0

must be obeyed.

c Divergences Of Heat And Momentum Fluxes

Basic relations

For the purpose of practical applicatioqs we
will formulate the flux divergences of T, and
._[.Rcin general and special orthogonal coordi-
nate systems. Utilizing a contragredient mathe-
matical analysis we obtain from the transfor-
mation rules that an orthogonal system of arbi-
trary contravariant coordinates q-r’ fh . Cj‘g is

completely described by the scale factors

XK Xk

[?% ?Tt)flno sum(i = 1,2,3), with

KK denoting cartesian coordinates, as well as

by the Jakobian determinant ﬁ = H’1 Hz H .
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In terms of these quantities the divergences
of % and I‘Re may be written as follows

(ﬁ Ih " ) (8-13)

h

VLG,

V- Isze 3 3,? ({_ H‘ﬂ"I 1)3-14}
(4=1,2,3)

= =+ .
where é',' » €, » €3 denote the unit vec-
tors in direction of the arbitrary coordinates
and where Ih,k‘ and IE{.,Kj thus represent
the physical components (not the co - or con-
travariant ones) of fh and Ine’respect‘ive-
ly. With the tensorial expressiun

08 & M & oM o
29y Hi °% He 2

the space derivations of the unit vectors can
be eliminated from Eq. (8-10). Thus we obtain

V- Ly, f’ 'éq (r Iﬁbq)

(8-15)
Teedi OHe g _ Ireii 9Hk g
. t
H H] 094 H; H, 29
which consists of the three components
F = EK- (V-IQEJ = (8-16)

6@ ge,u{ ]:Ee KL “OHy
\"i 29 H Hi 29,
Kilig 1
Iﬁe Li ?HL
H; HK ?‘TK K,no sum (K=4,2,3)
It should be pointed out that the rnatﬂ:IRe iK
]
may still be non-symmetric in Eq. (B8-16).
physical reasoning, however, [p, ;. must here
be assumed to be symmetric. ’

From

For the purpose of parameterization the tempe-
rature and velocity gradients in the divergence
8-13 and 16) must also be ex-
pressed in terms of arbitrary coordinates. In
order to represent the components of the heat

formulas (Egs.

fluxes [, - as functions of the temperature
<h,t
gradients in generalized orthogonal coordinates

we must use
~ B, 2T
Vi=43 2, °
Hi j (8-17)
('1' 2T 4 7 A4 ’?T)
H.f a‘fﬁ ) HJ. 09, H3 ?Cfg,

In order to express u“'] in terms of general
coordinates we take the tensorial form

A - A

- = i 1

U=vid+dv-30v-0d

which is independent of any special choise of
coordinates. According to tensor calculus the
gradient and the divergence of a can be writ-
ten in terms of arbitrary orthogonal coordi-

nates as

3 2 4120
d=€ 5 55
V&= H 29,

?UL gak é +(E1K ?'H{ -’) _
- K E{_ .
; ; K#t

_(&wtg @?Hf;a)
HS ELTS S Hf ?"Tr rnusum,i:;*r
:ris
2 4172 (74
Vl==-1¢ 7
ﬁ??{(g H,;)

With these expressions L{ (g obtains the form:

i ) 5 5 )

K

+2. 8 [EHH ?’;: 3y 3qﬂ(r uh)] e

(A,k=123)

Special cases

Cartesian and stereographic cylindric coordi-
nates

j In cartesian x, y, Z-coordinates ﬁ:'f
and ;-[1= Hy=Hz=1 so that Eq. (8-9) is
valid, Assuming for atmospheric conditions that
kh,H’ = const and KH = const the heat flux
divergence and the frictional flux divergence
components .Fx ]:Fy and F;_» take the form
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NG (8-19)
Kot (S5 B;TH
E*'kH(;a ??J“

222 o 5-)

220 —c)z
f-kH ( J (8-20)

rls ?71
2kl (-5
EL: '3;([;(“"'(%‘; ?a::)]

-2 [ Aok -5)

For incompressible fluids (V-[?L:D)ue obtain

Q) ~oH

instead of Eq. (8-20)
AL’
F—-k (?_:(1- ?;i-]_
2 [k (B2 35|+ 2 kXS
A 21
feokaB T ew
22 HV(’&E y /1 oy “HH 2
2 n o
”a—x["wf%g*“f)}‘
A 3 3
[kHV o2 %” ‘Z‘ETEKHH%

E( and I‘J" from Eq. (8-21) are equivalent to
those relations found by Kamenkovich (1967).
However, they differ strongly from

(8-22)

22.
ty = "kH(?xz ?ylj
20

KHV?z
mainly ut1l1zed in the literature in analogy to
the structure of the heat flux divergence, Eq.
(8-19). Note that, for Eqs. (8-22 and 19) to be
equivalent, we must require [:( K W const
or Kyy = O together with BM,{?K "a-w,/?}’
@9“—/33 ?U/’ag ., which, however, are rather
unrealistic approximations.

(8-22)

Furthermore :Ff is completely ignored in Eq.
(8-22); this is acceptable if hydrostatic equi-
librium can be assumed. With respect to the
terms neglected in :F:.( and ?:}’ of Eq. (B-22) we
wish to remark: Although it is difficult to
give a correct estimate of the coefficient KHH
in turbulent atmospheric motions we can assume
that kH and Ky are of the same order of
magnitude. Observations of large scale atmos-
pheric motions and scale analysis suggest that
k!—W » whnich considerably varies with height,
is much smaller than kH . Their values change
in the range of some orders of magnitude and
may be approximated by (Kamenkovich, 1967):

kH'.-':w" 4—J033,cm"' -4
Ky = 10°-Aob g cm™” st
Thus
O(Kijé;O(kHH)” (kH) (8-23)

indicating that the terms 9/px (kHH ?W/?a)
and ?/3)’ (KHH?WI/WJ' can be of considerable
importance for FX and f-y (Eq. 8-20).

So far we utilized rectilinear cartesian coor-
dinates. A more realistic analysis of large
scale atmospheric motions can be carried out in
a system of curvilinear coordinates which are
adapted to the figure of the earth. Usually one
applies spherical coordinates represented in
stereographic map projection. For such a pro-
jection it is suitable to transform the spheri-
cal planes a = const into vertically superposed
planes parallel to the equatorial plane, where
cartesian or cylindric coordinates can be used.
A sterecgraphic cylindric system is described
by the horizontal coordinates R =4J{1+y’* 5ol
and the vertical coordinate z. The planes R =
const are the cylindric surfaces, the angles
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ol = const determine circle segments perpendic-
ular to the z-axis and z = const are circular
planes of the distance z. Note that o{ equals

the longitude of spherical coordinates and z =
A -4, where &, = mean radius of the earth.

Z 9 (cds)z E
9 \Z=a-3,
E‘OT(dan A \%\ésjﬂa 4 EO

2 _ |2
(ds)a

{d. S)a/: L a
(&)

Figure 3 :

Stereographic projection

(a) = Infinitesimal line
elements at a, and a
projected into planes
E, and E

(b) = Cylinder coordinates
in the plane E,

Since stereographic sketches are conformal the
square of the line element is given by the
quadratic form:

2 A 2 2,2 2
ds? = L (AR R*d*) + o 2
so that the scale factors become

H‘?‘:i !H:{'; R / H;;:’T

W
Vs = HiH Hy = o

where 444 is the map projection factor depend-
ing on R (or on x, y) and on z but not on ¢ .
For practical purposes the z-dependency of 1
is negligible since the synoptic active height
z is much smaller than the earth's radius 3, ,
i. e. m=m [R). With Eq. (8-24) then fol-
lows fm" Eqs. (8-13, 16, 17 and 18):

VI . {2 (%fh.k}*

(8-24)

R

(8-25)

2 (L (B0)
T'Dn( "Wllhr“t 22 szth
and

ey 2T ’"_F W?_?: T

E - 1%12 (%Im,m)

as well as
w* 2 (R
R R (IRE,RR_IQE,M)’B_'R (v—nJ +o(8-20)
e e . m 2Ipeqr 2
Mo TR e et Lo,

2R

E‘ (IRE.,R.: Iﬁc utn)az( )

21pe ) Ire Ron | 40 9Te e '9 I
2R R T 92 Re

2 e 22
02

"Hd ?’]TRML}}*_
R

_ bk 20r _ (8-26a)
Ure = 3 {"""[’31&

_ATm 2V Vg wis DR/m
2| R 2x *faz"'n”ﬁ'a'rej

J b [m[ Uk
uU(D(_ {'E[?D( *

w[4=

1 2 (RY\_RWe]_47U;
*"’”Ufaﬁe(?m) 2 ?R]‘z 2
ok ’at?z_?_w[ ?_(gﬁnj
Uze = 3‘{'@* R "R/
+? m]}
2ol
i wWp P2 (k)
um [’{m R 7 Pmt?e J
U U s = i,tw’a_f
B2 2R 22 2
ﬁ’E‘E} wm 7Uz

Let now the invariant axis of synmetry coincide
in every point with the a-axis of spherical co-
ordinates and hence with z = A-d, of the ster
eographic cylinder system. Then from the meth-

od of obtaining the constitutive equations
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(B-9) and using Egs. (8-25a, 26a) follow the
corresponding constitutive equations in ster-
eographic cylinder coordinates

T 19T _ 2T
Tpr= " KonHg 37 = -mKp iog
T f?T Wlth?'Fs-z
L= -Kiu Hu 5 2 —'R"_?Ef ’
TI;‘I-E__K{,,VHZ- ?zzdkhv’
Tre,®e = KH—L[ R U e
- 2Ky '*'"’E’UR 1 *”?-ffu_"-a;,“.ff_’e?ﬁ“}
3 'Fi?u( 22 R 2R
_2kun[m e, m [0y, 5 TR 2L,
3 {.z IR +.Z'R[?n( RSR J o7

2ku[m[ 20, L R ’EJUE
“Tz“ﬁ[?['af +ml ]

ROR ~ 279R| 222
_2KuH [Etrac 'R?UR +mi: ?PMJ 3‘*’1}
3 |2R|7oa 2R
Tre Fr -kHHL{Ez = (8-28)

S50 2]

I‘Re R Ilee o{R K uEnﬁ

~kﬁ[%’%—?m§;(%”ﬂ}

Iﬁﬂ,PE = Iae ZR" *kHvuRf

[ 5 o 52

IEe L2 IRE FL ‘kHvucﬁz =

k [?Ug( WE}J
HVl 22 R 2«

Inserting Eqs. (8-27) and (B8-28) into kgs.
(8-25) and (8-26), respectively, and assuming
the horizontal coefficients kh,Ha"d KH to be
constant we finally have

1‘:‘* R ThH 2R

_mt T _’D (K Tr)i) (8-29)
RE DNhiH 2 22"k V32

F.- k AL w3 Rfm 20k _am 9 Uz
R~ 'TE R 2R 2« 3 JRI2
_m“vg[aﬂfm)’-_mvg 2 ( ZE'E/m)_,_
R* | 2R 3 2R\R R
2m () 22 F{}* (20
3 ﬁ{*sankmﬁ'; R
20k ugafeme 2y We _yyd e Az
R R?R) ZKi'% mazk”“a?e

b=kl 0,5 5 5

U 2
ég{?n gu(KHH at;) 2 1.2 (K ;’S )

mt QRfm 7 d
2 200 2 -k )

0
2 (k) - 22 i 22)
(8-30)
2 D 2V
% 5 H“'Ea;ﬂ-

In Eq. (8-30) we have used the abbreviations:

>, ¥ R 2 T,
A4-'&;H{§z( ﬁj z (?Rm)%!?]'
ﬂ?-..
R Duo? .
:(/f-fnZw??gmjw%é MRS
v 2m 25
3R Ju?
IR/ ’E /R
a5 = 3o S R L) 5+

’az,..}
tdwm Sy
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9 List of Symbols

Quantities

T
b: C ... configuration of arbitrary unit
vectors

S unit tensor gv&riatiun symbol at Eq. (8-4)
‘Sij Kronecker delta-symbol (components 01’6}
=

-
a,

unit vector for a defined coordinate
direction

=5 -3 - . . . A
ex]e), ) EE unit vectors in x, y, z-direction
total energy per unit mass

kinetic energy per unit mass

rotational kinetic ehergy per unit mass

internal energy per unit mass

-

eddy-kinetic energy per unit mass

flux density of energy C

= m

heat flux density

o i L i B TR T o T
"

friction stress tensor

0,s . .
I symmetric part ofI with zero trace
Tas antisymmetric part of I

ﬂa isotropic part of I

Ku ) Kpn ) Ky

km isotropic shear-viscosity coefficient

axisymmetric shear
viscosity-coefficients

kh heat conductivity
kE k: horizontal, vertical heat conductivity
)

KY isotropic coefficient of rotational fric-
tion

KH KV horizontal, vertical coefficient of
¥ ™™ rotational friction

KU coefficient of volume viscosity

X unit vector of the axis of symmetry

)1{ direction cosines of }\L

1 factor of stereographic map projection

P stress tensor

'Fi. components of P

Ps, ‘Pas symmetric, antisymmetric part of [P
ﬁaaxiﬂ vector referring to 'Pas

"E.'a components of ﬁa

pressure
= mean total pressure = P +

SE

[T e

density

I e

average density

position vector

external angular momentum per unit mass

N7y

internal angular momentum per unit mass
S entropy per unit mass

b= ds X )
= Sﬂ in entropy production per unit volume

T temperature
mean temperature

Q (average) inertia moment referring to in-
trinsic rotations

_b

u

velocity vector

W,V W cartesian cc-rrgonents of D-E
turbulent mean of L

(1” velocity fluctuation

5’.:-,{"" (1" Reynolds-stress

53 (average) angular velocity of internal
particle rotations

-.*
(J; cartesian components of (W

.-’
W antisymmetric tensor referring to (O

L‘lgera tors

'a/axipar'tial derivative with respect to the
space coordinates

’a/bf partial derivative with respect to time
d{dftutal derivative = 3/3{ + EE' v

Dt =2 /ot+ AV

xl.'g vector, scalar, double-scalar product
Y/ Del-operator

\/+ space-divergence of a vector or a tensor
U x rotation (or curl) of a vector

2 symbol designating a sum

T{r symbol designating the trace of a tensor

Coefficient indices

H subscript referring o a horizontal surface
YW subscript referring to momentum
h subscript referring to heat
'R]f subscript referring to rotation
\/ subscript referring to vertical direction
1r subscript referring to volume
Xl,y'.ﬂ designating cartesian coordinates
R'ntfzdesignat'ing cylinder coordinates

{J‘K integer indices; summation indices in con-
nexion with 3
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APPENDIX A

-

1 Balance tquations For External
And Internal Angular Momentum

The equation of external angular momentum can
be derived by vectorial nultiplication of the
Equatlnn of motion (kq. 2- 1} with the position

ver:tor'r , . e, rx(f +V-P)-O.
We find then
g{ f%XL{) -+ > _
§ e + V(TxP)- v/(FxP)-0
—pﬁ |
i + ( Pxr):v=0
N
i - ( P.v x¥ =0
S’%ﬁ’} + V- (Px P)+ (P-VF)xm (A-1)

~
where (P'Vl’)x denotes the vector which is
gained by external multiplication by the vector
pair within the bracket. With well-known tensor
relationships the vector of this bracket ex-
pression can still be formulated in terms of

the total stress tensor, since

(Bvi)- (P-§),=P=-K

Note that only the asymmetric part of the
stress contributes to the vector PX

=+ -+ -+ =
[ AL Tis€ux€s -

T byxbe +ha €€ -

(A-2)

» hence

-
~haexey =

= L (fﬁis 5; * 723 E&’ + Tiléié J

Thus we may alternatively write TDK as the
twofold of an axial vector ﬁ with the com-

ponents T?Fa = '133 = ‘El ) cycl. With
ﬁ
a _ 1 -
Pe = 3 Px (A-3)

we obtain together with Eq. (A-2) that the ba-
lance equation of external angular momentum

= -
- T_;S eéx ex

(A-1) may finally be written as

4R @.(7cP) -2P®
V{xP) = 5 J (kR )

The law of conservation of the total angular
momentum reads

42, g.(7xP)-0

where we have omitted according to de Groot and

(A-4)

(A-5)

Mazur (1969) a divergence term due to intrinsic
flux density.

The balance equation of the internal angular
momentum follows from the difference of Eqs.
(A-5) and (A-4) to

3;%5 - _ P8 (§ G-R = 0&) (-6)
2 The Product (- VP

This expression can be divided as follows

4v-P=(V-P)i-
v-(Pd)-(P-i)v

(A-7)

1l "
<
T&“%
& &

I
wy
<

+

The first part represents the divergence term
of kinetic energy and the second part the ener-
gy dissipation; both terms are effected by the
total stress of the equation of motion.

APPENOIX B

- —

Axisymmetric Tensors Of First To Fourth Order

Unit vector of the invariant axis of symmetry:

-
A =(‘A"‘h’>\l })13) ) )11-' = Direction cosines

e
Sketch-configuration: 4, b , C ch
arbitrary unit vectors.

etc.,



1 Tensor Of First Order (Vector):

E- (KdJKlJKa)

Scalar form: K(A 3) = Z Kiag
Invariance condition: K(}] a)=K(N; &)
Scalar fundamental invariants for polar vec-

=& = - =
tors: A-a _,.)1')\ ,a - a
combinations of them.
Consider that Kf)TJ &) is linear and homo-
geneous with respect to & which is only sat-
isfied by X»lér . Hence

KXa =2 KM a
or Ki=KA;

and homogeneous

K()Tj E_{] = (-1)

K-=KkX

This means that one scalar is needed to des-
cribe the three vector components Kt, Special
case: )\ = (U, 0, 1), invariant direction coin-
cides "‘”'i!,’ the Z -axis of coordinates, which
yields K= (0,0,K]).

Axial vectors must be zero since with the vec-
tors X and f—i no invariant of type (b) of
Egq. (4-4) can be constructed (see also Sect.4,
formula (4-7)).

(B-2)

2 Tensors Of Second Order (Dyads}):
Kij (103 =1,2,3)

a,B)= ZKLab .
b)=K(A 3" B

Scalar form: K(
Invariance cnnd1t.1un K()i

(o ) Polar dyads

Scalar fundamental 1nva.riants )\ /:'\ )\
A'bj4'd,§'b}b b and hurrlugeneous
combinations of them.

The function K(}TJEJEJ is linear and homo-
geneous with r-eSpect to a; b, on account of
which K()\jd faJcould at most depend upon
( )-_ b ) and (d b

This means tha.t

K(A. - A33.3B+36:3k-
={.HM + Bé):ab < 5 (ANX +B8)a b

and

K .FU\X"‘B(S y o or
K,:j:.ﬂ)l,.‘)\j-f-Bgr.‘j

(B-4)

Hence ((gj = P(jg , symmetrical tensor, whose
nine components are determined by two constants
A and B. Equation (B-4) and the condition of
vanishing trace yield together

SKy=0:0=5 AN
“qd

and thus .B = ==

3
1c..
Kt:]"__ Jq()l;_)\)-gtfc;) ) or

K = A(XA-39)

(B-5)

(‘B} Axial dyads o
Scalar fundamental invariant: )\-(axb] with
which we obtain for the scalar form

K(X;3,B)=PX-(3xB) =
=2 P€ix )\Kaibj

that the form depends linearly on a, bj‘ Thus

showing

we find

Kij = P2 €jr Ak
We insert into Eq. (B-6) the values of the per-
mutation tensor 6.;}';( , i. e

€123 = €231 = €312 =1, €437 €43,7 €324 A
all other elements are zero, and obtain K{j

(6-6)

in matrix as well as extensive notation as fol-

lows
0 Az A
KL]=IP—)L3O )‘:4 JDF
Ay Aq 0

(8-7)

(8543

It is easily seen after external multiplicaticn
within the pairs of unit vectors of Eq. (B-7)
that K can alternatively be expressed by the
vector

TK, = PA = P(Ay 22 0s)

{3‘} [f the invariant direction is 1dengca1
with the Z-axis of coordinates we have A =
(0, 0, 1). Then polar tensors K{J are in accord-
(B-4) and (B-5) diagonal of the

(B-8)

ance with Egs.
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form

K-*BEO -';—quO
:.i‘O

B+ R ) O Kq: 3

A
O -3
while the axial version of Eq. (B-8) may be re-

presented by the vertically directed vector
A -3
7Ky = PE;

3 Tensors Jf Third Jrder:
Kt'.jl»( (':,lj K= ~1'r2.‘3)
—%
E:]: z Kﬂjl{a;;bj Ck

Scalar form: K(ﬁ a b
ja‘!leEl‘)

Invariance condition:
=y
K(*;3,6,2) = K(A

{{ ) Polar tensors

Scalar fundamental invaraants )\ R J hy 31
- - - =
»b i a3,3h,8C bk, EC,CC

as well as homogeneous cumbmatmns of them.

The form K(}?’EIQIE’} depends linearly and

homogeneously upon a. b, ¢, on account of which
L

only the four combmatwns {)\ d;‘f'}‘d: k f J

( 3B-2), (A (/‘: ¢)(3- [y

are to be taken 1nto cons1deratwn Thus we may
Write

K(A&,5,2)=A(R3)(AB)(R-T)+
+ B(AZ)B-T)« CAB)ET)+

+D(RENEB) =2 (ANAja
4,k
+EALJ‘.IK + C)lj‘ JLK + J)‘-KCI-{_} )&L b} Ck
and
Kijk = A2 2k + BAc e
(B-10)

+CAjdi + DA dyj
This formula shows that the 27 components of
K‘:jk are determined by four differing con-
stants if the indices are not subjected to fur-

ther conditions.

Consequences of the symmetric conditions (3-11)
(a) Kf;jx = Kjf,x and Kq‘x = chj
_H)IL'Aj)IK*B)IgQEK* CAj Sin + I (=
AXA A + B ik +CA ik + DAy dji —

(b) 2 Kijg =0 i. e.

- (=R { —H}'LAJ’XK'{LB()‘L%K'*)')J{K)
+ 'D')'KJLJ =_H)1[AKAJ- + B(Al:orkj + Ak l:l:;:]
+ DAy = 3=C=0, D=0

Zero trace with re-

Spe:?t to the first pair of indices. From (a)
thus follows that

2 Z -
ASHN 2= AMWZH = Ade=0

which is satisfied for each direction cosine
Ak if A = 0. Together with the results of sec-
tion 5 a we obtain then

Kt'j;( =0

Polar axisymmetric exchange tensors of third

(6-11)

order must therefore disappear under these con-
ditions of symmetry.

( [3 ) Axial tensors

&+
Scalar fundamental invariant: 3 (beJ with
which the scalar form can be formulated by

K(%.3,8,2)- ad-(Bx?) =
= 2 Q 'Eij.k' d.t- bJ.CK

as linear and homogeneous function of the ex-

pression af hj Ck' Hence

K{jk =@ E‘-IK with

€123= €39 = €130= 1 (5-12)

EEIK ) €132 = Eua = 5531 =-4

€iik = €= €iji =0
Since the permutation tensor EtJK is completely
ant'lsyrrmetrm the tensor KCJK must also be an-
tisymmetric in all its 27 components.
Thus, subjecting K{:jm of Eg. (B-12) to any
symmetry relation quoted in sect. 3, e. g,
Kijk = Kjex - or KL’jK=K£Kj the necessary
and sufficient condition to be satisfied is

Q=0 ) Kth:D

which shows that axisymmetrically axial tensors

(B-13)

of third order must also vanish under any index
symmetry.
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4 Tensors 0f Fourth Order:
KﬂjK:ﬁ (i, ., k, 1 =1, 2, 3)

Scalar form:

K(Xi‘g:gie:zn)

=2 Ktjx P
Invariance condition:

K(%;3,8,2d)=K(33 5 ¢ d)
Scalar fundarnenta] invariants:

<y

by X-E,X-E,h-c?h-%;é EJ_E‘\"&?,
g‘EJg'EIE.Elg.zlbrdlcc!—E {Fr‘

ool
with which 10 a ._5. <, d - linear combination
(R-3)(RBUNCIR- L), (R ( } ot)
(R -QNEE), (RN5-E) &), (3B)x
x(XT)E L), (R J(Xé‘)(&'c ( E'J(E"’

*&C (agfc,ol EEJ(E“I ?(a*JJ(E'C

can be formed needed to determine the axisym-

. = % = 4 =%
metric form K(A;3,b,cC )
previous equations we then have:
K ?1 3 b,c

5 b.¢ A= AR3)(FBIR2)AZ)+
+TB(.>. é')i’B')fc L)+ C(A-E)(R-L)(&-B)+
DX SN XL B-L)+ E(F-BYA E)&-X)+
SN LIRENE-T)+ G(ARIR-L)(E-2)+
+H(EARN(E L)+ TE-2NB-C)+ KELIB2):

(B-14)
=z _H)}c)liﬁ,())ﬁ*ﬁ)l/‘!j K£+
t),K L

_*CAK;‘,E

.In analogy to

-

:)/.!\ AkéJz*Eh AK et
"':F)!L‘ )1£C[J'p; * G hj)‘.aJc}-t + HJ{-J Jx,: *
+IJ5KJJ£ + K‘fa JJ'K }ai Bj Ck "{,E

from which follows

Kf,'ju,g, :_H)\L)}j A )Ii +B ‘}"L)}J JK.E *(B-15)
+C)|Ko)lj d‘” * D)ig')}k Uﬂ‘c + E),J-’!lk_cr[_f"'
+:F’}"'-‘)'ﬁ J}K+ G/}lj)l‘gcrlk + HJ{jJ‘(‘f_*

+I JE-KJJ-.E + KJL'_Q_ J.IIK

A1l Bl components of the axisymmetric tersor of
4th order are completely described by means of
the 10 scalars A, B,...... K.

Further index conditions due to Eg. {3-1Z)

(a) Symmetry with respect to both pairs ¢f
indices:

Kijre = Kjike = Kijax (L-16)
[t is obvious that the terms connected with tne
parameters A, b, C and H in Eq. {E-15) are a
priori symmetrical in both pairs of indices.
Consequently, condition {B-16) acts restricti-
vely only on the remaining 6 expressions. There-
by one is easily convinced that, in order to
satisfy Eq. (B-15), 0 =E =F =Gand [ = K
must be valid, on account of which K:.'J'K,E

still depends on six different scalars, i. e.

Kt'jp;_g =ﬁ}.¢}\j Mg+ BAA ke + (417
+( Mg tﬂ‘j '*J’()i.-."\w sz + A Akdee +
At kg i)+ H e

+ I(JL'KJJA * Jf,t ij)
(b) Z KLLKL‘D

first pair of indices).

(vanishing trace for the

As both equations (B-15) and (B-17) are inde-
pendent of the ﬂrection and the value of the
1'r_1:rar"iant axis A , we set for convenience sake
A = (0,0, 1), i. e. the vector of the inva-
riant axis is assumed to coincide with the unit
vector of the vertical direction of a cartesian
system of coordinates.

Alternative cases:
(K) ifK=£=10r 2B+ 3H+:T=0
{ﬁj ifK=£=3~_A+3(+4D =y

(y) combinations for K+X£ do not imply fur-
ther conditions for the 6 scalars,

(5-13)

(b-19}

(c) > KthK =0

secun'é pair of indices)

(vanishing trace for the

We set again, according to (b

A=A (Ai=diz)

)y )k,f:«’\l:DJ
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Alternative cases:

() if A =9 =1or2-(C+3H+2 =0 (B-20)

(B)ifa =) =32 A+3B+4D =0 (8-21)

(§) combinations for 4 +; do not imply fur-
ther conditions for the 6 scalars.

Equations (B-18) to (B-21) yield
C=R§, I=-% —%H , A= -(3B+4D)(B-22)

with which Eq. (B-17) then obtains the form

Kije = -B8+ D2k de+ e2a)

+B(AcA] ke *Akde 6 )+ D (A M e+

NS+ Ao S e i)« Hede
= 2(8+3H) (Jicdje +de k)

A1l 81 components of the fourth-ranked tensor
K are expressible in terms of three differing
scalars B, U and H. Under the given forced con-
ditions of symmetry Eq. (B-23) represents the
most general and simplest form of KL'J'KL ‘

With regard to practical applications of Eq.
(B-23) i. e. in order to investigate eddy-fric-
tional processes in the atmosphere and the o-
cean (see Sect. 4, 5 and 6 as well as Kamen-
kovich, 1967, Monin and Zilitinkevich, 1968)

we will introduce, instead of the coefficients
B, D and H, the coefficients |, Ky, Ky,
through the following relations

Ky = -(B+3H)) Kyu=-3(B+H),

Kyy=-2D - (B+3H) , or (8-24)
-K -
3- KH;{ HH ,3=KH"; Ky
H= Kuu  Ke -Kuu
- K4 ]

Then Eq. (B-23) can be written in terms of the
K-parameters as follows:

Ktjm = % (JL'KJJ'L *JL'ETGKJ -

L( (B-25)
?H CrLJ JKE *

+ KioKu (30 S de e -
- JLJ crkg)

+ k*“';;[kl'{" ()\6 AK JJ,E + )‘j AKJLLE*
+)\i /\‘,E JJK + Ajﬂzcﬂ'!{)#-

¢ T (Kt 3Kuw = 4Ky ) Ay Aj Ak A
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