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Zur Einfiihrung

Der Deutsche Wetterdienst gibt seit 1963 die ,Annalen der Meteorologie (Neue
Folge)* heraus. In dieser Schriftenreihe werden Arbeiten iiber Teilgebiete der
Meteorologie verdffentlicht, deren jeweiliger Stand in iibersichtlicher und még-
lichst abgeschlossener Form dargestellt ist, sowie Vortridge von Meteorologen-
tagungen.

In dem hier vorgelegten Band Nr. 7 gibt der Autor einen Uberblick iiber den
Stand der Forschung auf dem Gebiet der planetarischen Grenzschicht. Fiir den
praktischen Wetterdienst sind diese Forschungen deshalb besonders aktuell, weil
sie unter anderm auch Lésungen zum Problem der Parameterisierung von (klein-
raumigen) Grenzschichteffekten in groBriumigen numerischen Vorhersagemodel-
len beisteuern.

Die Art der in diesem Band gewihlten Darstellung ist etwas ungewdthnlich. Aus
verschiedenen Griinden, nicht zuletzt wegen der Kosteneinsparung, enthilt sie
eine Reihe Abdrucke von Publikationen des Autors in wissenschaftlichen Fach-
zeitschriften aus den letzten drei Jahren; diese sind zusammengestellt und mit
einem verbindenden Text in Kapiteln angeordnet worden. Hierdurch mag zwar
die Einheitlichkeit und Geschlossenheit bis zu einem gewissen Grade verloren-
gegangen sein, der Leser hat dafiir andererseits die Gewihr, daB ihm nur neueste
Ergebnisse dargeboten werden.

Dr. E. SUSSENBERGER
Priisident des
Deutschen Wetterdienstes

Preface

Since 1963 the Deutscher Wetterdienst has been issuing the ,Annalen der
Meteorologie (New series).” In this series not only papers are published about
different branches of meteorology, the actual status of which is represented
clearly and in-a possible completed form, but also proceedings of meteorologi-
cal meetings.

In the present volume 7 the author gives a survey of the status of the research
activities in the field of the planetary boundary layer. For the practical meteo-
rological service these research activities are of particular interest as they contri-
bute among others also solutions to the problem of the parameterization of (small-
scale) boundary layer effects in large-scale numerical forecast models.

The representation used in this volume is somewhat unusual. For different
reasons, last not least because of saving costs, it contains a number of reprints of
publications of the author in scientific journals from the past 3 years; they are
compiled and arranged in chapters with a connecting text. Thus the uniformity
and completeness may be lost to a certain degree but on the other hand the reader
may be sure that the latest results only are offered to him.

Dr. E. SUSSENBERGER
President
Deutscher Wetterdienst
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Foreword

During the last ten years, approximately, the num-
ber of scientists interested in the boundary layer of the
atmosphere has considerably increased; the number of papers
in this field has increased likewise. There are several rea-
sons for this development. One of these certainly is the
need of a parameterization of the boundary layer effects in
models for the numerical weather prediction or in models for
the simulation of the general atmespheric circulation. Such
models have been improved in recent years to a state, in
which the incorporation of a more detailed description of
the boundary layer is indispensable.

By this time there exist several monographs and re-
view papers on the atmospheric boundary layer. The first
book to be mentioned in this field was issued 1961 by LAIKHT-
MAN, a second revised and enlarged edition of it followed in
1970. ZILITINKEVICH, LAIKHTMAN and MONIN published a review
paper in 1967 in the Proceedings (Izv.) of the Academy of
Science USSR. In 1970 a monograph by ZILITINKEVICH appeared
and in the same year a review paper by MONIN in the Annual
Reviews of Fluid Mechanics, which is the first comprehensive’



paper in English. One year later, in 1971, the U.S. Atomic
Energy Commission edited the monograph by PLATE.

As far as the surface layer is concerned two earlier mo-
nographs should also be mentioned, that by PRIESTLEY 1959
and another one by LUMLEY and PANOFSKY 1964.

Very recently the American Meteorological Society publi-
shed the lecture notes (ed. D.A.HAUGEN] of a workshop on
micrometeorology, held at Boston, Mass., in August 1972.

All these books and papers have in common to treat
the surface layer at full length but the whole planetary
boundary layer to a much less extent. This is clear since
the processes in the surface layer are much better under-
stood than those in the planetary boundary layer; they can
be measured by instruments mounted at masts or at towers
and they méy be predicted theoretically more easily on the
basis of simplifying assumptions (e.g. constant fluxes) va-
lid only in the surface layer.

In the present book the atmospheric boundary layer is
treated as an entity and a subdivision of the planetary
boundary layer into the surface layer and an outer layer is

avoided deliberately.

The title of the present monograph "The Planetary
Boundary Layer of the Atmosphere" possibly looks pretenti-
ous. However, in the first chapter, a definition of the pla-
netary boundary layer (PBL) is given, showing it as an ab-
straction; it is based on several conditions, which will
certainly not be satisfied in the real boundarf layer of
the atmosphere. Rather one has to assume that the real boun-
dary layer differs only a little from a PBL and that the re-
sults obtained for the PBL can be applied to the real boun-
dary layer.

For the purpose of a parameterization of bounda-
ry layer effects a restriction to the surface layer is pos-



sible only in such cases where the numerical prediction mo-
del, for the sake of which the parameterization is made,
calculates the large-scale variables in a level located at
the top of the surface layer (i.e. very roughly at 30 m ).
In most prediction models, however, the lowest layer, at
which large-scale variables are computed, is located at a
much higher level, often not below the top of the planeta-
ry boundary layer. For this reason, the processes in the
whole boundary layer have to be understood, if a paramete-
rization of boundary layer effects is attempted. Since in

this book the main emphasis is laid upon the possibilities

of a parameterization, the whole planetary boundary layer
must be taken into consideration.

In this respect the fourth chapter is of princi-
pal importance, it is devoted to the parameterization of
boundary layer effects by applying the so-called resistan-
ce laws. Obviously, this central part of the book has to
be preceeded by some introductory chapters (one to three),
in which the definition of a planetary boundary layer is
given, the problems of modelling it are discussed, and the
structure of the planetary boundary layer is studied. In
chapter five the consequences of the assumptions of hori-
zontal homogeneity and stationarity in the boundary layer
are investigated, which were required for the purpose of
the parameterization based on the resistance laws. Such a
parameterization will probably also fail, when the bounda-
ry layer is dynamically unstable, i.e. when large longitu-
dinal vortices are formed in the boundary layer. Vortices
of this kind are investigated in chapter six.

Chapter seven, about the turbulent diffusion in the pla-
netary boundary lﬁyer, is restricted to such problems of
the turbulent diffusion, in which parameters of the plane-
tary boundary layer are involved.



This book consists mainly of a collection of pa-
pers of the period 1970 - 1973. Some of these papers have
been published jointly with Dr. D. YORDANOV of the Academy
of Science of Buigaria in Sofia. They date from the peribd
(1970-1971), which I remember gratefully and with pleasure
as two years of a fruitful cooperation with Dr. YORDANOV,
when he stayed at Darmstadt as a research fellow of the A.
v.Humboldt-Foundation. Another paper of this book has been
published jointly with D. ETLING and H. LEYKAUF. The book
also contains the diploma-thesis (in German) of D. ETLING,
a paper for which he obtained the award for young scien-
tists 1971 of the German Meteorological Society.

Since the book is mainly a collection of recent-
ly published papers, the symbols are not completely uniform.
In the list of symbols at the end of the book all those sym-
bols are entered, which have been mainly used; I tried to
indicate different symbols for the same quantity.

The pages are numbered at the top throughout the book.
The page numbers of the original papers have been retained
(at the bottom of the pages). It was not possible to number
the equations consecutively; they are numbered beginning
with (1) in each of the reprinted papers.

With respect to the English: I did my very best. The rea-
der is kindly requested to overlook mistakes and inaccura-
cies.,

Nearly all of the published papers appeared in the
"Beitrdge zur Physik der Atmosphire"; thanks are given to
the VERLAG F. VIEWEG in Braunschweig, Germany, for the per-
mission to reproduce these papers. Another paper appeared in
the journal "Atmospheric Environment" and still another one
in the "Meteorologische Rundschau". The permission for the.
reproduction of these papers has been granted by PERGAMON
PRESS OXFORD and the SPRINGER VERLAG HEIDELBERG; this is



gratefully acknowledged.’

I wish to express my gratitude particularly to
Dr. E. SUESSENBERGER, the President of the Deutscher Wetter-
dienst; he gave his permission to publish this book by his
organization. Dipl.-Met. M. SCHLEGEL, the Chief of the 1li-
brary und publishing section of the Deutscher Wetterdienst,

provided me with his helpful assistance, which I acknowled-

ge thankfully.

D;rmstadt
July 1973
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CHAPTER 1

The Planetary Boundary- Layer :

Definitions and Equations

As pointed out already in the foreword the planetary
boundary layer (bBL) is an abstraction; it is a special
(theoretical) case of the atmospheric boundary layer with
conditions, which in reality are never satisfied simulta-
neously.

The purpose of this first chapter is to give the definiti-
on of the PBL; this is done by the following equations (B),
(9) and the inequalities (l0a') - (1lOc') and (20).

In this chapter the eguations governing the PBL should al-
so be givenf they are derived by starting with the basic
equations and applying the conditions of the PBL. This is
done not only for the mean quantities u , v ’ §~ and s
but also for the different kinds of energy as the kinetic
enerqy §'G‘f2 of the mean motion, the turbulent kinetic |
energy Q&v")* /2, the internal and potential enerqgy ﬁta§+¢)
and the latent heat QITQ. A set of energy equations is
derived showing the transformations between different
kinds of energy. The energy budget of the PBL, however,
based on this set of energy equations, is considered in
chapter 3.



l. The Basic Equations

The starting point for the formulation of the boundary
layer equations is the set of the basic equations, namely
the equation of motion

Q-‘-"-+(v-\7)v +20 xv ==-VJ - Lvp + L(V.F) (1)
at : 9 9
| 2
IF = (":*P[Vw - \vV—-g—(V'v)lE‘]
€= ii +jj + KKk

the continuity equation

at * {? vi=o '
the thermodynamic energy equation
a1 c 6Q°
- . -t - A - 2 3
g7 H(v-V)T +{cv b1 (Vv) < (3)
and the equation of state
p = R?T (4]'

where w with the components u , v , w 1is the instanta-
neous velocity, p 1is the pressure, Q the density and T
the temperature; 60" is the diabatic heating per unit mass
per unit time, R 1is the gas constant for air, cp is the
specific heat at constant pressure, Cy is the specific
heat at constant volume, ¢ is the geopotential (V® = |k g
with g the gravitational acceleration), v is the kine-
matic viscosity and J{2 is the vector of the earth's rota-
tion. '

The set of egs. (1)-(4) contains six equations for the
six variables u , v , w , p , Q . T ; the system is closed,
if 60" 1is given.



2. The Definition of the Planetary Boundary Layer (PBL)

. The boundary-layer of the atmosphere is called a Plane-
tary Boundary Layer (PBL), if
(a) the boundary-layer flow is turbulent
(b) the mean flow and the turbulence properties are sta-
tionary
* (c) the mean flow and the turbulence properties are hori-
zontally homogeneous
-(d) the molecular transport of momentum, heat or moisture
can be neglected, as being small compared with the
corresponding turbulent transport.

Condition (a) requires to consider an averaged motion;
an average with time will be applied, either the arithmeti-
cal mean or the barycentric one (i.e. weighted by the den-
sity)

+ Al .
S 1 - '
V(1) = 5 [y (tex) de (5a)
-At
with
v o= ¥ o+ v, Y= 0 (5b)
or
/\'\ 1 + At _
vy (1) :mfgw(t+f)df (6a)
-At
with A ,. -~
Yo=Y +v Y = 0 (6b)
These two averages and their deviations are interrelated by
—_— A o S ~ A
Y =Y+ Y=Y . Y=y 0w
» —— “ —
Y -%Y =Y = -v (7b)

The conditions (b), (c) and (d) mentioned before may be



- l0 -

written as follows:
The condition of stationarity

— —
_6_{ ..... } - 0., } = 0 (8)
at ot
The condition of horizontal homogeneity
[P — .
| \VA { ..... } = ga{ ..... } = 0 (9)
except VY p = - '§Ik>< ﬁr\g

mlm Hh

A A ~
and V. T = - Tﬂc><dwg/dz

The neglect of the molecular transports in comparison with
~ the turbulent transports of momentum

(V- | << [(V-[gv'Vv']) (102)

of heat

vz{cv §-T“ }I << Cf’ V'{g W f&“}| (10b)

and of moisture

Vi3 3)] << | Vg ve)] | (106)

Vs

or in the PBL respectively

t_ﬁ << Ij—z{gw"v"ﬂ (10a*)
wlgfe st << o £V tom
5 [958} << |& (v

The index h means either "heat" or "horizontal", the in-
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dex s means moisture and the index g geostrophic; f =
22 sin(y) is the Coriolisparameter and [k the unit vec-
tor in the vertical. The two inequalities (10b') and (10c')
will be explained later.

A consequence of the conditions (8) and (9) is

Y

w = 0 (11)

which can be seen by applying the averaging procedure (5a)

to the continuity equation (2); one gets
% . |
2 sve[3e] = o (12)
ot .

Consideriné the conditions (8) and (9) it remains

g;{cgﬁ} = 0 - (13)

or §ﬁ = const.. This constant must be zero since the earth

surface can act neither as a source of mass nor as a sink;
it follows eq. (1l1l).

3. The PBL-Equations

From eqg.(l) together with eq.(2) an equation for the
momentum can be obtained, which reads after an averaging
according to (5a) as

gt—:{c_g\:'} +V-{§\¢r€r} + 2@905}? = (10)

= -qV(E -VE + (V-F) - (Vegww)

One gets from that by using eq.(12) the averaged equation

of motion in thé form
(15)

Vi F - 3

?;—-;.4- (@'-V )\G + 20xw = —\/@ - Vp +
t

qOﬂ—*
HQQ—l
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This equation is reduced in the PBL by the conditions (8),
(9),(loa') and (1l1) to

£k x {\G,, - \:r,} = - Jq_— %E {o ww'} (16)
>p .
— + gg = I 1 g— [Qw")} (17)
oz ' g dz .

£f* = 28 cos(y), w is the vertical velocity and w, is
the horizontal velocity; the index WE means the west-east
component.

In eq.(17) the two terms on the left-hand side are of

the order of 1 g cm™? sec™?, the terms on the right-hand

side are of the order of 10_l - 1072 g crn-2 E.ec-2 and may
therefore be neglected; the remaining left-hand side is the
hydrostatic equation.

Eq.(16) is written in components as

~ A . d T T, d -
f{u -ug] = E{_QL} + 73'3-? (18a)
- v - = 4 [T . d_ o
B{v-vy) = dz{q} Az s (18b)
where N
T, =-quw P T, =9 v w" (19)

The orientation of the horizontal coordinates is not yet fi-
xed. .
The terms appearing in (1l8a) and (18b) are the largest

at the lower houndary:.there the first term on the right -
hand side is 51072 - 1:107! em sec_z, but the second term

on the riqht-hand side is 1-10“3 - 5'10-3 cm seac-2 only,

. 1180 § l d,r.

T az

< < (20)

1
5 a

The neglected vertical gradient of density can be written



also R
' 1 do c. g 1 4o
-2 - - = -z — (21)
q dz PRT < dz
where k
J T |2 k ( )/
ol p - %v/%
is the potential temperature.
With the neglect mentioned before the PBL-equations are
A A _ d hof
flu=-14.) = E{—g-} (22a)
S
- £ {;} -3} = d_{__'ﬂe (22b)
g dz| —
p!
The boundary conditions are at the lower boundary
z =z u = v =0 (23a)
Ty = Teo - e ™ T _ (23b)
and at the upper boundary
_ A A A A 2
zZ = zg : u = (ug}T , Vv = {vg)T (23c)
= T' =
T, v o] (234)

where z, is the roughness-length; it is that fictive height
above the ground (z = 0) to which the lower boundary must be
elevated because of the existence of roughness elements. Zn
means the height of the upper border of the boundary-layer,
at which the velocity defect ( ¥ - w-) as well as the Rey-
nolds stress vanishes . In most cases this height is not known
therefore in PBL-models this height is often shifted to in-
finity.

A third PBL-equation can be derived from the thermodyna-

in a barotropic PBL
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mic energy equation. However, instead of eq. (3) the form

29 + (wy)T = 17 gy (24)
ot Ce p

will be used with the potential temperature +r as defined
in eq.(2l). An averaging of that eq. (24) yields

‘b -~ Y -~ 1 S’ - 1 " "
&5+ (v 22 } sV [ v'¥]

The diabatic heating 50° consists of several parts

‘?TQ.)I = -ohvl{cv§ff'} (26a)
FSQ')II = IF--Vw = ge_, €. >0 (26b)
E?_&;'_JIII = IFV' = g £y o €¢ 70 (26¢)
(@ 80" ), = - (V-IR) (264)
(g 60*), = -gurés (26e)
Yh [cm2 sec-l] is the.coefficient of molecular heat trans-

2 sec”3] is the rate

fer (the thermal conductivity), & [cm
of kinetic energy, which is dissipated per unit volume and
per unit time and converted into heat (the index m indica-
| tes the mean flow, the index t the turbulence); IR [cal
em™? sec™!] is the radiative flux and L [cal q-l] is the
condensation heat pef unit mass. ®s is the amount of wa-
ter vapor condensated (6s < 0) or evaporated (6s > 0) per
unit time. (The mechanical equivalent of heat is needed for

a comparison of these five parts, it is A" = 2,389 10-8 cal

g-l em™ 2 secz).
Part I represents the divergence of the molecular heat

flux; in a PBL the horizontal divergence of this flux vani-
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shes according to condition (9), the remaining vertical di-
vergence can be neglected in comparison with the vertical
divergence of the turbulent heat flux, see condition (1Ob').
The exception in eq. (9), the horizontal temperature gradi-
ent being different from zero in baroclinic cases, does not
mean that a divergence of the horizontal molecular heat flux
can exist in such cases: the horizontal homogeneity of the
baroclinicity requires that the second derivatives of % va-
nish with respect to the horizontal coordinates. '

Part II and III represent the conversion of kinetic e-
nergy into heat; since the shear of the flow is involved,
see'eq.tll, the dissipation of kinetic energy of the mean
flow is much smaller than the dissipation of the turbulent
kinetic energy

E'm < < Et (27)

but even the turbulent kinetic energy contributes a very
small amount to-the internal energy (compared with the other
heating terms) and therefore may be neglected too (in the
equation (25), of course not in the equation for the turbu-
lent kinetic energy).

Part IV reduces in a PBL to the vertical divergence only

) = = — (28)

The radiative flux Rz consists of the short wave part and
the long wave part, where the latter is the more important
one.

By writing

n

A . _ > v "
(360 = R (380 R (5) (g &%) (29)
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the five expressions of (26) can be used in the eq. (25).
One gets for this equation with the PBL-conditions (8),(9),
(10b') and (11)

dRz

4 (T
{Q " ] * dz

cp dz § = 0 (30)

K> P?
6>HP>'

A divergence of the turbulent flux of sensible heat can be
compensated either by a convergence of the radiative flux
or by a heat release of condensating water vapor.

For the turbulent flux of sensible heat the abbreviation

a = c,Q w" " (31)

will be used. In a non-radiative (Ez=0) and dry (§=0) PBL
the turbulent flux g of sensible heat must be constant
with height as follows from egs. (30) and (31) '

q = dq, = const (32)

According to condition (9) the horizonfal gradient of the
averaged temperature can be different from zero (baroclinic
PBL) . Setting Vh';‘ ~ Vﬁé' one gets an additional term
in eq. (30) for baroclinic cases

- f A ~ .
- e, g T g k[vy x dv,/az (33)

kY
]

This convergence or divergence of the turbulent heat flux

in the baroclinic case compensates the temperature advec-
tion due to the cross-isobaric flow, which takes place main-
ly in the lower part of the PBL.

Evaluating the turbulent heat flux g by integrating the
eq. (33) numerically with a \@h-profile obtained from a PBL
modeﬂand with a given baroclinicity CR /dz = const). one
finds a variation of g through the whole boundary-layer
which amounts to very few percent of 94 only (if usual va-

lues of the baroclinicity are chosen). Therefore this ef-



- 17 =

fect can be neglected too.

| Finally a fourth equation can be derived for the turbu-
lent transport of moisture; we start with an equation for
the conservation of moisture

&£ - %v‘ (g s} + s (34)
where s 1s the water vapor (the specific humidity or the
mixing-ratio) and 1E' is the molecular transport coeffici-
ent for water vapor. The first term on the right-hand side
represents the divergence of the molecular transport of wa-
ter vapor; the second term represents the source or sink of

water vapor by a change of phase, where bs is the amount

‘0of water vapor, which is lost per unit time by condensa-

tion or sublimation (bs < 0) or gained per unit time by eva-
poration tés > 0).

Combining eq. (34) with the continuity eq. (2) and ave-
raging one gets

;’—i + (wV)s = -%:-\71 {Fg s} + o5 - —%—V{q v s’} (35)

With the PBL—conditions (8) ,(9),(10c') and (11) this equa-
tion reduces to

%E[ Q w's') = § 6s (36)
The turbulent moisture flux should be abbreviated by
j = quws (37)

Now one has the following set of PBL-equations for the
turbulent fluxes of momentum, sensible heat and moisture

d T, A A
3;[}:‘] = -f{v-v } (38a)
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d | T, - . 4

== = f {u - ug} (38b)
g - 5 _
-g-—z-{q) = - ? %{Rz) - =g Lés (38c)
T T
d = qa
=) = g és (38d)
with the boundary conditions
Z =2z, Tﬁ = (rx}o ' f& = ‘Ty}o
U = v = 0
zZ =z, : Tx--(‘c'xJT ' TY=(TY}T
Y - . A A
u = (ug)T ’ v = (vg)T

In the barotropic case is
(Tlp = (T )y = O

(ug}T = tuglo y v ) = (v)

Almost all efforts to solve the boundary layer problem
~are concentrated up to now still on that part, egs. (38a)
and (38b), which is concerned with the momentum. Of course
the stress profiles ‘rx(z) and -r?(z) one wishes to ob-
tain depend certainly on the thermal stratification and by
that they are related also to the egs. (38c) and (38d). How-
9ver; up to now only such cases are solved for which gq is
constant with height, i.e. cases of a non-radiative and dry
planetary boundary layer. |
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4, The Enerqgy Equations for a PBL

A set of four equations can be derived for the kinetic
energy of the mean motion, for the turbulent kinetic energy,
for the sum of the internal and the potential energy and fi-
nally for the latent heat. It should be studied how these
equations are reduced in a PBL, what the gains and losses of
a kind of energy are in a PBL and which energy transformati-
ons occur in a PBL.

We start with the averaged equation of motion in the
form of eqg. (15), we multiply that by Qv and add to it

‘the averaged continuity equation (12), which itself is mul-

tiplied by ©2*/2; one obtains an equation for the total ki-
netic enerqgy (per unit volume) of the mean motion:
D [ = &%} - A wr
{33 *V{‘% E}‘

Dt (40)

= —q‘\;V@ - \%*‘VE + \;V“[.ITET-qV"v“]
where the last term may be written as
GVAF - gu) = VIGTF) - Ve gww) -
-ge_ + qw'v' -V (41)

In the third term on the right-hand side the abbreviation
(26b) has been used.

In order to get an equation for the turbulent kinetic
energy the equation for the total kinetic energy will be de-
rived and from this the eq. (40) will be subtracted. Star-

- ting with eq.(l), which has been multiplied by @ w and to

which the continuity equation (2) multiplied by w*/2 has
been added, one gets

(42)
2oy} + Vo{ovwy) - -3VE Vs ¢ WV w
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or parti_tioned into the two kinds of kinetic energy

_ A2 i — A A (wh)E
S35} + L) + v (39F) + wfv g BT
+ Ve [qu @l LG~ B+ gwe) -

-V{w;‘..llf‘} = (43)

=-3¥WVQ - ¥Vs - v.Vp - 3¢, - 3¢

Subtracting eq. (40) with (41) from eq. (43) one obtains an
equation for the turbulent kinetic energy

2 {q .W;é'l.l} + V’{\v 9 (v }l} + V'{? w"_(w—;r} -

-Vi{wv'vIr} = (44)

= - w"'Vp - .% €, -_cgw"w"--v';r.

An equation for the internal energy is given by (3); of
course, it has to be averaged after being multiplied by Q
and combined with the continuity equation (2), which itself
is multiplied by T . It res_ults

D _ A _ A I
‘;{cvqT ¥ V{pq T} 4 V'{cp‘?WT] -
= _.;i@.vcp + vVp + vVp + q 60° (45)
where |
qEQ" = «?..Vz[cva:f‘} + a e * E £, -

-V-R - orés

as explained in the notes following eq. (26).
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An equation for the latent heat is already given by eq.
(35); it contains the moisture per unit mass. In order to
have an equation for the moisture per unit volume eq. (35)
must be multiplied by Q and combined with the averaged
continuity equation (12), which itself is multiplied by s.
One gets '

- A A

® {§ é} + -Vﬂ{q W s + 'Wﬁ{§f§7§T] -

>t | (46)
- % V*(g8) = gbs

The resulting set of equations (40),(44),(45) and (46) is

"given on top of page 22 in a somewhat rearranged form. The

four equations contain as first term the variation with ti-

' me of the considered kind of enerqgy; the next three terms

in each equﬁtion are the divergences of the energy trans-
ports by the averaged motion, by the turbulent motion and

‘by the molecular motion. The terms on the right-hand side

of the four equations appear twice (except V-IR ) with an
opposite sign. These are the rates of conversion of energy
from one kind into another.

In the lower part of page 22, eqs. (47) - (50), the sa-
me set of energy equations is given, but reduced by apply-
ing the PBL-conditions (8) - (11). On the left-hand side
are the divergences of the turbulent vertical fluxes of the

four energies; the quantity o wwvew, = - (T-w,) in eq.
(47) can be interpreted indeed as the turbulent vertical
flux of the kinetic energy of the mean motion. In the con-
version term (a) on the right-hand side the geostrophic wind
equation has been used, see in condition (9). The conversi-
on terms (b) and (c) originate from the term (v-V)p, which
Can be transformed in the following way

(v“V)p = (wV)p - (w-V)p
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= (¥-V)p + (WV)p -2q(wV)p
]
= V-vp) - p (VW) - =3(WV)IE (51)
]
the term p'(V-v') is assumed to be zero; however this can

not be proved. In the atmospheric macro-turbulence this cor-
relation certainly is different from zero but in the micro -
turbulence itlpossihly vanishes. ,

With the PBL-conditions and the before-mentioned assumptions
the eq. (51) reads

" 1 ] |-bp d ! 1
(w'V)p = -=0ow 2 + —{wrp]
N ? oz dz
and by applying the hydrostatic egquation
(V"V)p = gquw + S(wp) (52)
- ? dz

This equation has been used in order to obtain the conversi-
on terms (b) and (c) in the egs. (48) and (49). The terms
(d),.(e), (g) and (h) remain unchanged when the PBL-condi-
tiones are imposed. The conversion term (f) reduces to the-
scalar product (T‘-d~§h/dz) } where £he abbreviation (19)
has been used.

In order to get eq. (48) in the usual form of the budget

of turbulent kinetic energy in the equlibrium

A _— - (53)
. v, o T -9 (ow Y™ -8 wpl -oge =

(T 3Z) *a T -Fmw )o@l -g8 =0

some more assumptions have to be made beside that one

already made

p' (V') =0 | (54a)
namely o ‘ 1
B2 ,1e. 8~ -2 (54b)
p T Q T
by which S -
g:q'w' x =-g3w'rT
T

Furthermore must be assumed

c‘gw'f.r' ~ QqwT (54¢)
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The result eq. (53) can be reached also when one starts
with the Boussinesq approximation in the beginning, i.e,
the assumptions (54a), (54b) and (54c) are the main con=-
stituents of the Boussinesq approximation. In order to
be able to apply the flux-gradient relation the turbu-
lent heat flux should be expressed by fluctuations of
the potential temperature. This reguires two
assumptions more

Q w'T = Q w ' (544)

~ Qw¥ = q/cp (54e)

The term (b) in egs. (48) and (49) or the second term in
eq. (53) represents the rate of energy converted from
internal energy into turbulent kinetic energy and vice
versa, it is one of the two most important terms in the
budget of turbulent kinetic enerqy. One notices some
contradiction with the condition (13) wvalid in a PBL
when this term is used in eq. (53).

It is worth noting that a "balanced" form of a set of
energy equations (such as the four equations on top of page
22) requirgs a representation of the turbulent flux of sen-
sible heat by qw“T" and not by ?wmﬁ' ; however, the di-
lemma is that the relation between flux and gradient can be
applied only when the heat flux is represented by the fluc-

tuations of the potential temperature.

In order to be more correct, the eqg. (45) should be cal-
led the equation for the sensible heat (instead of the in-
ternal energy) as long as the latent heat, eq. (46), is con-
sidered separately; the latter is a constituent of the in-
ternal energy too.
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Chapter 2

Some Problems in Modelling

the Planetary Bounddi‘y Layer

The PBL can be studied either by evaluating measure-

ments made in the atmospheric boundary layer (eliminating in

some way the effects being not consistent with the PBL con-
ditions of stationarity and horizontal homogeneity) and in

. laboratory experiments or by carrying out numerical experi-

ments with theoretical PBL-models. For the last possibility
one needs a theoretical model, which should resemble to the
true PBL as much as possible, i.e. as few assumptions as
possible should be made for the purpose of simplification.

This chapter deals with some problems occuring in the
development of a theoretical PBL-model. | _
The first part is concerned with the problem of closing the
PBL-equations in general. Two sections follow with reviews
of two types of models, namely those based on a hypothesis
for the eddy viscosity and others based on a hypothesis for

the mixing-length. The last two parts of this chapter deal

with a special model developed by the author himself: an-
other mixing=-length hypothesis is presented as well as a
method for solving the PBL-equations.
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The Problem of Closing the System of the PBL-Equations

A PBL without radiative effects and without phase chan-
ges of the water vapor is governed by the set of egs. (38a)
- (38d) on the pages 17 and 18

d Tl = o A A

E {'—q—} fq v Vg} (la)

d + - A _ A

I [ T{'} f(u ug} (1b)
%% = 0 (ic)
g-;l' = o (1d)

The eqgs. (la) and (1lb) represent the dynamic‘part, they
contain the four variables ?x/§ , Ty/§ , 1, Vv . There-
fore two equations more are needed for a closure of this
partial system; since such two equations are not available
the completion has to be made by two hypotheses.

The second part, eqs. (lc) and (1d), does not state any-
thing about the vertical profiles of the potential tempera-
ture 5(2) and of the moisture s(z) in which one is in-
terested. Therefore one has to combine by two hypotheses
tPe turbulent heat flux g(z) with the temperature profile
Vv (z) and the turbulent moisture flux j(z) with the moi-
sture profile s(z) . Such hypotheses would be the flux -
gradient relations, wich are applicable also to the egs.
(la) and (1b); they are

v, = qk, du/dz (2a)
vy = 3k, dv/dz (2b)
-q = ¢, gk, ad/az (2¢)
~j = Qg kg ds/dz | (2d)
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km . kh R k5 are the turbulent diffusion coefficients for

momentum heat and moisture.
- With these flux - gradient relations one gets for the

egs. (la) - (1d)
%a{kmﬁ—i‘} = - (Vv -y (3a)
g_z-{kmg—‘;'} = f[ﬁ-ﬁg} (3b)
LnE) - o (30
g—z-[ksg%} = 0 | (3a)

In the egs. (3c) and (3d) the vertical variation of the
density has been neglected as being small compared with the
vertical temperature variation; compare with the lnequality
(20) on page 12 (of course, the difference can not be as
large as in the case of the Reynolds stress). )

In the four equations (3a) - (3d) now appear <& and 3;
but the four equations contain seven variables u ' 6‘, é,

s, k. +r kg » kg , i.e. three additional equations are
needed; with regard to the closing problem the situation is
even worse than before,

Fortunately this is not true for the pure dynamical part of
the problem, 1i.e. for the first two equations, (3a) and
(3b); they contain the three variablés u, v ’ km only.
For the dynamics the set of equations can be closed by one
hypothesis only, for instance by prescribing the vertical

profile of the eddy viscosity

a duy  _  _ A A

3z *n 3z b= £ {v-vy) (42)

d dv A A '

-a-E{km.a.E} = f{u-ug} (4b)
k, = prescribed as km{z) (4c)
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. In the second part of this chapter a list is given of
23 models based on a hypothesis for km{z).
Of course a closing in that manner is possible only by the
additional hypothesis, that the éddy diffusion coefficients
for rk and T& are the same; this is implied in egs.
(2a) and (2b). Actually one has the flux - gradient rela-
tions

Tk =g km,x du/dz ’ T? = Qq km,y dv/dz

and one has to assume

k = k = k

An assumption for k (z) 1is not the only possibility
to close the system. km can be-related to another variab-
le and then a hypothesis has to be made for this variable;
it can be the mixing-length for instance. In this case the
necessary relation would be Prandtl's mixing-length rela-
tion

A

gv
dz

2 (5)

If this eq. (5) is used,either the vertical profile 1(z)
of the mixing-length has to be prescribed or an equation
containing the mixing-length has to be hypothesized.
Then the set of equations is

d (.2 du |av|- ~ ‘
= {1 3z |az } = - f(v - vq} (6a)
d 2 av |av]) _ A oa
sl |El = £ (u -4 (6b)
av| _ diy? av\*
l = oprescribed as 1(z) or (6d)

any hypothesis combi-
'ning 1 with other vari-
ables which already

appear in the equations| (6d')
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A Fal

These four equations (containing the four variables u , v
|d3/&z{ , 1 ) are non-linear; models based on the egs. (6a)
- (6d) are more intricate.

In the third part of this chapter a list of models is given
which are based on a hypothesis for the mixing-length; the
advantages and disadvantages of such models are noted in
this part too.

Sometimes km is related to the mixing-length 1 and
to b , the turbulent kinetic energy per mass unit [b = o/
{2@)1 { instead of relating to 1 and to Idﬁ/dz] as in eq.

(5) } : '
kK = 1 bpt/2
m

7

This means that beside 1 another new variable appears and

‘that for the closure two hypotheses have to be made, one

for 1 and another one for b, In such cases mostly the
equation of turbulent kinetic energy is used

k

dwlz g dvy _.d {k db} - € = 0 (8a)

m[_E - ky 5 dz dzl!'b dz

(see eq. 53 on page 23), in which k  is the turbulent dif-
fusion coefficient for the turbulent kinetic energy and =N
is the dissipation rate of this energy. Eq. (8a) involves
two new variables, kb and € , for which one assumes

(8b)
(8c)

Such models are also listed in the third part; they are not
necessarily restricted to the dynamics, they include the eq.

(3c) and a further hypothesis for ky

If the dynamics of' the PBL, the egs. (3a) and (3b), are
uncoupled from the system, the two egs. (3c) and (3d) re-
main;-they contain the four variables % , § , k, and k_
In order to close also this part of the system first one



- 30 -

puts

= 9
kg ky (9)

The turbulent diffusion coefficient for matter is certainly
more similar to the turbulent diffusion coefficient for
heat than that for momentum. Not at least this can be con-
cluded from the same structure of the egs. (3c) and (3d)
which are different from the egs. (3a) and (3b) containing
km. The main reason, however, is that the heat and the moi-
sture (matter) are transported quantities whereas the mo-
mentum is as well a transported as a transporting quantity.

In place of the second missing equation the vertical
profile of kh/km may be used such as it is observed in
the boundary layer. Quite good profiles of kh/km have
been obtained for the surface layer by BUSINGER et al.(1971)
evaluating the Kansas data of 1968

a, = kh/km (10)
1.0 + 4.7 z/L.
ay(2) = ST 4.7z/m, ¢ >0 (1la)

(1 - 9 z/L.) /2 '
(1 - 15 z/L,) /2

]

ah{z) L, < O (11b)
L, is the Monin-Obukhov stability-length (L, > O stable con-
ditions, L, < O unstable ones). If the relations (10), (1lla)
and (llb) are used one must assume that the profiles should
be valid in the whole PBL, not in the surface layer only,
where they have been obtained by measurements. This does

not mean that the profiles kh{z) and km{z) are extrapo-
lated from the surface layer to the whole PBL; only the ra-
tio of both is extrapolated.

Eq. (3c) requires that kh d~5/dz = const . Since dS/dz
—= 0 at the top (zp) of the boundary layer it follows that

kh—-— o for z — Zmne On the other side km — 0 for
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z __a-zT'L{Of course, the dynamic height of the PBL, where
KO g—— JT' must not be necessarily the same as the ther-
mal height of the PBL, where % ———P-&T). One can conclude

Z —»Z

- (resp. z—»o0) : a —» oo ") (12)

The empirical formula (1llb), for the unstable case, satis-
fies this requirement (12), but the formula (lla) for stab-
le conditions does not satisfy it. Therefore difficulties
have to be expected in solving the equations when eq. (lla)
is used to close, the system; at least the results will be
partly wrong. '

The often used assumption

k, = k. 3

implies the same error.

. The second part, eqgs. (3c) and (3d), of the set of egs.
(3a) - (3d) cannot be closed separately but only when used
together with the first part, the dynamic one; both parts
are coupled by the variable ko + The first part however
can be closed separately as shown by the set (4a) - (4c) or
(6a) - (6d).

On the whole the system of the PBL equations can_not
be closed without any hypothesis. Different hypotheses are
possible; those given above are the most often used ones. -

Another method of closing should still be mentioned,
it has recently been attempted by several authors. The two

stress components *, = - qu'w' and T, = - §;TG? ap-
pearing in the egs. -(la) and (lb) are not parameterized, but
an additional equation for each of these two stress compo-
nents is derived. These equations are under the conditions
of a PBL (steady state, horizontally homogeneous) the egs.

(l4a) and (14b) on the next page.

7in the barotropic case
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g;{ﬁq(w“}‘ + qu"{w"}*} —fqv“w“ - f’{@ﬁz + q(u“f } +

(14a)
o u + uloP 4 oP
+ ggu +u + w -D = 0
3 3z ox xz
g—{GQ(w"P + gv"{w“}l} +fqu'w" - f'{ﬁﬁﬁ + qu'v’ } +
z , (14b)

= 2P 4 0P
+ g v + v + w - D = 0
3 vz dy yz

Herein D, and DYz are abbreviations for the terms con-

taining th: molecular friction; these terms probably can be
neglected in comparison with the corresponding turbulent
terms. f* = 2f1costfg} is the other Coriolis parameter. The
second term in both equations is f v, and f'r, ,respec-
tively. If all the other terms in the equations are known ,
fx and TY can be computed. However, now the parameteri:
zation problem arises for these other terms in which only u
and v are variables of the other equations.

The paper by WYNGAARD, COTE and RAO (1973) should be cited
as an example for making such a parameterization. These au-
thors use a procedure presented by LUMLEY and KHAJEH-NOURI
(1973) , by which the terms to be parameterized are replaced
by their values in an isotropic turbulence field and in ad-
dition by a series of terms representing corrections for
anisotropy.

In such a procedure hypotheses have to be made for

§Aaiﬁq , ?u”v“

Qo

g W

“an QE‘ r w " Vh p
oz

where qu“v‘ probably vanishes in a PBL. Making so many hy-
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potheses it is doubtful if such a closing procedure is an

improved one indeed. The results obtained by models using

such a closure are at least not better (at the present ti-

me) than those obtained by models using other, more con-

ventional, closing hypotheses.
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Models Based on a Hypothesis for the Profile

of the Eddy Viscosity

For more than sixty years (1905-1967) attempts have
been made to model the PBL by prescribing the vertical pro-
file of the eddy viscosity in the PBL-equations. In the fif-
teen last years only electronic computers have been availab-
le to carry out numerical integrations of the PBL-equations;
one was forced in the time before to get a closed solution.
The assumed profiles k_(z) are therefore as simple as pos-
sible and sometimes in a poor agreement with reality; never-
theless the wind spirals and the stress spirals obtained as
solution describe the main structure of the PBL correctly.
Even the simplest model, that by EKMAN (1905), gives fairly
good results and is still often used to get some estimates.
A brief survey of these models should be given:

01 k. = const 1905 EKMAN, V.W.

m
On the Influence of the Earth's
Rotation on Ocean Currents
Arkiv Math. Astr. och Fysik
2, Nr, 11, Uppsala, Sweden

02 k_ = const 1908 . AKERBLOM, F.A.
Recherches sur les courantes
les plus bas de 1l'atmosphere
au-dessus de Paris

Nova Acta Req. Soc. Sci. Upp-
salensias 4, Nr.2

03 k_ = const 1915 TAYLOR, G.I.
Eddy Motion in the Atmosphere
Phil. Trans. Roy. Soc. London
A 215, 1-26
(Slip condition at the lower boun-
dary; herewith a precondition for
the construction of a two-layer
model is giwven)
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1924 PRANDTL, L.
1924 TOLLMIEN, W

Die Windverteiluno iiber dem
Erdboden, errechnet aus den
Gesetzen der RohrstrSmung
Z. f. Geophys. 1, 47-55

0.843 is used according to

results of pipe flows; in this pa-

per,

for the first time, the ex-

ternal parameters are combined to
the surface Rossby number - not
with that name of course. For the
first time the geostrophic drag

 coefficient is computed and a "re-

sistance law" being

Cq = 0.148 (ROD]

is obtained)

(A hypothesis for the mixing

1928  SAKAKIBARA, S.

On the Transverse Eddy Resi-
stance in Moving Air in th
Lower Atmosphere . '
Geophys. Mag. Tokyo 1, 130 -
149

1930 TAKAYA, S.

On the Coefficient of Eddy
Viscosity in the Lower Atmo-
sphere

Mem, Imp. Marine Obs., Kobe
Japan, 4 (1)

1931 MULLER, F.

Austausch und Wind
Meteor. Z. 48 (2), 69 - 80

1932 ROSSBY, C.G.

A Generalisation of the Theo-

ry of the Mixing-Length with

Applications to Atmospheric

and Oceanic Turbulence

MIT, Meteor. Pap. I (4),§p 36
-length

is made with the consequence that
|dv/dz| = const, i.e. the model
remains linear. The mixing-length
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hypothesis implies the hypothesis
09 for the eddy viscosity. The mo-
del is suitable as the upper part
of a two-layer model, see model
11)

1933 KOHLER, H.

Meteorologische Turbulenzun-

tersuchungen

Kungl. Svenska Wetenkapsakad.

Handl. Tredje Ser. 13, 1-54
(The effect of a different ther-
mal stratification is investiga-
ted with a variation of the power
p . For the cross-isobar angle is
obtained Ay = n/2 (1-p)/(2=-p) )

1935 ROSSBY, C.G.
MONTGOMERY, R.B.

The Layers of Frictional In-

fluence in Wind and Ocean -

Currents

Pap. Phys. Oceanogr. Meteor.

MIT & WHOI 3 (3), pp lol
(First two-layer model of the PBL
as a combination of the models 08
and 09; also first model which
considers a maximum of ka

1937 BLINOVA, E.N.
KIBEL, I.A.

Application of the Theory of
Turbulence to the Question
of Distribution of Wind with
Altitude (in Russ.)

in: Dynamic Meteorology (Ed.
by B.I. Izvezkov and N.E,.
Kochin), Gidrometeoizdat

1940 YUDIN, M.T.
SVETZ, M.E.

A Stationary Model of Wind

Distribution with Altitude

in a Turbulent Atmosphere

(in Russ.)

Trudy GGO Nr. 31 (8), 42-52
(The simplest kind of a two-layer
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model, even today still used for
getting estimates of wind profi-
les and stress profiles)

1944 SVETZ, M.E.

Determination of the Coeffi-
cient of Turbulent Viscosity
for Atmospheric Motions

(In Russ.)

Dokl .Acad.Sci.USSR, 30 (8)
‘and T

The Turbulent Boundary Layer
in the Atmosphere (in Russ.)
Bull. (Izv.) Acad.Sci.USSR,

Geogr. Geophys. Ser. 5, Nr.3

1947  BERLIAND, M.E.

The Boundary Layer of the At-
mosphere (in Russ.)

Trudy NIU GUGMS I, Nr 25,
14-67

1948 FROST, R,

Atmospheric Turbulence

Q.J.Roy.Met.Soc. 74, 316-338
(Model 10 is extended E_ regarding
the rouqhness length 2z, ; a resist-
ance law results

Cg = 0.206 (ROO)

In the neutral case p = 0.857, to
be compared with p = 0.843 in mo-
del 04. As in model 10 the varia-
tion of «., with the thermal
stratification is studied)

0.111

1956 ELLISON, T.H.

Atmospheric Turbulence
in: Surveys in Mechanics, ed.
by G.K.Batchelor and R.M. Da-
vies. Cambridge University
Press, 400-430
(The same model almost as 08. For
the determination of a constant

- the log-profile is used at the

lower boundary; this enables to
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derive the resistance law by this
model. The main difference to mo-
del 08 is the extension for baro-
clinic PBLs; it is the first mo-
del which considers the barocli-
nicity of the PBL)

18 km = const 1960 TSEITIN, G.Kh.
z 2z, ORLENKO, L.R.
kK oc zP ‘ The Stationary Distribution
m z = z of Wind, Temperature and Tur-
= "1 bulent Exchange in the Boun-

dary Layer of the Atmosphere

under Various Stability Con-

ditions (in Russ.)

Trudy GGO 94, 8 —28 :

AFCRL-Translation T-R-387
(Extension of model 15: in order
to get a relationship between p
and d&/dz the equation for the
budget of turbulent kinetic ener-
gy - without the divergence term
- has been used. C, and «, are
obtained depending on the thermal
stratification)

:c:u‘Z
19 k= 1963  KOVETZ, A.
1+4Sz+as*z* NEUMANN, J.
SUZI, R.

Extension of Ekmans Spiral

to Conditions of Near-Neutral

Static Stability and a Con-

stant Horizontal Temperature

Gradient

Beitr.Phys.Atm. 36, 201-212
(Similar to model 17; however the
thermal stratification is conside-
red by the factor S, which is in-
versely proportional to the Monin -
Obukhov stability length. Barocli-
nicity is also taken into conside-
ration. Approximative solutions
for small z only)

20 k_ = const 1965 BLACKADAR, A.K.
z =

1 A Simplified Two-Layer-Model
of the Baroclinic Neutral At-
mospheric Boundary Layer
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Final Rep. AFCRL-65-531 Part
III, 49-65, ed. by A.K.Blacka-
dar e.a.Pennsylv. State Univ.
Dept. of Meteorol.
(Extension of model 13 to consider
the baroclinicity also; the ther-
mal wind is assumed to be constant
with height)

exp (-az) . 1965 KLYUCHNIKOVA, L.A.
z z 2z LAIKHTMAN, D.L.
p TSEITIN, G.EKh.

: Calculations of the Vertical

1 Wind Profile in the Atmosphe-
ric Boundary Layer (in Russ.)
Trudy GGO 167, 3-28
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zy ' 1967 GODEV, H.
YORDANOV, D.

1 On Models for the Study of
the Variation of the Wind Ve-
z locity with Height in the
1 Planetary Boundary Layer
(in Bulgar.)
1 Comt. Rend. Acad. Bulgar. Sci.
20 (9), 911-913
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Models Based on a Hypothesis for the Mixing-Length

As shown in the first part of this chapter ("The Pro-
blem of Closing the System of the PBL-Equations”) there are
two ways by which the mixing-length 1 can be introduced in-
to the PBL-equations, namely either using Prandtl's mixing-
length relation

A) k. = 12 |a $/az] (1)

or using thé relation between km + 1 and b (the turbu-
lent kinetic energy b = g(w")*/(29) ) together with three
additional equations for b , g, and >

( k. = 1bl/? (2)
m
aw \2 as _a db _
k(dz) ~*n2d: " dzi¥pas) - & = © (3)
d as, _
B) < -&—z{kh a—z-} = 0 (4)
g, = cb/2 71 | (5)
In addition to that two hypotheses more havelto be
made in this way, namely for kh(z} and kb(z) ,and

 another assumption for the factor ¢ in the eqa.(5).

In both ways, (A) and (B) , the set of the PBL-equa-
tions can be closed by a hybothesis for the mixing-length
1(z) . Presumably such a procedure of closure is more advan=-
ced than a closure by a hypothesis of km{z}: the mixing =
length 1(z) increases monotonically with height starting
with a very small valve 1 at z =12z  up to 1, at the
top of the PBL; therefore it can be prescribed in a relati-
~ve good agreement with reality. On the contrary, the profi-
le km(z) has a maximum at a certain height, it is there-
fore much more difficult to specify that than the profile
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1(z). This is the reason for believing that models with a
1(z)-hypothesis are more realistic than models based on a
hypothesis for km{z).-on the other hand the equations beco-
me non-linear when a mixing-length hypothesis is used, so-
lutions can be obtained by numerical integrations only. This
implies the use of electronic computers and it is the rea-
son why such models have not been developed before the ear-
ly sixties.

In most of the hypotheses the mixing-length profile
1(z) 1is prescribed, i.e. the mixing-length is related to
the independent variable z . In other hypotheses the mi-
xing-length is related to dependent variables as those ap-
pearing in the turbulent kinetic energy equation (3), see
models 08 , 10 or 11 , or to the Reynolds stress, see mo-
del 12 .

As it will be pointed out in the section about Rossby
number similarity, Chapter 3, a mixing-length hypothesis has
to be made in such a way that the mixing-length itself (non-
-dimensionalized by the internal scale height of the PBL
H = xu,/f ) remains independent of any external parameter.

This requirement of Rossby-number similarity has not been
observed in all hypotheses.

A brief survey of models based on a hypothesis of the
- mixing-length is following (The bateqory A or B is indi-
cated in each case).

ol 1 = % z 1950 MONIN, A.S.
(B) Dynamic Turbulence in the At-
mosphere (in Russ.)

Bull.(Izv.) Acad.Sci.USSR

Geogr. Geophys. Ser. 14 (3)

232-254 _“
(Models restricted to the neutral
case; the second term in eq.(3)
vanishes just as eqg.(4) remains
unconsidered. k, /k.. = a, as well

- as k, /k,, = a, are assumed to be



02 1 =3xz/(l+xz/1.)
1. = 2.7 10" |, |/f
(a)

03 1= x‘z/(}+éi25/43
()

04 1 =1.{l-exp(xz/1.)]
(a)
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constant. No numerical integrati=-
on; solutions are obtained by ex-
pansion in series for small z on-

ly. . :

1962 BLACKADAR, A.K.

The Vertical Distribution of

Wind and Turbulent Exchange

in a Neutral Atmosphere

J.Geophys.Res. 67, 3095-3102
(The mixing-length nondimensiona-
lized for Rossby-number similari-
ty L = %xZ/(1 + x Z2/L.) has an
asymptotic wvalue

L.= 6.75 107" ¢ 7

which is not independent of exter-
nal parameters; the requirements
of Rossby-number similarity are -
not satisfied)

1962 LETTAU, H.H.

. Theoretical Wind Spirals in
the Boundary Layer of a Baro-
tropic Atmosphere .
Beitr.Phys.Atm. 35, 195-212

(This hypothesis is made in analo-
gy to results obtained for duct
flows. The mixing-length nondimen-
sionalized by the internal scale
height

L=x2Z/(1 + 33.62 Z )

is independent of external parame-
ters. Unlike other hypotheses this
one specifies a profile 1(z) with
a maximum; above the maximum 1 de-
creases to zero with increasing
height)

5/4

1963 RUSZIN, M.I.

The Vertical Profile of the
Exchange Coefficient in the
Planetary Boundary Layer
(in Russ.)

Trudy W.N.M.S. 7, 63-72
Gidrometeoroizdat

and



05 1 = l.{l-exp(xz/1.)
(A)

1

06 1= xz/(l+xz/1.)
1, = 2.7 107 |9,. | /£
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1963 RUSZIN, M.I.
BOLDIZEVA, N.A.
SABELEVA, T.A.

Some Results of Computations
of the Exchange Coefficient
in the Planetary Boundary
Layer (in Russ.)

Trudy L.G.M.I. B 15, 66-68

1964  APPLEBY, J.F.
OHMSTEDE, W.D.

Numerical Solutions of the
Distributions of Wind and
Turbulence in the Planetary
~Boundary .Layer

Meteor. Res. Note Nr.8, Me-
teor. Dept. USAERDA, Fort Hu-
achuca, Ariz., Sept. 1964

1965 BLACKADAR, A.K.

A Single Layer Theory of the
Vertical Distribution of the
Wind in a Baroclinic Neutral
Atmospheric Boundary Layer
Final Rep. AFCRL-65-531,1-22
ed. by A.K.Blackadar et al.,
Pennsylv.State Univ.,Dept.
of Meteor., 31 July 1965
(The same hypothesis as 02; it is
app}ied here to baroclinic PBLs
too

07 1 =xz/(l+xz/1_)F(L,) 1965 BLACKADAR, A.K.

1. = 2.7 10 |V, |/f

]

(A)

CHING, J.K.

Wind Distribution in a Stea-
dy-State Planetary Boundary
Layer of the Atmosphere with
Upward Turbulent Heat Flux
Final Rep. AFCRL-65-531,23-48
ed. by A.K.Blackadar et al.,
Pennsylv. State Univ., Dept.
of Meteor., 31 July 1965
(The same hypothesis as 02 but ex-
tended to diabatic cases. The de-
pendence on the stratification is
obtained by using the KEYPS-equ.,
i.e. really valid only in the
surface layer)
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08 1l = Ql\r /(dqr/dz]
Y = Etfkm
(B) :

1965 BOBILEVA, I.M.
ZILITINKEVICH, S.S.

LATKHTMAN, D.L.

Turbulent Exchange in the
Thermally Stratified Plane-
tary Boundary Layer of the
Atmosphere (Russ./Engl.)
Intern. Collogu. on Fine -
Scale Structure of the Atmo-
sphere, Moscow 1965

(This is the only type B model,
which makes use of the complete
equations (2)=(5) as given above)

09 1 = xz/d_
(A)

(The
tion
fied
been

1968  YAMAMOTO, G.
YASUDA, N.

SHIMANUKI, A.

The Effect of Thermal Stra-
tification on the Ekman Boun-
dary Layer

J.Meteor.Soc.Japan 46,442-455
non-dimensional profile func-
®, is obtained from a modi-
KEYPS-equation, which has
improved for stable stratifi-

cation; really valid only in the
surface layer. The linear increa-
se of 1 is damped for large z by
the profile function @m]

10 1 = x |a w/dz]/ |a*w/az|
(B)

1969 SMITH, F.B.

The Vertical Transfer of Mo-
mentum through the Boundary
Layer :

AGARD Conf.Proc. Nr. 48,Pap.
Nr. 19, pp 8

(The mixing-length hypothesis is
an extension of v.Karman's, which
is applicable to the surface lay-
er only) '

11 1 = c,y/(dvy/dz)
Y = Et/km
(B)

1970 KUROSAKI, A.

A Theoretical Study of the
Structure of the Ekman Boun=
dary Layer,b(I) Mixing-Length
Theory

Pap. in Meteor.
21 (2), 89-112

& Geophys.
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(Essentially the same model as 08;
for the surface layer an adaption
is made to satisfy the KEYPS-equa-
tion. Results for stable cases are
not obtained)

12 1=1_-(1.-1) (=P 1971 . WIPPERMANN, F.

- - MY, A Mixing-Length Hypothesis
P [d‘r/dz}otlm-lo) for the Planetary Boundary’
Layer Flow in the Atmosphe-

(A) ' re
Beitr. Phys. Atm. 44, 215-226
and

1972 WIPPERMANN, F.

Universal Profiles in the Ba-
- rotropic Planetary Boundary

Layer .

Beitr. Phys. Atm. 45, 148-163
(The power p contains [d =~ /dz}, ,
which has to be determined in the
model iteratively. Numerical re--
sults are presented in the second
paper)

13 1=5 ST T4 1972  FIEDLER, F.
_ u, - The Effect of Baroclinicity
lo = c g'exp(-apm) on the Resistance Law in a
(A) Diabatic Ekman Layer
: Beitr. Phys. Atm, 45, 164-173
(For the profile function §,. empi-
rical formulae are used having
been obtained from observations.
In these formulae z/L, is repla-
ced by 1/(xL,), so that 1 ap-
pears once more in the denomina-
tor of (13))
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A Mixing-Length Hypothesis for the Planetary Boundary Layer Flow in the Atmosphere *)

Eine Mischungsweg-Hypothese fiir die Strémung in der planetarischen Grenzschicht
der Atmosphare

F. Wippermann
Technical University, Darmstadt, Garinanv, Department of Meteorology

Received August 2, 1971

Summary: First of all a short review of several mixing-length hypotheses-is given. Then a new hypothesis is
presented which relates the increase of the mixing-length with height to the decrease of the Reynolds stress,

i.e. the variation of / depends on an internal fluid parameter and not on the independent variable z (co-
ordinate for the height above the ground). The hypothesis allows to compute the maximum value of the eddy
viscosity Kg; values for that are given in table 2. The expression for the mixing-length contains only two
parameters, namely Ko and L. The first one reflects the influence of the surface Rossby number, the

later one the influence of the thermal stratification. An empirical relation is given between the parameter L
(the asymptotic value of the nondimensional mixing-length) and the internal parameter u for the stratification
of the planetary boundary layer.

Zusammenfassung: Zunichst erfolgt ein kurzer Uberblick iiber die bislang vorhandenen Mischungsweg-Hypo-
thesen. Sodann wird eine neue Hypothese gegeben, derzufolge das Anwachsen des Mischungsweges mit der
Héhe abhingt vom Abfall der Reynolds’schen Schubspannung mit der Hohe; d.h. die Verinderlichkeit des
Mischungsweges hingt von einem internen Strémungsparameter ab und nicht direkt von der Vertikalkoordi-
nate. Die Hypothese gestattet es, den Maximalwert des turbulenten Diffusionskoeffizienten Kp, zu berech-
nen, in Tabelle 2 sind einige Werte hierfiir angegeben.

Der Ausdruck fiir den Mischungsweg enthilt nur zwei Parameter, niimlich Ko und L_; dererste gibt den
Einfluft der Oberflichen — Rossby-Zahl wieder, der zweite denjenigen der thermischen Schichtung. Es wird
eine empirische Beziehung gewonnen zwischen dem Parameter L. (dem asymptotischen Wert des dimen-
sionslosen Mischungsweges) und dem internen Parameter u fiir die hydrostatische Stabilitdt der Grenzschicht.

Résume: On passe d’abord en revue diverses hypothéses en longueur de mélange. Ensuite, une nouvelle
hypothése est présentée, qui lie Paccroissement de la longueur de mélange avec la hauteur  la décroissance
de la tension de Reynolds: la variation de | dépend d'un paramétre interne du fluide et non de la variable
indépendante z (coordonnée pour la hauteur au-dessus de la surface). Cette hypothése permet de calculer
la valeur maximum de la viscosité turbulente Kg, (valeurs au tableau 2).

L’expression de la longueur de mélange contient seulement deux parameétres, Kpg et L . Le premier
refléte I'influence du nombre de Rossby en surface, le second l'influence de la stratification thermique.
On donne une relation empirique entre le paramétre L_ (valeur asymptotique de la longueur de mélange
non-dimensionnelle) et le paramétre interne [ relatif 4 la stratification de la couche limite planétaire.

*) Paper presented at the Xth Symposium on Advenced Methods and Problems in Fluid Dynamics, Rynia, Poland,
05-11 September 1971.
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1. Introduction

In the planetary boundary layer (PBL), i.e. an atmospheric boundary layer with the assumption
of steadiness and horizontal homogeneity, the proportionality between the Reynolds-stress T and the
vertical wind shear dd/dz is almost ever used

T = p kp |d¥/dz| (1)
where ky, is the eddy diffusion coefficient for momentum. According to PRANDTL the mixing-length !
may be introduced into ky,

ky = 1%1d0/dz]. (2
Very close to the ground [ increases linearly with height z
l=kz ' (3)

~ (k =von Karmén’s constant); as far as observations can be evaluated [/ seems to approach a constant
value I_. Figure 1 gives an evaluation of the Leipzig wind profile after APPLEBY and OHMSTEDE (1964)

in which the two highest points are uncertain.
By using the friction velocity u, = (Irel/#)"? and the scale height of the PBL H =ku_/f, where f is the
Coriolis parameter, all quantities can be made dimensionless

Z=z/H, Zy=zo/H=1/(x CyqRoy), L=I/H (4a)
U=«kifu,, V=kiu,, 1/Cq = gl /u, (4b)
T=1/rg =1/pud, Ky =kn/(H* 1), B? =b*/ul (4¢)
Ro, = |ﬁs[(f- Zg) (4d)
1000
300, ‘\\ MIXING LENGTH
Y PROFILE
800 i
iI
0 1
& 600 ;
i :
= '
~ 500 : 1
= -
] |
E 400 |
: ¢
300 :
2 Fig. 1
200 . i FROM .mq%'g%;%HLE The profile of the mixing-length computed
J from the Leipzig wind profile (after AFPLEBY
100 / ' and OHMSTEDE 1964)
) .r’. — P= FJCI .
- Bild 1
0 - Das Mischungswegprofil berechnet aus dem
o 10 20 30 L0 50 Leipziger Windprofil (nach APPLEBY und

MIXING LENGTH [[]METERS OHMSTEDE 1964)
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where Cy is called the geostrophic drag coefficient, Ro, the surface Rossby number and b? = h ¥ /2
the turbulent kinetic energy per mass unit. The relations (1) and (2) are in the nondimensional notation

T = K, 1dV/dZ] (5)

Km = (L2/k?)1dV/dZ|. (6)
Eliminating of the wind shear yields

Km = (L/x)TV? 0]
At the ground (Z=2Z,) is T=1; it follows from eq.(7)

Kmo = Lo/k . &)

Several hypotheses have been made for the mixing-length L during the last decade. The hypothesis by
BLACKADAR (1962) is

= kz/[1+(kz/1_)] L =2.7-107* [0, /f (92)
or in dimensionless notation _
L=kZ/[1+(k2Z/L))] L_=6.75-10"%/C4 (9b)

which shows, that L_ depends on the geostropfic drag coefficient C4 and therefore on the surface
Rossby number Roy. This variation of L_ with Ro, can be shown by using the empirical relationship
between C4 and Ro, given by KUNG (1966), see table 1.

Table 1/Tabelle 1

log; o (Rog) 4 5 6 7 8 9 10
Cyq 0.060 0046 0038 0.032 0.028 0024 0.022
L_(BLKDR) | 0.011 0.015 0018 0.021 0.024 0028 0.031

For Z> Z, the Rossby similarity requires, that dU/dZ and dV/dZ is independent of Z, and there-
fore (see eq. (4a)) mdependent of Ro,.Then the equations for the PBL tell us that also d*X/dZ* and
d’Y[dZ? (X=1.re, Y= =1y/1o) must be independent of Ro, or because of the fixed boundary values
of X and Y these itself must be independent of Ro,,i.e. T isindependent of Ro,. From eq.(5)
follows then that for Z> Z, also K.,(Z) must be independent of Ro, and according to eq.(6) finally
L(Z) must be independent of Ro,. That means, that BLACKADARs hypothesis with L_=1f,(Cq4) or
L_=1f,(Ro,) does not meet the widely accepted requirements of Rossby similarity.

Also in 1962 LETTAU made a hypothesis for the mixing-lingth in the PBL by extending a relationship
for duct flows
I=kz/[1+4(z/H)"*) (10a)
where H' is LETTAUS scale height, which equals 0.182 H the scale height mtruduced above. In non-
dimensional notation eq.(10a) is
=k Z/[1 +33.62Z5*]. (10b)

This mixing-lcngth is independent of Roy as required by Rossby similarity for Z > Z,, but it does not
approach a constant value L_; for Z - one has L = 0. The maximum of L will be found at Z=0.18
with the value L, =0.014. With the observational data available at the present time one is unable to
decide wether L0 or L+ L_ for Z—+eo,

217
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Another hypothesis is proposed by RUSIN, BOLDIZEVA and SABELEVA (1963) and used by APPLEBY
and OHMSTEDE (1964) in computations. It is

I=1_[1-exp(-kz/l))] (11a)
which is in the nondimensional form
L=L_[1-exp(-xZ/L_)]. (11b)

In a further paper (1966) OHMSTEDE gives in his figure 3 the variation of I /D with varying Rog, where
D = ||/ f is the external scale height of the PBL; I_/D = L_k Cq4. Since the curve does not reflect the
variation of Cy4 with Rog only, also L_ must depend on Ro,. However this should not be so. Another
defect of this hypothesis seems to be, that the values for L at the ground (Z =Z4) are unrealistic and
also dependenton L_.

BOBILEVA, ZILITINKEVICH and LAIKHTMAN (1965) in their boundary layer model are using four
hypotheses, in which the first one is an extension of v. Karman’s mixing-length hypothesis

1= -xy/(dy/dz) (12a)
¥ =€lkpy (12b)
€ =c, b1 ' (12¢)
km =bl . (12d)

where € [cm?sec™®] is the rate of energy dissipation per unit mass. For the mixing-length it results

K

(Ldb"_lﬂ)
p? dz [ dz

1= -

which can be written as a first order ordinary differential equation for L (in nondimensional notation)
dL/dZ - Ld(InB)/dZ = «/2 (13)

w1th the solution ;
+ K

L= [ : (o5
Z

The hypothesis (12d) is in nondimensional notation

} (14)

= (L/k)B 15)
and a comparison with eq. (7) yields
B? = T. (16)

(The authors, of course, have not made use of Prandtl’s mixing-length hypothesis eq. (6); nevertheless
its validity is widely accepted and therefore as a consequence also eq. (16) has to be accepted.) If eq. (16)
is inserted in eq. (14) one notices the variation of L with the stress T aswell. Eq.(14) may be better
understood if an example is chosen for T (or for B?), for instance

T(Z) = exp{-m(Z=1Z,)}
which is the stress profile belonging to an Ekman spiral; one obtaines
L=Loexp[—k(Z=-Zy)2L_J+L_{l1=-exp[—k(Z-Z4)/2L_]}. : (17)
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In this case is L_ =k /m. This example shows that the mixing-length hypothesis (12a) is very similar to
that one by APPLEBY and OHMSTEDE, see eq.(11b). Since T(Z) has allways to be a monotonically
decreasing function of height Z, see WIPPERMANN (1971), on can conclude, that also in the non-Ekman
cases L(Z) will not differ very much from the profile given in eq.(17).

Another approach has been made by SMITH (1969). He uses the geostrophic wind speed and the scale
height D = ||/f as external parameters to nondimensionalize the velocities and the height z. If the
quantities are made dimensionless as in the other examples, namely by (4a) and (4b), the hypothesis by

SMITH is
2172

w=() (@) ] ) - &

) ]m (13-)

which is chosen as an extension’of v. Karman’s mixing-length hypothesis applicable in the constant stress
layer hereby in the denominator |d*V/dZ?| has been placed instead d(|d W,r‘dZI)de The results of the
model which uses this mixing-length hypothesis are not very encouraging.

Recently KUROSAKI (1970) made a hypothesis for the mixing-length which is almost the same as that
one by BOBILEVA et al. (1965) but near the ground it is adapted to the KEYPS-law. Computations -
with this mixing-length hypothesis do not show an improvement of the results by BOBILEVA et al,,
even in cases of stable stratification the computational method did not converge and results have been

obtained not at all for stable stratification.

The hypothesis by BLACKADAR (1962) as well that one by LETTAU (1962) or by APPLEBY and
OHMSTEDE (1964) prescribes the mixing-length ! as a function of z. Models of the PBL using these
hypotheses are considered to be *‘a priori-models”, since to some extent the vertical variation of the
mixing-length can be hypothesized in such a way that the expected boundary layer characteristics will be

" obtained. This is not true for the mixing-length hypothesis by BOBILEVA et al. (1965), by SMITH (1969)

and by KUROSAKI (1970) because by these hypotheses the mixing-length is given as depending on an
internal fluid parameter, i.e. the vertical wind shear or the turbulent kinetic energy. The disadvantage of
these last mentioned hypotheses is the need for additional hypotheses, for instance (12¢) and (12d) and
others for ky/k,, and ky/kq,.In the following section a mixing-length hypothesis shall be presented
according to which the mixing-length depends on an internal fluid parameter only, namely on the

Reynolds-stress.

2, The hypothesis; the maximum of eddy viscosity

As to be seen in fig. 1 the mixing-length increases with height and possibly approaches a constant

value [ asymptotically. The only one assumption which should be made is, that that increase can be
described by the decrease of the Reynolds-stress with height. The hypothesis is:

L

L - (L_ =K Kmo) TP
1= Ko | 2dT/AZ); + (dT/dZ),/2 )

P = TR T AT/dZ)y (L~ K Kmo)

(19)

With respect to the lower boundary condition (Z = Z4:
Z=24: (T=1) L=Lg
Z-=; (T-0) L-L_.

T=Ty =1)eq. (8) tells that kKp,5 =Ly, so that
(20a)
(20b)

£
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We know, YORDANOV and WIPPERMANN (1972), that (dT/dZ), depends only on an internal para-
meter of the static stability and on two internal parameters for the baroclinicity, but (dT/dZ), is inde-
pendent of any external parameters as for instance Rog. In a neutral and barotropic PBL it is a uni-
versal constant

-(dT/dZ)y = N ' (21)
the value of which is about 4.5, see WIPPERMANN (1970). For an application of the hypothesis (19) in
a PBL-model (dT/dZ), is not yet known but has to be determined iteratively.
By differentiating eq. (19) with respect to Z one obtaines

(dL/dZ)q =k [1 = Kmo {2(dT/dZ)j + (dT/dZ),/2}] . (22)
In the observed range of surface Rossby numbers, from 1-10° to 1 -10°, the values of K, vary
between 5-107* and 1-1077 approximately; therefore in this range

Kmo{2(dT/dZ)} + (dT/dZ),/2} <€ 1

which means that very close to the ground the mixing-length (19) behaves in the same way as in
PRANDTLs hypothesis (kp, = K 2).
Let’s consider the resulting eddy viscosity K. If one inserts the mixing-length (19) into eq. (7) and
differentiates that with respect to Z it results
%K—i“— = T2 % [TP(1-KmoAs} +Ag) @)
A, =2(dT/dZ)3 + (dT/dZ), L_/(2k Kmo)
A, =(dT/dZ), L_/(2K).
At the lower boundary (Z=Z,: T = 1)one gets .

(dKn/dZ)g = 1 = Kpo 2(dT/dZ)F . (24)

As argued before Ko isvery small in the observed range of external parameters, therefore the vertical
variation of K., very close to the ground is the same as in a Prandtl layer:

Km = Z. (25)
In the case of an Ekman spiral, i.e. Tg(Z)=exp{(dT/dZ)s Z}, Kmr(Z)=1/{2(dT/dZ) )= const, one
notices from eq. (24) that the mixing-length hypothesis (19) satisfies the condition of constant eddy
viscosity at least very close to the ground. In the case of an Ekman spiral K,q is not longer as small as
mentioned before (5 - 107*to 1 - 10~7) but about 2.35 - 1072; this is the order of magnitude of the
maximum of K. Probably in the case Ky =K =2.35 - 1072 the maximum of K, is at the ground
and therefore (dK,,/dZ), = 0.
The conditions for a PBL (i.e.: the steady state and horizontal homogeneity) require that T decreases
monotonically from T=1 at Z=2Z, to T~ 0 for Z— =; that means that for finite Z dT/dZ #0.
Herwith and using the condition dK,/dZ =0 the stress Tg_max at the level where Ky, has its maxi-
mum can be computed, one obtains:

~(dT/dZ), L_ 7%
Ti-max = [2 k(1 - KmoAl}]

with

(26)

.~k Kmo
K 1-KmoAs

Ay =2(dT/dZ)} + (dT/dZ)e/2 .

_ (dT/dZ), L
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If one replaces T in eq. (19) by Tk _max @s obtained by eq.(26) one gets the mixing-length Lk _ax in the
level where K, has its maximum:
.l = KI‘I‘IO A;

Lgemax =L_1, T = T—Kpo Ay . (27)
Finally Kp max the maximum value of K., is obtained by making use of eq. (26) and eq. (27) in
eq. (7); one obtains

Koy = - 2[1 = Ko As ]

max =T (dT/dZ)o (1 =1 - 2(AT/AZ)} Komo) Au] "

As = 2x/{(dT/dZ)o L_) .

(28)

As to be seén Km max dependsonly on Kpo and on L_. In the case of Rossby similarity, i.e. for
Kmo < 11072, the profiles K,(Z) and therefore also Km, max should be independent of Zg (n; Kmo)
(aslongas Z> Z,). In these cases Ky, max in eq. (28) reduces to
K — 2 .
I (dT/dZ)o [1 - 2k /(dT/dZ)g L]0

(29)

with

s=(dT/dZ)y L_/(2 k).
In table 2 the values of Lg_na according to eq. (27) are listed, also the values of Tg_may according
to eq. (26) and the values of K, max according to eq. (28). All these quantities are computed for eight
different values of Ko and for each of these again for four values of L_, namely 0.0100, 0.0125,
0.0150, 0.0175. These values are chosen because it is expected that L_ for the case of neutral strati-
fication is somewhere in this range; observations show: L_=0.0135 (Leipzig), L_=0.0126 (Scilly), see
lower part of table 2. The values of K, vary from 2.50- 10"7 up to 2.35-107%; the upper border
corresponds to Kpo for the case of a pure Ekman spiral. In this case is

Kmo = Kue = ll’{z{dedz)%]

for which the value mentioned above results with =4.5 for (dT/dZ), in neutral stratification. However
the mixing-length (19) inserted in eq. (7) with this special value Ko =2.35 - 107? does not allow for Ky,
being constant with height as necessary in the case of an Ekman spiral, rather K, will decrease with
height and only Kp,o (which is at the same time the maximum value Ky, may ) has the correct value
1/{2(dT/dz)3). '

From table 2 it can be noticed, that Kp, max is independent of K, if Ko < 11072, As concluded
already before this is the range of Ky, for which Rossby similarity for the K., (Z)-profiles (Z > Z,) is
given or for which the so-called auto-model hypothesis is valid. In this range of Ko also a Prandtl layer
relation ky, =k u_z, or in nondimensional notation K, =Z isvalid very close to the ground. That
means with regard to eq. (4a)

Kmo = Zo = 1/(x Cq Rog) (30)
which is a direct relationship between K., and the external parameters combined in Rog,. A short table

with approximated values of Rog correspondingto Zg can be given if ¢:1e uses once more the empirical
relationship by KUNG (1966)

Cq(Rog) = 0.205/{log;o(Rog) - 0.556) (neutral case)
used already following to eq. (9b). It is obtained :



Table 2 [ Tabelle 2
LK-max Rog
Km.o L. L. TK-max Km.max ZK-max (approx.)
2.35-107% 0.0100 0.945 0.989 0.0235
0.0125 0.768 0.957 0.0235
0150 0.648 0.936 0.0235
0175 0.561 0.920 0.0235
2.00-107* [0.0100 0.946 0.861 0.0219
0.0125 0.882 ° | 0.743 0.0239
0.0150 0.832 0.662 0.0254
0.0175 0.786 0.602 0.0267
1.25-107% |0.0100 0.946 0.775 0.0208
0.0125 0.920 0.705 0.0242
0.0150 0.896 0.651 0.0271
0.0175 0.874 0.607 0.0280
2.50-107% [0.0100 0.946 0.724 0.0201 1.6 -10*
0.0125 0.931 0.683 0.0241
0.0150 0.917 0.647 0.0277
0.0175 0.904 0.617 0.0311
2.50-107* 0.0100 0.946 0.716 0.0200 2.3-10°
0.0125 0.932 .0.679 0.0240
0.0.150 | 0.918 0.646 0.0277
0.0175 0.905 0.618 0.0312
2.50-107° 0.0100 0.946 0.716 0.0200 2.9-10°
0.0125 0.932 0.678 0.0240
0.0150 0.919 0.646 0.0277
0.0175 0.906 0.618 0.0312
2.50-107° |0.0100 0.946 0.715 0.0200 35.107
0.0125 0.933 0.678 0.0240
0.0150 0.920 0.646 0.0277
0.0175 0.907 0.618 0.0312
2.50-1077 |0.0100 0.946 0.715 0.0200 4.0-10°
0.0125 0.933 0.678 0.0240
0.0150 0.921 0.646 0.0277
*0.0175 0.908 0.618 0.0312
observed  0.0134 0.51 0.0223 0.0986
Leipzig
observed 0.0126 0.0242 0.0974
Scilly
Theor. Model
LETTAU  [0.0146 0.932 0.660 0.0277 %) | 0.0915 *)
1962 *) for Rog=1-10"
Table 3 / Tabelle 3
log;(Rog) 4 5 6 7 8 9
Zyp or Kpyg | 4.2-1073 5.4-107* 6.6-10°5 7.9-107¢ 9.1+1077 1.0-1077
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The last column of table 2 contains such approximated surface Rossby numbers which correspond to the
chosen values of K 4.

3. The effect of the thermal stratification on the mixing-length

As nicntioned already in section 2 the Rossby similarity is given when K0 <1 - 1073; then
the profile or the nondimensional eddy viscosity (as long as Z > Z;) depends only on the thermal strati-
fication expressed by the nondimensional internal stability parameter

u=HL, . @1
where L, is the MONIN-OBUKHOV stability length
L, = -cppuy/{kBqo)

and on two nondimensional parameters for the baroclinicity ; however this is not relevant here since a
barotropic PBL should be considered only.

It can bé seen that the same must be true for the profile of the mixing-length when nondimensionalized
by the internal scale height H. Since Rossby similarity means that the profile is independent of Ro,
(and therefore independent of Ko orof Ly ) the only way to consider a variation of L with the
stability parameter p is by relating the parameter L_ to the parameter p. That means a relationship has
to be established between L_ and u; this can be done only empirically. In order to obtain such a
relationship a set of integrations of the PBL-equations has been carried out for Zg = Kgyo =1-107° but
for different values of L_ varying in the range from 1 - 107* to 1.0. For each case the values of the
universal functions M(u) and N(u) have been computed, which appear in the well-known resistance
law of a barotropic PBL

E,K: cos(ag)==M(u) +In(Rog - C4) (32a)

E“-sin(la,l)=N(g). (32b)
d

Actually the universal functions M(u) and N(u) can be obtained by measurements only. Unfortunately
the available data are very poor; up to now evaluations have been made only by MONIN and ZILITINKE-
VICH (1967) and by CLARKE (1970). Since the evaluated measurements give data for M and N which
scatter broadly, it is difficult to determine these functions; therefore such evaluations have to be con-
sidered as very preliminary. This is true also for a relationship between L_ and u, which is derived from
such evaluations.

For the purpose to establish a relationship between L_ and p the later one has been adapted to L_ in
such a manner that the experimental data of M(u) and N(u) are fitted in the best way by the values of
M and N computed for different L_ as mentioned before. The relationship obtained hereby is:

p=-442-2441log,(L.). (33)
The following table 4 gives some of the corresponding values of L_ and p:

Table 4 / Tabelle 4

L_ 1-10°5  5.100°  1-10*  5.10*  1.107  s.1073
u +77.8 +60.8 +534 +36.0 +29.0 +12.1
L_ 1-10  1.5-10% 5.107 1.107" s-10' Lo

" +4.6 0 -12.2 -19.8 -36.6 -44.2




The value for extremly stable stratification (u-=+77.8)is L_=1"- 107%, it is only 2.5 times the value

of Lg (see eq. (8)) chosen for the computations in this case. That means that the mixing-length grows
from4 mmat Z=2Z, up toonly 1 cm (as the asymptotic value) when the scale height H is about 1 km.
The maximum of K, will be found very close to Z; in this case. For neutral stratification L_ is about
15 m (for H=1km) and for extremly unstable stratification the mixing-length may grow up to the height
of the PBL itself,

In figure 2 and 3 is shown how the functiuns M(L_) and N(L_) obtained by the numerical integrations
of the PBL-equations (solid line) fit the observational results when the relationship (33) is applied; the
broken curve is the best fit given by MONIN and ZILITINKEVICH (1967).

As mentioned before the established relationship (33) and the table 4 should be considered as very
preliminary; it should be improved as soon as new and better measurements are available, which allow

evaluations of the universal functions M(u) and N(u).
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Fig. 2. The universal function My, (u) as evaluated by MONIN and ZILITINKEVICH (1967) (broken line) and the
result of integrations of the PBL-equations (solid line) by using the empirical relationship (33)

Bild 2. Die universelle Funktion My, (x) nach Auswertungen von MONIN und ZILITINKEVICH (1967) (gestrichelte
Kurve) sowie das Ergebnis von Integrationen der Grenzschichtgleichungen (ausgezogene Kurve) nach Anwendung der
empirischen Beziehung (33)
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Fig. 3. See legend to fig. 2 but applied to N(u)
Bild 3. Siehe Erliuterung zu Bild 2, jetzt jedoch giiltig fiir N(u)

The stability parameter p is an internal one, it contains the turbulent heat flux. Mostly this parameter
will not be available and has to be replaced therefore by an external stability parameter ¢ (also often
called S) which contains the temperature difference from the top to the bottom of the PBL. A relation
between the two stability parameters can be found in the paper by YORDANOV and WIPPERMANN
(1972).

4. The closing of the system of equations for the barotropic PBL

The equations for the PBL are '
f(i—1g) = d(ry/p)/dz (34a)
f(v=vg) = —=d(r,/p)/dz . (34b)

By differentiating these equations with respect to z, by applying eq. (1) for each component and using the
nondimensional notation (4a) —(4d) one gets the two equations

$PY/AZ = X/Kn, (35)
X2 = - YK, ‘ (36)

Il

where
X = refro, Y = 1yf1, T = (XP+YH)2 . (7



Together with eq. (7) and the mixing-length hypothesis (19) one has a system of four eq. (35, (36), (7),
(19) for the four dependent variables X, Y, K, L. Only two parameters occur in this set of equations,
namely Ko (=Z,)and L_. According to eq. (30) the first one reflects the influence of the surface

Rossby number, the second one according to eq. (33) may be replaced by the internal stability parameter u.

The boundary conditions are
Z=12,: X=1, Y=0, Km =Ko (38a)
Z>oo: X=>0, Y=0, K,-=0. . (38b)

The System (35),(36),(7), (19) with the boundary conditions (38a), (38b) is closed, integrations can be
carried out. A method to solve this system has been given by WIPPERMANN (1971).
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Note on the Upper Boundary Conditions

The upper boundary conditions at Z — 12 depend
on the hypothesis made for the mixing-length. For Ehe dif-
ferent mixing-length hypotheses discussed on the pages 48 =
50 different sets of upper boundary conditions can be dis-
tinguished

7 —=Zp (or Z — =) P

2 .
e 2 2 .1/2
X —= 0 X — =% lx[ lx + ly} X — Xp (L, 1xf lyl

T 2 2 1/2 '
Y—s0 | Y>3 lyt N, + ly} Y —= Y. (Lo, lx, ly)

2

i\ 2 172 |
ky—0 |k — L2 (X + X)) Ky K (Lr My M)
L—0 L —L. L —hLT(Ln: lx"’ XY)
(1) (2) (3)

If L ~0 for Z —272 as for instance in LETTAU's hy-
pothesis, eg. (10b) on page 48, also X— 0 , Y — 0 and
Khp— 0 , see the set (1) ; This happens even for baroclinic
cases, where XT # 0 or YT # O or both.

If the hypothesis requires L —+~L, for 272 —=12 the X ,
Y and K approach values given in the set (2). Examples
for such ﬁypotheses are those by BLACKADAR, ea. (9b) on pa-
ge 48, by APPLEBY and OHMSTEDE, ea. (l1lb) on page 49, and
others. L, is the asvmptotic mixing-lenath and simultaneous-
ly the parameter governing the thermal stratification.

In the mixina-length hypothesis by WIPPERMANN, ea. (19) on
page 50, L, is indeed the parameter for the thermal strati-
fication, but it is not the mixing-length L at the top of
the PBL; in the barotropic case only they aré the same. So
far the validity of the boundary condition (20b) on page 50
is restricted to barotropic cases. In a baroclinic case the
value L has to be found iteratively; this of course redu-
ces the usefulness of the mixing-lenagth hypotheses of the
kind 1 =1(7v) .

In this sense the table on page 83 has to be corrected: the
unper boundary conditions (30a) - (30d) are only valid for
L = L(Z) in (29) but not for L = L(X,Y) .
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The following dimensionless notation may be used

H = ku,/f z=2M L = iH (12)
X = 1.l Y = 1y/10 K = k /(H*f) (1b)
P = k(i—-ly)/u, Q= K (V= Vg)/u, : (1c)

where H is the internal scale height of the planetary boundary layer (PBL), u, is the friction velocity at
the grond (z = z,), f is the Coriolis parameter, ! the mixing-length, 7 the Reynolds stress, k,, the eddy

viscosity and k the Karman constant. The index , indicates values at the ground and the index , geo-
strophic winds.

From the PBL-equations (steady state and horizontal homogeneous) for a barotropic PBL and from the

flux-gradient relations the components of the wind defect can be eliminated, one gets two ordinary
second order differential equations

d*Y/dZ? = X/K ' (2a)
d’X/dz? = -Y/K (2b)
with the boundary conditions .
Z=1Z,: X =1 Y=0 ' (32)
Z~ oo X=0 Y - 0. (3b)

One recognizes from condition (3a) that the coordinate system is orientated with the x-axis into the
direction of the Reynolds stress at the ground. In order to close the system of equations a hypothesis has
to be made for K, possibly by a hypothesis for the mixing-length. With the flux-gradient relation

7/p = Ky, |dw/dz|
and with PRANDTLs equation
kpm = 17 |di/dz|
one obtains in dimensionless‘notation
K= X +Y)"™ L. (4)

If herein L is given by a mixing-length hypothesis either as L(Z) or as L(X, Y) the system (2a), (2b)
can be closed and a numerical integration is possible.
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Considerable difficulties encounter in solving the system (2a), (2b), (4) and the additional hypothesis for
L, although it looks rather simple. LETTAU (1962) is forced to postulate the solution at a fixed height
in order to integrate from there upwards and downwards; APPLEBY and OHMSTEDE (1964) achieved
a solution “more by utilizing physical intuition than mathematical prowess”. BLACKADAR (1962) selects
trial values for (dX/dZ), and (dY/dZ), and carries out an integration with these using a finite difference
scheme; a solution is obtained by refining the trial values and repeating the calculation until the upper
boundary condition is considered to be sufficiently well satisfied. This method yields useful results as
long as the integrations are carried out for the rather insensitive quantities P and Q (as done by
BLACKADAR), for which the differential equations are of the same type; but this method would fail
for the equations above containing the very sensitive quantities X and Y. Recently ESTOQUE and
BHUMRALKAR (1970) gave an iterative method by applying a matrix inversion for each iterative step;
this method has the disadvantage to be usuable only for a very restricted number of points along the Z-
coordinate. .

Therefore it seems to be worthwile to report a recently developed method which allows to obtain itera-
tively solutions of the system of equations mentioned above with the desired degree of accuracy.

First it is necessary to assume that X and Y became negligible at a finite but large height Z* rather
than at infinity. That means the boundary condition (3b) has to be changed into

Z-Z*:  X-0 Y-=0. (5)

Certainly it is high enough when Z* is chosen to be 10, which roughly corresponds to a height of

z= 10 km. Since for the highest possible surface Rossby number the value of Z, is about 1-107% the
possible range of the vertical coordinate may cover nine orders of magnitude; therefore it seems to be
useful to transform the equation (2a) and (2b) for a logarithmic vertical coordinate

£ = log,oZ, dt/dZ = a/Z a=04343 (6)
d?Y/dg? - 1/a dY/dt = 10?t X/(a’K) (7a)
d*X/dg? —1/a dX/dt = —10*F Y/(2’K). (7b)
After the discretisation the integer of the points along the coordinate £ may be called n
£n = ’.‘o +n 55 *
By using centered differences in the eqgs. (7a) and (7b) one gets for X, and Y,
Xn = 1/2{[1- AEA28)] Xpay + [1+AE/(22)] Xy + (A 102€ Yy /(a*Ky)) (8a)
Yo=1/2{[1-A/(22)] Y+ + [1+AE(22)] Yoy — {.l'!xﬁ)2 10%¢ Xn,l'{ﬂil(n)] . (8b)

The two equations (7a), (7b) or (8a), (8b) have to be solved simultaneously. For the purpose of applying

a relaxation procedure Y, in eq.(8a) and X, in eq. (8b) have to be expressed by the values of the

neighbouring points; this can be done by using eq. (8b) for Y,, in eq.(8a) and vice versa.
Xn=1/2+T2){c1 Xnsp tea Xag t 1 TaYasy +c2Fa Yooy ) (9a)
Yo =1/(2+T}) €1 Yaer €2 Ynog =€ Fn Xnsy =2 M Xna | (9b)

Iy = (A8)? 10*¥/(a* K,)
¢y =1-AE/(22) (9¢)
c; =1+ AE/(2a)
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If a first approximation (q=1) isgiven for X(¥) and Y(¥), for instance the profiles in the case of an
Ekman spiral

m _ _
X(8) = exp{=N(10° = 10°0) ) cos [N(10 - 10%0) ) (10a)
(1)

Y(t) = —exp(—N(10* - 10%0) ) sin {N(10% - 10f0)) (10b)
©

1?:(5) = const = 1/(2N?), N=46 (10¢)

(1)
the profile K(£) can be computed from eq. (4) by using an additional mixing-length hypothesis. With
() (1) ) () ()
K(%) also I'(£) can be computed; therefore for each point the values X,,, Y, and [, can be defined.
Now a onedimensional relaxation method can be applied in a single step procedure, i.e. in a modified
LIEBMANN procedure (without over-relaxation). Here it is important that the iterations r for the
relaxation process are made allways for X, and Y, at the same level n and that one proceedes to the
next level (n+ 1) only when X, aswellas Y, hasbeen improved at the level n. If one goes upwards
from n =1 (one point above £,) to n=n* - 1 (one point below £*) an improved (r = r + 1) value of X,
and Y,, is computed according to eqs. (9a) and (9b) as follows

(q+1) (q+1) (g+1) (q+1) (a+1) _|
(r+1) @) (r) (r+1) @ %? ' (@) (r+1) }
Xo=1/(2+T5) le; Xpea tea Xpog +ey Ty Youg +0a T Yooy (11a)
(a+1) (q+1) (a+1) {(gq+1) (q+1)
(r+1) @) (r) (r+1) @ @iqr+1) }
Yo=1/(2+ )| €1 Yaser t02 Yoy —cy Iy Xpuy—ca Iy Xpy (11b)

If one proceedes downwards instead upwards one would compute new values at the point n by using
already improved values at the neighbouring points above but values of the last iteration at the neigh-
bouring points below.

By going r* times through the n* -1 interior points one is close enough to the solution of the
equations with the q'™" approximation of K (or I'). With that the (q+ 1) approximation of X and

Y isobtained, now the (q+1)™ approximation of K (or by eq. (9c) of I') can be computed by making
use of eq. (4). Then the relaxation procedure with the r-iterations starts again and will be carried out

until one obtains after r* passages the next approximation of X and Y. This process should be repeated

until the (q*)™ approximation is reached, i.e. until the maximum of the difference °
@ (a-1)
K, — K, issmaller than a given value. It is recommended to carry out the r* passages for the

relaxation process alternating upwards and downwards.

For integrations which have been carried out betwenn (5 =—8 and £* = 1 (roughly between 1/100 mm
and 10 km) A£=5-10"? has been chosen, i.e. 179 interior points have been used. With q* = 10 iterations
and during each iteration r* = 1000 relaxation steps (passages) profiles of X and Y could be obtained
which differ from the correct solution for less than one thousandth,

After having obtained the profiles X(£) and Y(£) any other profile in the PBL, for instance P(¥) and Q(¢)
can easily be obtained, see WIPPERMANN (1971).
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Correction

The following errors were noted in the article “*A Note on a Method for Solving the Planetary Boundary-Layer
Equations” by F. WIPPERMANN (Beitrige zur Physik der Atmosphire 44, 293-296):

Page 294: Equations (9a) and (9b) should read:
n = ”(2 + P:,IQ) {cl xn-i-], ey Xp.1 0 FnYn+ll"2+c2 r‘nYnfllPZ I
=1/Q2+T3/2)le) Yoer 2 Yaoy =€ MaXnu /2 =02l Xa-1/2 )

Page 295: Equations (11a) and (11b) should read:

' 1
Eqr::} @ 0" (1) @ 95y @ Ga) }
=1/2 +T2/2) ¢, xn” tcy Xpgte Dy Yoer/24c, Ty Yoo y/2
1 1 (q+1) (a+1 (q+1)
e @ { R R @ (1)
Yo=1/2+T2/2) le; Ypr1tcea Yoor—ci Ty Xpi1/2-c2 Ty Xqoa/2
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Chapter 3

The Structur of the

Planetary Bounda ry’Q Layer-

This chapter deals with several aspects of
the structure of a PBL.

The first part is concerned with a relation between the
eddy viscosity and the turbulent kinetic énerqy: it can be
used as another additional relation needed for closing the
sytem of the PBL-equations. Therefore this paper would 1li-
kewise correctly be placed in the first section of chapter

2 . However it contains also some examples of vertical
stress-profiles together with the corresponding profiles of
the eddy viscosity and some considerations of the angular
characteristics of several wind spirals distinguishing bet-
ween equiangular and variangular spirals. For this reason

this paper is placed in chapter 3 .

Two contributions follow, which are concerned with the
Rossby=-number similarity. Whereas the first contribution
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proves the existence of the Rossby-number similarity by con-
sidering the PBL-equations and the boundary conditions, the

second note investigates the height Zr above which Rossby

number similarity is valid.

The fourth part of this chapter is concerned with uni-
versal profiles in a barotropic PBL; profiles obtained by a
PBL-model are presented for the velocity-defect, the stress,
the eddy viscosity and for the rate of energy dissipation.
These profiles vary with the thermal straﬁification only.As
a by-product an empirical formula has been developed for the
vertical profile of the (non-dimensional) eddy viscosity:
it possibly is useful for parameterization purposes.

In the next part the energy budget of a PBL is studied;
here the vertical energy transports and their divergences
as well as the energy transformations are considered varying
with height. In addition to the previous part it is shown
which profiles of energy-transports and energy-transformati-
ons are universal (in the sense of Rossby-number similarity)
and which are not. ' '

The sixth contribution in this chapter extends the re-
sults of the fourth to baroclinic cases. Again universal
profiles of the stress, of the potential temperature and
mainly of the eddy viscosity are presented for selected ba-
roclinic cases. For special baroclinicities the eddy visco-
sity has a minimum in a rather thin layer, which acts 1like
a barrier for turbulent diffusion in the vertical directi-
on. This may be important for pollution problems (assuming
ks - km), when this layer is located at a rather low alti-
‘tude. '

In part seven the'wind profile very close to the ground
is considered; it is shown without any additional assumpti-
on or hypothesis that the profile very close to the ground
is a logarithmic one. This result is important for the deri-
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vation of the so-called resistance law dealt in chapter 4
This derivation namely requires that the wind profile has

to be logarithmic in that lowest layer z, = 2z = in

'
which Rossby-number similarity does not exist. "

In the final contribution the low-level jet is studied
with the aid of a numerical boundary-layer model. Since the
LLJ is a phenomenon of the atmospheric boundary layer, it
cannot be disregarded, when the structure of the PBL'is con-
sidered. This paper contains also a short review of the pre-
sent knowledge of the LLJ and a bhibliography on this sub-
ject.
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The Eddy Viscosity in a Barotropic Planetary Boundary

Layer as related to the Turbulent Kinetic Energy*)

F. Wippermann
Technical University Darmstadt, Germany, Department of Meteorology

Eingegangen am 12. Dezember 1970

Zusammenfassung: Fir eine planetarische Grenzschicht mit den iiblichen Voraussetzung (a) der Stationaritit,
(b) der horizontalen Homogenitit und (c) vernachlissigbar kleiner vertikaler Dichteinderungen und mit der
zusitzlichen Voraussetzung der Barotropie wird eine Beziehung abgeleitet, welche den turbulenten Diffusions-
koeffizienten km(2) als nur von der Schubspannung r und deren vertikalen Ableitungen abhingend gibt. Wenn
man die beiden Hypothesen fiir den turbulenten Diffusionskoeffizienten von PRANDTL und von MONIN
gleichzeitig gelten lift, kann eine Formel erhalten werden, nach welcher der turbulente Diffusionskoeffizient
nur von der Turbulenzenergie und deren vertikalen Ableitungen abhingt.

Es werden auBerdem die Winkelverhiltnisse der Windspiralen und ihr Zusammenhang mit dem Vertikalprofil
des turbulenten Diffusionskoeffizienten betrachtet.

Summary: For a planetary boundary layer with the usual assumptions of (a) stationarity, (b) horizontal
homogeneity, and (c) neglected vertical variation of density and with the additional assumption of barotropy

a relation is derived giving the eddy viscosity kp(z) as depending on the stress 7 and its vertical derivatives

only. With the hypotheses of PRANDTL and of MONIN for the eddy viscosity a formula can be obtained relating
the eddy viscosity to the turbulent kinetic energy and its vertical derivates only.

Also some angular characteristics of wind spirals and their relations to the profile of the eddy viscosity are
considered. !

Résumé: Pour une couche limite planétaire, grice aux hypothéses habituelles: a) d’état stationnaire b) d’homo-
généité horizontale et c) de variations verticales négligeables de la masse volumique, ainsi qu'a I'hypothése de la
barotropie, on déduit une relation dans laquelle le coefficient de diffusion turbulente xp,(z) de la quantité de
mouvement ne dépend que de la tension tangentielle horizontale et de sa dérivée suivant la verticale.

Quand on utilise simultanément les hypothéses de PRANDTL et de MONIN relatives au coefficient de diffusion
turbulente, on arrive & une formule suivant laquelle ce coefficient de diffusion turbulente ne dépend que de
I'énergie cinétique de la turbulence et de sa dérivée suivant la verticale,

L’auteur examine, en outre, les caractéristiques angulaires des spirales de vent et leur relation avec le profil ver-
tical du coefficient de diffusion turbulente. '

l. Introduction .

~ The planetary boundary layer (PBL) is usually defined by the following assumptions: (a)
stationarity, (b) horizontal homogeneity and (c) the vertical variation of the horizontally averaged
density can be neglected.

The additional assumption of barotropy involves a geostrophic wind constant with height.

*) Paper presented at the International Conference on Meteorology (AMS. - LM.S)
30. Nov. — 4. Dec. 1970 Tel Aviv [ Jerusalem
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The PBL-equations are: o
f[1—ug] =(%)' . ' (1a)
f[v—vs}=—(%5)' | | (1b)

where the usual notations are used and the prime symbolizes a derivative with respect to z. The coordinate
system should be orientated with the x-axis in the direction of the smface stress, see fig. 1, i.e. (1)o =p u?,
(ry)o = 0 and the components of the geostrophic wind are ug = Ivg 1 cos (exg), vg == lwg Isin (I ).

The four unknowns in eqs. (1a, 1b) may be reduced to three by assuming a gradient flux
x=PknU, y=pky,V
but in order to close the system a fourth relation still has to be assumed.

b4

> x
By= o T,
Y, » <,
g. . T,
?- = 2T . \.\\;}J\ .
\ ~
\\ ~ “
The boundary conditions are: \ ~
z=2zp: u=v=0 , ' (3a)
x=puy, Ty=0 (3b)
z—roo; i—+o0, v—=0 (3¢)
x>0, >0 (3d)

Without a closure of the system and without solving it an information about the stress vector at the level
Z, can be obtained by the resistance law for a barotropic and neutral PBL, which was first derived by
KAZANSKII and MONIN (1961):

In (Roo) =M —In (Cq) ++/ % ~-N? (42)

Kk sin(lag )=NCyq ¢ (4b)



wherein Rog = vy |/ (f zo) is the surface Rossby-Num ber, Cq = u, / Ivg lis the geostrophic drag coefficient,
- @ is the cross-isobar angle and k the Karman-constant; M and N are universal constants, the values of
which are not yet exactly known but may be given, see WIPPERMANN (1970), by:

M=090, N=4.50 (5)

The constant N will be used in the following derivations.

1. A relationship between eddy viscosity and stress
Using the angle 1(z) between the x-axis and the stress vector 7(z), see fig. 1, one has
e =71cos(n), 7y =7sin(n)

by which the right-hand sides of egs. (1a, 1b) should be replaced. By differentiation of these two equations
with respect to z the two left-hand sides give

fu'=f I¥ icos(n), fv' =f ¥ sin(n)

and contain therefore also the angle 1. By division of the equations and after some rearrangements the
following two equations will result

- =) ©)
pEIFI=120't" +0'"r | 0]

From eq. (6) follows, that for any height z

7'(z) 20 (8)
and from this with respect to the boundary conditions (3b, 3d) _
T@)<0 ®)

According to eq. (2) is the eddy viscosity
. .
Km pIw | (10)

It can be obtained therefore by dividing the expression f 7 by the right-hand side of eq. (7), in which
before n’ and 0" have been replaced; this can be done with the aid of eq. (6) in the undifferentiated form
as well as in differentiated form. One gets )

Km Tt

oA 13T 4Tl 11

Very close to the ground (z = z,) it is possible to obtain the approximated stress profile, since the first,
the second and the third derivative of r is known:

The egs. (1a, 1b) can be written with the aid of the angle n
pf[u—ug]=1"sin(n)+ 77 cos(n) ' (12a)

~-pf[¥-vgl=7 cos(n)—7n sin(n) : (12b)
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According to the boundary condition (3a) the velocity components T and ¥ vanish at the ground (-z =2Zp);
furthermore ng = 0. This means

)0 =—7¢ 5 v,  (139)
(™o =0fvg (13b)

The later relation can be transformed with the aid of v; = - lw, I sin (| & |) and with the aid of eq. (4b)
into

ﬁ fue
{T')o =- K N
or with the usual scaling height H
H= "—f"h (14)
into
@ =—1 N (15)

From the eqgs. (12a, 12b) one gets

P2 [W-v P =(r) +1* ()
in which (n')? is replaced by eq. (6); a relation for 7'’ is obtained
" ﬁirfi 2 - (')

T = T

¥ —w,
or with eqgs. (3a), (14) and (15) atz=2,

F
%= i |5 N = 28 N cotg? (o ) e

In order to get (7)o the eq. (11) will be used, in which (kp,)o = u, 2 is set according to results for the
Prandtl-layer. Since according to the eqs. (15) and (16) the ("), and (1), are finite, (k) can only be

zero when (7""'), = o°; therefore it is reasonable to assume the very small value given by the Prandtl-layer
theory. From eq. (11) one gets

ru____f T ﬁj:
T = i VTT 3 T

At the ground (z = z,) we replace (1), and (r""), by the egs. (15) and (16) and we obtain:

e T z H 3 2 ’
(o ==2:73 v E‘E"N:{‘__‘ N+/ K—z—Nz} (17)
H Ci 2 Ci
Since _
3 : 3
= iN —;—N’=;—, N? cotg (kxg 1)

the second term in the brackets may be neglected. It remains therefore

e T ’
(7 }°=-ﬁo— 2 N cotg (lap ) . (18)
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In summary it has been found:

To=pul | (19a)
(o =-f N (190)
"o =ITT"1 N* cotg® ( lag |) (19¢)
("0 = b (194)

. The height of the Prandtl-layer

In the lowest decameters of the PBL very often a Prandtl-layer is postulated, that means the
stress 7 is assumed to be constant with height. But according to condition (9) the stress can not be constant
and actually it varies most rapidly just within the layer which is assumed to be a Prandtl-layer. In order to
define a Prandtl-layer in spite of that one considers as Prandtl-layer the lowest layer up to a clepth hat
which the surface stress 74 is decreased for 10 %:

7(h)=09 71, . : (20)
The stress 7 (h) can be represented by
h .
(B)=ro+ n ol oo By o, @)

in which h/H is the dimensionless height of the Prandtl-layer and (. . .)* symbolizes the derivation with
respect to the dimensionless vertical coordinate Z = z/H; for instance (7*)y = —7¢ N. The height h/H is
very small, it ranges probably between 0.02 and 0.05; therefore terms of second and higher order may be
neglected in eq. (21). By combining the eqgs. (21) and (20) one obtaines

h__ 017 _0.1

H (*)e N

h=0.022H (22)

If the scale height H is about 1000 m, which can be considered as a rough mean value, the height of the
Prandtl-layer would be about 20 m.

or

V. Some examples for the stress profile

It seems to be usefull to look at some analytical profiles 7(z) which satisfy the conditions (8)
and (9) and the boundary condition (3d). By using eq. (11) the corresponding profile of the eddy
viscosity may be considered. This has been done for the following four cases

A. 1(@)=T1oexp{-m(z—2)}, m>0 ' (23a)

f
Ky, (z) = const. = T m? (23b)
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B. f(z)=r.,(§;)'“, n>0 (24a)
2
C. 71(@=1oexp{— n(z—20)) (zio.)"' u>0, v>0 (25a)
Nzt 4y 2
km(z)_z(#z+p)3+3p(#z+v)+p (zsb)
D. 7(z)=1, % arccotg | A (z—zo)} (26a)
k. (@)= fv/ 20 (z—2) [1 + \? (z —20)* ) |arccotg [A (z —z,)] } 32

A {I[1=3)(z—20)*) arccotg [A (z —2o)] — 3?\(1-1.,} I (26b)-
The stress profile in the case A corresponds to the original model by Ekman havmg an eddy viscosity
constant with height. In the case B the profile of the eddy viscosity [ky, (z) = z?] is also very unrealistic;
lateron it will be shown, that a stress profile of typ B belongs to the equiangular wind spirals. To the
stress profile D a profile of the eddy viscosity belongs, which shows a maximum in the lower part with a
minimum above it; but above that k,, tends to infinity as 2z — e=. Only the lower part can be regarded as
similar to observed profiles. The profile of the eddy viscosity belonging to the stress profile C shows at
least a reasonable behaviour for very large z; in the lower part k,, increases with height and tends then to .
a constant value asymptotically. .

V. Eddy viscosity and turbulent kinetic energy

At least two hypotheses are known for the eddy viscosity, namely one by PRANDTL (1932)
x|
dz

ky= I @7

where [ is the mixing length, and the other by MONIN (1950) based on two papers by KOLMOGOROV
and by OBUCHOV in the early forties

kp =c, [b/? (28)

with b = (a + o + aw) i.e. twice the value of the turbulent kinetic energy per mass unit; ¢, isa
constant, By ehmmanng I from the egs. (27) and (28) and making use of eq. (2) one gets

=clb (29)

oI
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If in eq. (11) the stress 7 is replaced by eq. (29) the relation between the eddy viscosity and the turbulent
kinetic energy is obtained:

. b /By
km =2 3T+

In contrast to eq. (11), which is valid in a barotropic PBL without any additional assumption, the eq. (30)
is only valid, when both hypotheses (27) and (28) are accepted. This of course, is done mostly.

G0

VI. On the angular characteristics of several wind spirals in the PBL

A characteristic angle of the wind spiral is the angle , see fig. 1, which is formed by the
geostrophic departure® —v, and the stress vector 7 One notices from the figure 1 that

Yo =@ (31)
and also that
T-ay—f=n-y-m
or.
agtptn=2nr+y - (32)
For the decomposition of the vector ¥ —w, in its components the angle £, see fig. 1, will be used, where
| f=n—ay B (33)

with ﬁn =0.
Replacing in the eqs (1a) and (1b) the geostrophic departure in the form

Uy =~ ¥ —wg 1 cos (o +5)
Vv = |¥ —wy | sin (ap + )
one obtains by making use of eq. (32)

r—l =17 (34)

where r is the abbreviation for

1 = tang (V) (35)
By eliminating n' between the eqs. (34) and (6) it follows
" 2 Ll .
(3) =r% (362)

or

-’T-] : | (36b)



which can be integrated between z, and z; one gets

! 1
= 2 37

(), | #+ew

o

Considering eq. (15) and integrating once more between z, and z the following formula will result:

0

1(z)=T1o cxpj & . | (38)
H dz
M
L1]

or the same equation for b (z) when eq. (29) is considered. With the use of the stress 7 as given by eq. (38)
in the eq. (11) a relation can be obtained giving the eddy viscosity as depending on the angle y

z (39)
A 7] ‘

The two formulae may be applied to the equiangular wind spirals (r = 1, = const., r’ = 0) as well as to the
variangular spirals (1" # 0).
For the equiangular spiral is

z
noy - = [1glemo-y | (40)
Zo
One has to destinguish two cases of equiangular spirals, namely
(@ =1 (ie: Yo =ao =m/4)
(b) 1 #1

First the case (a) will be considered:
From eq. (38) with the aid of eq. (40) one gets

7(z) = 7o exp I— g (z-zo)} . (41a)
\ .
ke =5 (E) "=395-100 F (41b)

If one compares this result with that of case A in section IV, see eqs. (23a), (23b), one notices that
ro = I means the Ekmanmodel with m = N/H. The factor 3.95 107° obtained in eq. (41b) is only half
the value estimated by HANNA (1969).
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Also the geostrophic wind level, z , where the actual wind reaches for the first time the direction of the

geostrophic wind, can be easily obtained:

The condition fg = m means ng =7 + Y — @, (because of eq. 32) or in this special case with regard of

VG =Vo =0
ng="m (forrg =1)

On the other hand 7 is obtained by integration of eq. (34)

: N
e _ﬂu="ﬁ' (zg —2o)

Elimination of ng between the egs. (42) and (43) gives with respect to no = 2

zG=£-H=0.?H

In the case (b) with ry # 1 it is )
Io
z
dz -1 N -1
=ln{l-—5— T (z-2g)
- (z—-z)—u rn H
2 }% 7N

With that one gets from eq. (38) )
Io

-1 N ro~1
r(z)m\l— s N 20

The condition (9) is orﬂy satisfied for

2 <1 (ie:0<a <E
or for
B2>1 (lesae> E ), but with the additional
condition
2
< T H
Z—Zo = Z-1N

From (39) it is obtained for the eddy viscosity
B H)|2
o |G- 20)- 5 |

2
I+Io

Ky = f

(42)

(43)

(44)

(45)

(46)

This eq. (46) shows that for equiangular spirals with ro # 1 the profile of the eddy viscosity is given by a
second order curve as this has been shown already by LETTAU and DABERDT (1970). An eddy viscosity
coefficient decreasing with height is only obtained in the case ro > 1, i.e. ag > %, but only up to a height
224 = H/N 12 / (2 - 1); above this height the eddy viscosity increases again, which can not be seen

from the figures of LETTAU and DABBERDT.



In the variangular case an arbitrary behaviour of r(z) can be assumed and used in the formulae (38) and
(39), but very soon difficulties will arise in carrying out the integrations.

As an example it may be given

1
+2a; (z-20)} exp | a; (3‘30)}_

for whichatz=2z, 1§ = 1/(1 +a,); r increases with height up to a maximum at z = zy;, which is

(47)

I2 (z} = T:{ a

1 _a
Im __33 az

The value at the maximum is

1* (zy) =

1
a a a
-5 e e 5]
The three constants a; , a; and a3 in eq, (47) are determined by 1, z)y and r(zy). Above the maximum
1(z) decreases asymptotically to r(ee) = 1, the same value as in the Ekman case.
The corresponding k,-profile is obtained by eq. (39)
2
)
k= - T -(48)
|(l+¢'}exp {-223 (Z"ZD)] —'2'1)3 [a]aJ +a;a; (Z_Zn.)‘l' az][ﬁ‘l'a; (Z_Zu) ] |

where @ is an abbreviation for

1

®= 1+[a, +a; (z—2zo)]exp (a3 2 —20)]

For other r(z) one runs soon into difficulties of carrying out the integrations in eq. (39).
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Rossby = Number Similarity

in the Planetary Boundary = Layer

A possibility to realize the existence of Rossby-number
similarity in the PBL is given by considering the PBL-equa-
tions non-dimensionalized in different ways. For only one
set of the equations, namely that one with the correct non -
dimensionalization, every thing becomes independent of the
external parameters; in this case Rossby-number similarity

exists.

Let us start with the PBL-equations given as egs. (22a)
and (22b) on page 13

fElu-u } = dlr,/])/az (1a)
-f{v -V} = AT/ §/az (1b)

With the flux - gradient relations

qQ k_ du/dz (2a)

~
i

n

r Q k dv/dz (2b)

Yy

and with the assumption of a thermal wind constant with
height

ﬁg(z) - Ggo + (dﬁg/dz)c[ z -z} - (3a)
vg(z) = Vo + (dvg/dz)c [z - zo] (3b)
one gets from eqs. (la) and (lb) by differentiation
2 - 2 - A _ :
a ( Tx/q)/dz + f T&/(q km) - f (dvq/dz]c = 0 (4a)
2 ~ 2 _ A _
d“(r,/Q)/dz" - £, /@ ky) + £ (duy/dz), = O (4b)
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It is not yet decided how the coordinate system should be
orientated; this will be done together with the nondimensio-
nalization.

Let us consider the following two ways to non-dimensionalize
the egs. (4a) and (4b): the first way (I) by using i n -
ternal parameters, the second way (II) by e x ter -
n al ones:

I IT

The velocity for the non-dimensionalization is

A
u, [ﬁ@o

the friction velocity the geostrophic wind
speed at the ground

The ratio of these two velocities Cg = uﬁflﬁki is cﬁlled

the geostrophic drag coefficient. .
The length for non-dimensionalization is formed with these

velocities
5 Y
H = xu,/f D= x|w.|/E  (5)
the internal scale the external scale
height of the PBL height of the PBL

The variables are non-dimensionalized in the following man-
ner (the index n indicated the way II):

Z = z/H zZ =12z/D (6)
K= k_/(12f) Koy = ko /(026 ()
U= Ku/u, U= 0/ |V | (8a)
V=i, V= /|y (8b)
X = T,/(3u,) X, = T/(Q’ |vg.|")  (9a)
Y= T /(g ul) n = T/ @ Ve[ (o)

Multiplyino the equations (4a) and (4b) by the factor (x/f}2
one obtains
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either or

2 av ax Y av

u*“y_'{ } =0 It R "{dzgn}c=o (10a)
dzz Krn dz "¢ dzn mn n

2

2 U aly X au
-5, o e E BERCS
az Kn laz ‘e az mn n'c

Now .the orientation of the coordinate system should be fixed.
‘In the case I the x-axis should have the direction of the
surface stress T , in the case II this axis should be di-

o
A

rected along the surface geostrophic wind w, .

2
u
X =1 X = - : COS(CCQ)
(o] no ‘.I-CE ‘\vso
C e : '
= — cos(,) (1la)
x
u
Y =0 V4 = - sin(io,!)
° G
C 2 ’ i
= —L- sin(\.l) (11b)
X
I\Vﬁ'ﬂ U =1 (11lc)
Ugﬁ = K u‘ COS(C‘H) gno
= EL cos ()
g
-, .
]\V” v =0 (114)
vgo = K ™ sin (o) gno
= x in( )
= T F sin(|a,l
Cq

Also the components of the vector of baroclinicity are for-
med in both cases ( I and II ):
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igﬁTu{ﬂq} {d”* _ K e d“"_}
az g ° laz e laz 'n ¢ gz e
_ - 11
lx Qx (lle)
av X av av . ~L av
-9 = L|k.[fr&°x{_ﬁ} { } =.]i.|k['§vs¢><{ }c]
dzZ f dz ‘¢ dZ ‘n f az
= )
= 11f
bg 1y (11£)

Whereas the equations (l10a) and (10b) do not differ with re-
gard to the orientation of the coordinate system the lower
boundary conditions in both cases will be completely diffe-
rent. The boundary conditions are '

z — 2, } . a — W)y s v —-(Gq}T (12a)
(or 2 —» o) T, —=3 Ky, (A8 /dz)
. (12b)
Ty —-p§'kmtb(dvq/dz)c |
k — k= 12 |a {er/dz| (12¢)
z = z_ 8§ = ¢ = o (13a)
Ty = To ot Ty = Tyo (13b)
( Tkon + ( 't:"&rt__)‘,'z_I = § uf
km = kmo = Xu,z (13c)

In the condition (12¢) 1_ 1is the asymptotic mixing-length;
in the barotropic case conditions (12b) and (l2c) become

In non-dimensional form the boundary conditions are



Me= ?
N
= .IL.':" 12 +'\.\1
x* Y
zZ = 12 H
o
Ut = U0 = 0
v = Vo = 0
X = XQ = 1
Y = Y = 0
(o]
Km = Kmo = zO

U, (Ugn)T
(14a)
vn._* (vqn)T
— %
xn mne ] x*
(14b)
Yo ™ Xnne Mye
el _—
Knn Knne =
2 (l4c)
- El_q_e-:l i i
'-. K’- rzx'+ Q?.
- zno :
Un = Uno = 0
_ f (15a)
Vo = VYno = O
X, = %*no °
c 2
= “EE cos (a,)
*
* (15b)
Y = ¥ =
n no
Cq
= =5 sin(lugh
K = Fmno ©
c (15¢)
= 7 .-_.g.
no g*

The boundary conditions (15b) and (15¢) for II contain the

geostrophic drag coefficient C

g

A
= u#/ |w$a

' which'is not yet

known but should be obtained by solving the set of the egs.

(10a) and (1l0b), after a closure.
in the boundary conditions the first deri-
{dYn/dzn)D

pearance of Cq

vatives {dxn/dznlc and

In order to avoid the ap-

can be used instead of
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the values X and Y o itself. The egs. (la) and (1b)

together with the condition (13a) give

- fa (16a)

{a( tnyg‘) /daz} q0

£ v (16b)

{a(x, /3)/az} o

This is in non-dimensional form (type II) :

(dy_/az ) - qu,',(‘ = =K (17a)

(dxn/dzn) ° vgo/ x> = 0 | (17b)

In a similar way the condition (15c) for I and II can be
changed into

| ' _ _ . (18a)
(dK /dz) = 1 (@K /dz) = C./x* (1gp)

In order to close the system éf equations first one can
use the flux - gradient relations (2a),(2b)

= = 1

X K, du/dz X, = —5 Ky, du 74z  (19a)
= - 1

Y = K dv/dz | Y = —s K d4v_/dz_ = (19b)

If one combines these (i.e. 2a, 2b or 19a, 19b) with Prandtls
mixing-length relation (1

mixing-length)

k

2 A .
" 1° |d w/dz | (20)

or in non-dimensional notation
2

]d\t‘»’/dzl Ko = -—i—‘-s-

T
m »*

d wn/dzn (21)
one obtains

~ _.1/2
k, = 1(x/ Y (22)

or in the non-dimensional notation



- B2 -

| L
K =£{}<2+Y2}1‘M K =—“fx2+yz]1"‘4 (23)
m x mn x L n n
For the four variables ‘Fx(z) , Ty(z} ’ km[z) and 1(z)

one has only three equations, namely (4a) , (4b) and (22).
For the"missinq fourth equation a hypothesis has to be made,
which must contain the mixing-lenath

1 = 1(z,1.) or 1 = 1(7r,1.) (24)

or in non-dimensional form

) or

nﬂﬂ

t. .
"

L(z,L_) or L

L (2 ,L
n n n (25)

=
]

n
Finally one has a set of eguations and boundary conditions,
which are non-dimensionalized in two different ways. These
are presented in the two tables on the followinag page.

The set of eqs. (26)-(29) depends on three parameters on-
ly, namely the internal paramete;s Lo l;{ ’ lj? in the
system I or the external parameters an r Y e 7 ye in
the system II (where an , of course, is not a pure external
parameter since it implies the regard of internal parameters,
"such as u, and ¥, , too). _
L., (in the system I) is the asymptotic mixing-lenath and at
the same time the parameter governing the thermal stratifica-
tion, which otherwise is described by the parameter (= H/L,
the ratio of the inpernal scale height H of the PBIL to the
Monin-Obukhov stability length. For a relationship between L,
and (¢ see page 183. In the system II the stratification pa-
rameter is Ln .

Le=]

lx and ) in the system I are the internal parameters
for the baroclinicity, N s and 'Ey* in system II are the

external parameters for the baroclinicity.

The same as for the cas. (26) -(29) is true for the upper
boundary conditions (30a)-(304d).
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2
S X
dz m X
2
Q_% - %m + A
dz m y
L2
K, = 2 {X° +Y

L = L(X,Y,L, )

=0
=0
2 }1/4
or

mee X
Y ——ﬁ—KmnD'ly
Km KITIW =
2
I"m 2 2 yi/2
= =M ALl
L — L,
Z = Zo -
X = Xo =1
Y = Yo =0
Km = Kmo = Zo
. =1, = »x 2
O

o
I

]
I

dzxn Yn ?
+ - = 0
2 K x*
dzn mn
dZYn Xn _
- + N . .=0
azZ 2 Kmn ¥
n
L
_n 2 24,1/4
mn ;?-{ Xn + Yn ]
Lrl =L (2 ,ana} or
Ln = L (X ,Yn,Lnﬁ )
Z ——» cO:
n
X Kmn“ rlx‘
Y — Kmnm QY*
Kmn ' Kmnw =
2 _

= cos(a,)

:s sin(|o,|)

(26)

(27)
(28)
(29)
(30a)
(30b)

(30¢)

(304)

(31a)
(31b)

(31lc)

(31d)

For the upper boundary conditions (30a)-(30d) see the last

phrase on page 58 .
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Considering the lower boundary one notices that in the
system I only two conditions, (31lc) and (31d), depend on a
parameter. This is the parameter Zo , the non-dimensional
roughness~-length, which contains internal as well as external
parameters; by the several definitions made in the beginning

-1
- 2
Z {ng RO ) (32)
- -5 -1
(whereas zno x Roo ) with
HOo = Iv§o|/{ £ 2o ) (33)

the surface Rossby-number, a non-dimensional combination of
the external parameters |§§ol' f and z . However the de-
pendence of Ko and L on Z, (i.e. on the external para-
meters) exists only at the lower boundary and in its neigh-
bourhood, it is not relevant at larger heights 2 >> ZO.This
can be seen for instance by comparing the maximal values of
Km and -g with those at 2 = zo: Km'max ranges ffom a-
bout 5-10 for a very stable stratification to 2-10 in a

very unstable one. The roughness-length z varies between-
1-1{)-2 cm and 1-101 cm, which means roughly, that

1-1077 < 1z = K < 1-107%
O mo

Therefore

d0-2 > >.-?
2-10 Kmo/xm'max 5-10

and a similar range for L_/L .. (but the values multiplied
by the factor 0.4) ..From this it can be concluded, that in
the system I the boundary conditions (3lc) and (31d) do not
affect the profiles Km{z) and L(Z) for 2Z >> (2 and the-
refore neither the profiles X(Z) and Y(Z) . The profiles
would be completely unaffected by the boundary conditions,
if _

Z,— " 0, i.e_. if RO, —= oo (34)
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In this case in the system I the equations as well as the
boundary conditions would be completely independent of any
external parameter; this is called (Surface-) Rossby Number

- —————— -

Similarity. It means that the profiles X(z) , Y(2Z) , K (Z)
and L(Z) are universal, they are valid (if non-
dimensionalized correctly, i.e. like the system I) for ar-

bitrary external parameters and depend only on three inter-
nal parameters, namely L. (or . ) for the thermal strati-

fication, lx and ly for the baroclinicity.

As mentioned before such a Rossby-number similarity
exists in a PBL only for 2 ;::ZO, the neighbourhood of Zo
must be excluded. This happens not only with respect .to the
lower boundary conditions (31lc) and (31d) but also with re-
spect to the fact, that the position itself of the lower
boundary depends on the external parameters. (In.this sense
the boundary conditions 3la and 31b are also dependent on
external parameters). _

WIPPERMANN and YORDANOV (1972) have investigated the
height ZR above which Rossby-number similarity is given;

their result was

Zp = 10°2 (35)

One notices that the range to be excludedis very small.

All these considerations imply that the mixing-length
hypothesis (29), which has to be made in order to close the
set of equations, is independent of the external parameters.

The situation for the system II is completely diffe-
rent. Here the equations (26) = (29) depend on two external

parameters (q_ , for the baroclinicity and on the stra-

Q )
Y-I

tification parameter Lnae , Wwhich contains internal as well

as external parameters. The same is true for the upper boun-

dary. Also the lower boundary conditions (3la) - (3lc) con-
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tain external parameters as well as internal ones; the ap-
pearing geostrophic drag coefficient is the ratio of the
internal velocity u. to the external velocity I6q0| . This
dependence is less important in the condition (31c), becau-
se the same argument as in the system I (conditions 3lc and
31d) is valid for 2z . In the conditions (31la) and (31b)
Cq does not longer appear when thg form (17a),(17b) is used.
This, however, does not remove the difficulties: instead of
the values X o and Yno the derivatives (dXJHZJO and (d4dY,
deJo are now prescribed; nevertheless the wvalues X and

no

Yno , which will adjust in a solution, clearly continue to

depend on Cg.

Apparently the system II is unable to give universal
profiles, these can be obtained only in the system I, i.e.
if all variables are non-dimensionalized by internal parame-
ters. Any other kind of non-dimensionalization would have
the same defect as the system II.

As shown Rossby-number similarity exists for the pro-
files
X(z) , Y(2) , K (2) , L)

There are, of course, more variables having universal profi-
les; they can be obtained by the four profiles meﬁtioned be~
fore. For instance the egs. (1%9a) and (19b) of the system I
tell, that also the profiles

av
dz

du

EE(Z) and

(z)

must be universal; one should notice that this is valid for
the wind shear only and not for the velocities itself. (An
integration of the universal shear profile in order to get a
velocity profile has to be carried out starting at the lower
boundary which depends on external parameters; by this the
universality will be lost).

However the velocity-defect has a universai profile. Egs.
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(la) and (1lb) are in the non-dimensional form of the sy~

stem I :
P = dy/d4z : (36a)
0 = - dx/d4z (36b)
where P = 1<(G~ﬁq}/u, and Q = 1c($-$q)/ut are the com-

ponents of the velocity defect. According to the egs. (36a),
(36b) P(Z) and 0Q(Z) must be universal profiles, since
the right-hand sides of these two equations are also univer-
sal. .
Rossby-number similarity exists for more variables, for in-
stance also for the non-dimensional dissipation rate of the
turbulent kinetic energy, for the non-dimensional vertical
tempe;ature gradient, for the non-dimensional vertical moi-
sture gradient and for others. Probably the Rossby-number
similarity exists also for the spectral density functions

of several turbulence characteristics in the boundary layer.
Of course, in each case the non-dimensionalization has to be
done by correctly chosen internal parameters.

A similarity hypothesis of this kind has been applied
for the first time by MONIN and OBUKHOV (1954) in order to
obtain the profiles in the surface layer. Since then this
similarity principlé has often been used in the surface lay-
er, sometimes it is named the "auto-model hypothesis". LET-
TAU (1962) was the first to show the existence of such a si-
milarity in the whole boundary layer, he computed universal
profiles. (He also named in 1959 the non-dimensional combi-
nation of the external parameters the.Surface Rossby-Number).
Since then numerous authors have been concerned with the
Rossby-number similarity in the planetary boundary layer.

The egs. (26) - (29) together with the boundary condi-
tions (30a) - (30d), (3la) - (31d) show clearly that such a
similarity must exist for 2z >> Zg and that it would be com-
plete, if the surface Rossby-number tends to infinity.
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A Note on tl_le Rossby Similarity for Flows of Barotropic Planetary Boundary Layers

Kurze Mitteilung zur Frage der Rossby-Ahnlichkeit von Stromungen barotroper plane-
tarischer Grenzschichten

F. Wippermann and D, Yordanov *)

Technical University, Darmstadt, Germany, Department of Meteorology

With 1 figure
Received September 2, 1971

Summary: It is investigated for which nondimensional quantities Rossby similarity can be obtained and
in which range of the height it does exist.

Zusammenfassung: Es wird untersucht, fiir welche dimensionslosen Grifien und in welchem Héhenbereich
Rossby-Ahnlichkeit auftreten kann.

Résumé: On recherche pour quelles grandeurs non-dimensionnelles et dans quelle gamme de hauteur la
similitude de Rossby peut se présenter.

In recent years several authors (KAZANSKII and MONIN 1961, GILL 1967, MONIN and
ZILITINKEVICH 1967, BLACKADAR and TENNEKES 1968) derived the resistance law for a barotropic
planetary boundary layer (PBL) by making use of the so-called Rossby similarity (or Rossby-number simi-
larity), sometimes called the auto-model hypothesis. In this note an investigation shall be reported on the
limitations of this Rossby similarity. _

The equations for the barotropic PBL may be written in a nondimensional notation

X =Knd?Y/dz? (12)

Y =-K,d?X/dz? . (1b)

Km =(X*+Y)V4L/k (1¢)

L =f(X,Y.Lo.L.); Lo=xZo; 3L_/3(Rog)=0 (1d)
with the boundary conditions

Z=25: X=1, Y=0, L=Lg ' (2a)

Z+w : X0, Y0, L>L_ (2b)

Herein are X=17, /7, and Y= 7, /7, the components of the Reynolds stress made dimensionless by the

value of the stress 7,= pu} at the ground, with u,, the friction velocity. The boundary condition (2a)
shows that the coordinate system is orientated with the x-axis in the direction of the stress at the ground.

*) On leave from the Bulgarean Academy of Science, Depanment of Geophysics, Sofia, on a fellowship by the
A. v. Humboldt-Foundation

Beitrage zur Physik der Atmosphire, 45, Band, 1972, 5. 66—71
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Km =k /(H?f) is the nondimensional eddy viscosity, H = ku,/f is the scale height of the PBL with «
the Karman constant and f the Coriolis parameter. Z = z/H is the nondimensional height coordinate and
Z, = g [H the nondimensional roughness length; with the aid of the definitions above one has

Zo=(kCqRop)™ (3)

where Cgq = u,/ Wl is the geostrophic drag coefficient with Wil the geostrophic wind speed and Rog =
19!/ (zof) is the surface Rossby number. L =I/H is the nondimensional mixing-length.

It is important to state, that all quantities are made dimensionless by internal parameters; the classifica-
tion of internal and external parameters will be discussed later.

The eqgs. (1a) and (1b) are the PBL equations combined with the flux-gradient relations, eq. (1c) is Prandtl’s
mixing-length equation ky, = I*|d¥/dz! also combined with the flux-gradient relation and finally eq. (1d)
stands for any mixing-length hypothesis which has to be made in order to close the system of the equa-
tions. Such a mixing-length hypothesis may be made by giving the direct dependency of L on Z (as for
instance done by LETTAU 1962, BLACKADAR 1962 or APPLEBY and OHMSTEDE 1964) or by giving
a relationship between L and certain flow parameters, for instance X and Y (WIPPERMANN 1972a). The
mixing-length hypothesis should satisfy the condition aL_f/d(Rog) = 0, which is a physically reasonable
condition.

One notices from eq. (3) that Z, depends on Rog. If Z, would be zero the egs. (1a) - (1d) and the boun-
dary conditions (2a), (2b) would be independent of Roy, i. e. in this case the profiles X(Z), Y(Z), K (Z)
and L(Z) must be independent of Royg ; this is called Rossby similarity. However in a PBL the Rossby num-
ber remains finite since the roughness length z, is different from zero although it is very small compared
with the scale height of the PBL

Zy <1 4)

That means that for different values of Zy the boundary condition (2a) has to be satisfied at different
heights which of course are very close together compared with the scale height H of the PBL. From that
it can be concluded, that Rossby similarity is not existent in the very lowest layer, the depth of which is
in the order of the possible roughness length z;.

In order to demonstrate this the eqs. (1a) - (1d) have been integrated with the boundary conditions (2a),
(2b) for varying surface Rossby numbers, i. e. for varying Z,. As the mixing-length hypothesis (1d) that
one by WIPPERMANN (1972a)

L=L_-(L-Ly) (X*+Y?)¥2 (5)
k — Lo {(dX/dZ)] +(dX/dZ)o/2)
(@X/dz), {L_-Lo]
(with L =0.015 for neutral stratification) has been used ; the integration method is described in an other
paper, WIPPERMANN (1972b). Figure 1 shows the results: the solid curves give the vertical profiles of
the nondimensional Reynolds stress, in the figure shown as the deviation from the value at Z,, i. . as
1 - (X? +Y?)"2_ These profiles have been computed for different values of Z, namely for 1-10°2,1.1073,
1.107%,1-107%,1-107° and 1-107". All profiles coincide in the upper part (which means that Rossby si-

milarity exists here), they are splitted in the lower part where Rossby similarity is not existent. The figure
1 shows that the height Z_ above which the Rossby similarity exists is roughly

Zp ~10-Zg max (6)

where Zg, max is the largest possible value of the nondimensional roughness length. The largest value used
in the computations, Zo = 1-1072,is a very large roughness length corresponding roughly to zg = 10 m,




10
_ !
“""“‘-..‘_
“.\
L}
\
\ 3
| 110
/
/
-2
Z: 110 — / o
e
/
o
a;h'a" /’ / -3
__-—/ ?'ﬂ
y /
- ’/
2,110 = 110
| 116 . 5
Z= - — 110
# ?':b
rd
/
td
e
CALE — / | 116°
1’/ / L Ve |
V0 I I R N S—— .
o'/ f"—:'ﬂ
Z-110" / 7
7 - - r; 5 o
10 110° 10 o o 1’ 1o 0

Fig. 1. Vertical profiles of the nondimensional Reynolds’ stress (solid) and the nondimensional eddy viscosity (broken)
for various values of the nondimensional roughness length Zg, in the case of neutral stratification

Bild 1. Vertikalprofile der dimensionslosen Reynolds’schen Schubspannung (ausgezogen) und des turbulenten Diffusions-
koeffizienten (gestrichelt) bei unterschiedlichen Werten der dimensionslosen Rauhigkeitslinge Zg im Falle neutraler
Schichtung

it will not be found in usual cases. For Zy = 1-1072, still a large roughness length (zo = 1 m for H = 1 km), -
Rossby similarity would exist above Z, = 1-1072 (roughly above 10 m). In this sense the condition (6)
gives the advise that data measured in the Prandtl-layer are useful for similarity considerations only when



measured at a height larger than 10 times zo. (Of course, a correct Prandtllayer with dX/dZ=0,Y=0
does not exist ; if one calls as “Prandtl-layer” the lowest layer, in which the stress (X? +Y?)"2 decreases
- for only 10%, 15 % or 20 %, the height Z, of such a “‘Prandtl-layer” can be read from the figure 1 being
Z, =0.024, 0.037 or 0.050.)

The broken curves represent the vertical profiles of the nondimensional eddy viscosity K, for the six
different values of Z, mentioned before. One notices that all profiles coincide completely except that one
for Zy = 1-1072, That is different from the profiles X(Z) and Y(Z) which are splitted in the lowest layer,
it can be explained by the mixing-length hypothesis (1d) in which Ly = k Zy together with eq. (1c) requires

that
Kmo =Zp (7

which is Prandtl’s hypothesis k, = ku,z for z = z,. This hypothesized relation (7) causes the complete
coincidation of the various K, -profiles in the lowest part.

The maximum value of K, is 2.77 1072, it will be found at Z = 0.10.

According to eq. (6) the height range, in which Rossby similarity exists, reaches as farer down as smaller
Z, is, or — with respect to eq. (3) — as larger the surface Rossby number is. Complete Rossby similarity
would to be expected for Rog—~<=; however there is a lower limit for Zo (or an upper limit for Rog) too.
Since K = K f/(k?u2) cannot be smaller than vf/(k*u})where » = 0.13 cm? sec ™ is the kinematic
viscosity of the air, it follows from eq. (7)

Zo min= 116701 08 7 min= ¥/(k1,) ®

One sees that zg, min is also 2 measure for the depth of the viscous sublayer. For assumed smallest and
largest values of u, being 10 cm sec™ and 50 cm sec™ one gets for Zg, min=3.2 107 cm or 6.4 107 cm
respectively. A reasonable mean value would be Zg min = 1+ 107 cm which corresponds to Zg min = 1+ 1077
(for H= 1 km). That corresponds (for neutral and barotropic conditions) to (Rog) max=1- 107%, see
WIPPERMANN (1972a) table 3.

For the time being it has been shown that Rossby similarity exists for the profiles X(Z) and Y(Z) as long
as Z > Z, and for the profiles K, (Z) and L(Z) for any height Z, when the condition dL_/d(Rog) =0 is
satisfied. Rossby similarity cannot be used for the nondimensional components of the velocity but it exists
for the nondimensional components of the wind shear. That can be understood from the flux — gradient
relations in nondimensional notation

X=K,dU/dZ (9a)
Y=K,dV/dZ (9b)
where U= kfifu, and V = k #/u,,. Rossby similarity for X and Y as well as for Ky, requires that for dU/dZ

and dV/dZ too. The so-called auto-model hypothesis states that the dimensionless vertical differences of
the velocity components

k(0 =0 ), x(;=%), ’ (10)

are independent of the surface Rossby number, i. e. for this velocity differences exists Rossby similarity.
(The heights z, and z, have to be made dimensionless by the scale height H.)

This auto-model hypothesis means nothing else than that Rossby similarity exists for the nondimensional

shear components dU/dZ and dV/dZ. It has been applied for the first time by MONIN and OBUKHOV

(1954) in order to compute the profiles in the surface layer; lateron the application has been extended to
a barotropic PBL by KAZANSKII and MONIN (1960).



If the height Z, is chosen at the upper border of the PBL the velocity components there become the geo-
strophic ones, @, = @, ¥, = ¥,. That means according to the expressions (10), that the nondimensional
velocity defects

=k(0-0)/u,, Q=xr(?-9)/u, (an
are subjected to Rossby similarity too.

Likewise Rossby similarity exists for the nondimensional vertical gradient of the potential temperature
de/dzZ = d (39 ,)/d(z/H) with 9, = = qo/(kcppu,); g is the turbulent vertical heat flux being constant
with height in a PBL. The existence of Rossby similarity for d©/dZ can be shown in a quite analogous way
as for the velocity gradients. Because of dqg/dz = 0 the thermal equation corresponding to the egs. (9a),

Ob)is Knde/dz=1 (12)

where ay = Kp/Ky,. It can be assumed that a, (Z) is independent of Zg and therefore independent of Rog ;
it can be concluded from eq. (12) that Rossby similarity must exist for d©/dZ as long as Z > Z,.Com-
pletely the same conclusion can be drawn for the Rossby similarity of the nondimensional vemcal gradient
dS/dZ of the moisture §; it is S =§/s, with s, =—jo/(xpu,) where j, is the turbulent vertical flow of
moisture being constant with height in a PBL.

The nondimensional dissipation rate of kinetic energy £= ex?[(u3f) is

E=cK3L™ (13)
and must therefore also be subjected to Rossby similarity.
In the following table all quantities are listed for which Rossby similarity exists in a PBL:

X=1 [pu} Y=1/pu}
L=1/(xu,/f) Km = ke /(k*u}/f)
Kn = kn/(k*u2/f) Ks = ks/(k*u}/f)
dU/AZ = «? /f did/dz k(0y —y)fu,
dV/dZ = k?[f dv/dz _ k(9 =) fu,
P=k(d-ig)/u, - Q=«k(V - V) ju,
dO/dZ= ku,/(f9,) dd/dz (B2 = 9)/3,
dS/dZ=ku,/(fs,) d§/dz (82 —8,)/s,

€= ex?/(u}f)

It should be stated once more, that the eqs. (1a) - (1d) and the boundary conditions (2a), (2b) are inde-
pendent of Rog only if all quantities are made dimensionless by so-called internal parameters, i. e. only

in that case Rossby similarity can be obtained for X(Z) and Y(Z) and the other quantities listed above.

For instance if the quantities are made dimensionless by the velocity Il and/or by the length fivgl/f Rossby
similarity cannot be obtained ; that is easy to see since the boundary condition (2a) would be in that case:
Xo = Cg, Yo = 0 and therefore depend on Rog. Wyland W] /f are so-called external parameters which are
useless for such considerations. External and internal parameters have been discussed and listed in a table
presented in a paper by YORDANOV and WIPPERMANN (1972).

In order to support all the foregoing conclusions the integrations mentioned before have been carried out,
the results of which are displayed in figure 1. These integrations have been done for L_ =0.015 which
correspond to the neutral case, but there is not a general restriction to that case. They can be carried out



for any stratification when L_ is chosen appropriately to that stratification. Although the integrations
have been made for a barotropic PBL only there is no general restriction to barotropic PBLs; Rossby simi-
larity or the auto-model hypothesis may be extended to baroclinic PBLs as well, see YORDANOV and
WIPPERMANN (1972). In this case the surface Rossby number must be formed as a combination of z,
fand l¥gol where the index o indicates the value at the ground.

It can be considered as one of the main advantages of Rossby similarity that it enables to derive the re-
sistance law for a PBL giving Cg and «,, as depending on Rog (ao is the cross-isobar angle):

In(Rog) =M —In(Cq) + (x2/C3 —N*)'"2 - (142
ksin(ley)/Cq =N -

where M and N are universal functions of internal parameters for the static stability and for the baroclini-
city. Derivations have been given by the authors cited at the beginning of this note. For the first time the
resistance law has been derived by ROSSBY and MONTGOMERY (1935) for the barotropic and neutral
case; they obtained M = 0.92, N = 4.42 and also they had a factor 0.882 before the root in eq. (14a).
That may be the reason that the dimensionless combination of the external parameters (zy, f, 1¥;!) has
been named after Rossby ; this combination has been introduced and used for the first time already by
PRANDTL and TOLLMIEN in 1924, ’

A thermal “resistance law” and one for the moisture can be derived just so by applying Rossby similarity.
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Universal Profiles in the Barotropic Planetary Boundary Layer*)

Unive_rselle Profile in der barotropen planetarischen Grenzschicht
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Summary: The system of the equations for the planetary boundary layer has been closed by a mixing-length
hypothesis. Then integrations have been carried out for different thermal stratifications giving universal pro-
files of the variables, which have been made dimensionless by the appropriate internal parameter. Such pro-
files have been obtained for the deviation from the geostrophic wind, for the Reynolds stress, for the eddy
viscosity and for the dissipation rate of turbulent kinetic energy.

Beside some other results of the integrations it will be reported also on evaluations of the universal functions
M, (u) and N (g) which appear in the resistance law for a barotropic planetary boundary layer.

Zusammenfassung: Das Gleichungssystem fiir die planetarische Grenzschicht wird durch eine Mischungsweg-
hypothese geschlossen. Integrationen des Systems fiir unterschiedliche thermische Schichtungen liefern dann
universelle Profile, wenn die betrachteten Variablen mit den zugehbrigen inneren Parametern dimensionslos
gemacht worden sind. Solche Vertikalprofile werden berechnet und dargestellt fir die Abweichung vom
geostrophischen Wind, fir die Reynolds'sche Schubspannung, fir den turbulenten Diffusionskoeffizienten
und fiir die Dissipationsrate turbulenter kinetischer Energie.

Neben andern Ergebnissen der Integrationen werden auch noch Auswertungen der im Widerstandsgesetz auf-
tretenden universellen Funktionen My, () und N(u) mitgeteilt.

Reésumé: On réalise un systéme fermé d’équations pour la couchelimite planétaire a I'aide d’une hypothése en
longueur de mélange. L'intégration du systéme pour différentes stratifications thermiques fournit alors les
profils universels, ol les variables ont été rendues non dimensionnelles i l'aide des paramétres internes
appropriés. De tels profils verticaux sont obtenus pour I'écart par rapport au vent géostrophique, pour la -
tension de Reynolds, pour les coefficients de diffusion turbulente et pour le taux de dissipation de I'énergie
cinétique de turbulence.

Outre d’autres résultats des intégrations, on donne des évaluations des fonctions universelles My, (u) et N(u),
qui apparaissent dans la loi de résistance pour une couche-limite planétaire barotrope.

L Introduction

A boundary layer is called a planetary boundary layer (PBL), if the conditions of stationarity
and horizontal homogeneity are satisfied and if the variation of the density with height can be considered
to be very small. It can be shown by arguments of Rossby similarity that in such a PBL the vertical
profiles of the Reynolds stress, of the velocity defect, of the eddy viscosity or of other variables are
universal (Z > Z,), if these variables are nondimensionalized by internal flow parameters; such variables
are listed in a paper by WIPPERMANN and YORDANOV (1972). Universal profile means that such a vertical
profile is valid for any combination of the external parameters, it varies only with the thermal stratifica-
tion and, of course, in the baroclinic case it depends on two internal parameters of the baroclinicity, see
YORDANOV and WIPPERMANN (1972).

*) Paper presented at the meeting of the German Meteorological Society in Essen 27 Sept. — 2 Oct. 1971

Beitrage zur Physik der Atmosphire, 45. Band, 1972, 5. 148—163
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The universal profiles can be obtained either by the evaluation of measurements in the atmospheric
boundary layer (assuming that the conditions for a PBL are satisfied) or by integrating the boundary
layer equations using a model for the PBL. The measurements are still very few and rather imperfect, in
almost all cases the thermal stratification and the baroclinicity have not been determined. Computations
with a two-layer model of the PBL have been made first by ROSSBY and MONTGOMERY (1935), then
by YUDIN and SHVETZ in 1940, with a single-layer model by BLACKADAR (1962) and LETTAU (1962)
and later on by a few others. The profiles obtained by these computations can be made dimensionless
by the correct internal parameters, then they will be the universal profiles. The disadvantage of such
results is the use of so-called ““a priori-models”, i.e. models for which the system of equations has been
closed by a mixing-length hypothesis pre-assigning the vertical mixing-length profile. The single-layer
model by BOBILEVA, ZILITINKEVICH and LAIKHTMAN (1965) avoids this disadvantage, but it seems

to have some others; the universal profile obtained by this model differ considerably from observations
(for instance: the maximum of eddy viscosity appears at Z > 1 in the neutral case but it is observed at
Z=0.1).

'In the present paper the universal profiles will be computed by a single-layer model which avoids the
aforementioned disadvantages. For this model the system of equations is closed by a-mixing-length
hypothesis, which relates the mixing-length to an internal variable, namely the Reynolds’ stress.

The set of the equations is:

d?Y/dZ? = X/Kp (1a)
d*X/dZ? = - Y/[Kp (1b)
Km=TWLKk, T=(X*+YH)'2 _ @)
L=Loo—(Loo—kKmo) T¥ 3

1 =Kpmol2(dT/dZ)3 +(dT/dZ),/2)
(dT/dZ)y Leo— kKmo

The boundary conditions are:

Z=1Z,: xﬂ_= 1, Y0=0, Kno=Zo, Lo=kKno (4a)

Z-o: X0, Y0, Kn—0, L-La (4b)
The following noiation is used:

H=«ku./f, L=I/H (52)

Z=1z/H, Zo=2z0/H=1[(kCgRop) (5b)

X= 1ol Gud), Y=7y/(5ud), Kon = k/(HD) 59

H is the internal scale height of the PBL, I the mixing-length, z the vertical coordinate and z, the roughness-
length, 7, and 7y are the components of the Reynolds® stress, ky, is the eddy viscosity, uy the friction
velocity, p the density, f the Coriolis parameter and k is the Karman constant. | g | is the geostrophic
wind speed, Cg = ue/| Wy lis the geostrophic drag coefficient and Rog = | W | /(zof) is the surface Rossby
number.



The two second order ordinary differential equations (1a) and (1b) are the PBL-equations after elimina-
tion of the velocity components; eq. (2) is a combination of the flux-gradient relation and Prandtl’s
mixingdength equation and eq. (3) is the aforementioned mixing-length hypothesis by WIPPERMANN
(1971a). From the boundary condition (4a) one notices that the x-axis has the direction of the surface
stress. For an integration of the eqs. (1a)—(3) between Z, and infinity there is only one free parameter,
namely Loo being the asymptotic mixing-length. With respect to Rossby similarity this parameter Leo
must be determined by the thermal stratification only (and in the baroclinic case by the baroclinicity
probably), i.e. Loo has to satisfy the following reasonable condition

9L oo/3(R0op) =0

An empirical formula relating L to the internal parameter p of the thermal stratification has been given
by WIPPERMANN (1971a):

p=—442-24.410g,y(Loo) (6)
where p is defined as
u=H/L, ™

with Ly being the Monin-Obukhov stability-length. The relationship (6) allows to apply the system of
the egs. (1a)—(3) for different thermal stratifications u; however the relationship (6) should be con-
sidered as a very preliminary one.

For the integrations of the system of the eqs. (1a)—(3) the lower boundary has been chosen at

Zo =1 1075 which corresponds very roughly to zo = 1 cm or to a surface Rossby number between
1-10° and 1 - 107 according to eq. (5b). It has been assumed that X and Y become negligible at a

finite but large height Z* rather than at infinity; that means the boundary condition (4b) has to be
changed into

Z-2* X-0, Y=>0, Kp=0, L>Le : (8)

Z* has been chosen to be 10 which roughly corresponds to a height of z = 10 km and which is certainly
high enough. The egs. (1a)—(3) and the boundary conditions (4a) and (8) have been transformed using
the logarithmic vertical coordinate £ =log,o(Z), discretization has been done by chosing Af = 0.05, i.e.
179 interior points. The solution is obtained by an iterative method described by WIPPERMANN (1971b).
Integrations have been carried out for the following values of Leo: 1-107%,5-107%,1-107%,1 107,
1.5-1072,2-107%,5-107%,1 - 107" and 1.0. The first two cases give an unrealistic stable stratification,
the asymptotic mixing-length L. is only 10 times (resp. 50 times) the roughness-length, i.e. very roughly
10 cm, resp. 50 cm (for H = 1 km). In the most unstable case the mixing-length increases with height to
a length Lo, which equals the scale height of the PBL.

The solution of the egs. (1a)—(3) consists of the four profiles X(Z), Y(Z), Ky (Z) and L(Z); from these
other profiles can be derived. For instance the profiles of the two components of the nondimensional
departures from the geostrophic wind

P=x [ﬁ - ﬁ‘).-’u*, Q=k("- Gz)!‘“t )
can be obtained by using the stress profiles X(Z) and Y(Z) in the two basic equations of the PBL

P=dY/dZ, Q=-dX/dZ ' (10a,b)
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It should be mentioned, that with respect to the lower boundary condition for the velocities

z=2y: U=¥=0 _ oy
onehasatZ=12Z,

P-{} ==kl wgl cos(ag)/ue =~k cos(ap)/Cg (12a)

Qo =— |l wgl sin(ag)/ue = ksin(lag 1)/Cg (12b)

where ap is the cross-isobar angle. The resistance law for a barotropic PBL is

In(Roo) = M (1) ~In(Cy) + k cos(ag)/Cy (132)
N () = ksin(lag 1)/Cg (13b)

Herein M, (1) and N(u) are universal functions of the thermal stratification u (and in the baroclinic case
also of two internal parameters for the baroclinicity); they can be determined by measurements only or
for a given boundary layer model by an integration of the boundary layer equations. In addition to the
universal profiles the integrations described above gave also the universal functions My, () and N (u) for
the PBL-model used in this paper.

One notices from egs. (10b) and (13b) that
Qo =—(dX/dZ), =N . (14)

depends only on the thermal stratification but is independent of the surface Rossby number, i.e. it is
independent of the external parameters. But on the other hand P, depends on the surface Rossby number,
this can be seen by regarding eqs. (10a) and (13a); one gets

Py =(dY/dZ), =My, —In(C; Roo) (155)
or with respect to the definitions (5a) and (5b)
Po = (dY/dZ) = My, +In(x) +1n(Zo) (15b)

It will be referred to this eq. (15b) in the pext section.

1. The profiles of the velocity components

First the results are presented as hodographs in figure 1 for four different thermal stratifications
(Loo=0.001,0.01, 0.1 and 1.0). The numbers at the four spirals give the height Z. Close to the ground
.(Zo =1-107%) the hodographs are almost parallel to the P-axis, i.e. Q = const = Q. This is the range, in
which the wind does not turn with height (surface layer), it has always the direction of the surface stress
7o. The windvector k W/u, at any height Z is given as the straight line connecting the end-point of the
hodograph (Zo = 1 - 1075) with the height Z in question. If any other roughness-length Z, would be
chosen as the lower boundary of the integration range one would find this other end-point on that part
of the hodograph for which Q = Qo ; the spiral itself remains unchanged. This expresses the existence of



Rossby similarity, see WIPPERMANN and YORDANOV (1972). The vector of the geostrophic wind
K wg/ug is obtained by the straight line which connects the end-point of the hodograph with the point
(P =0, Q =0), the angle between this straight line and the hodograph is the cross-isobar anlge ;.

Such a universal spiral has been derived first by LETTAU (1962) for the neutral case. LETTAU uses
another mixing-length hypothesis, but his results differ only very little from the results obtained here.
This shows, that in the neutral and barotropic case the velocity profiles are not very sensitive to different
- mixing-length hypotheses. '

One notices from the hodograph curves, that the height Z; varies with the thermal stratification; Z is
the (nondimensional) height, at which the wind & reaches the direction of the geostrophic wind for the
first time. The values of Z, obtained by the integrations are listed in table 1.

Table 1/Tabelle 1

Stratification L. N Zg Zx c
extremely stable 1-103 | 16.1 0.17 0.19 45.5
stable 11072 5.39 | 0.52 0.58 9.9
neutral 1.5-102 4.53 0.66 0.69 7.6
unstable 1-1071 2.58 1.42 1.22 2.4
extremely unstable 1.0 2.22 1.59 1.41 1.3

18
i 0001

20 8 165 -4 -2 -0 & 6 -4 -2
L

(a) extremely stable (L..=0001)
(b) Stable (L=001)
(d)  unstable (Le=Ol)

(e) extremely unstable (L.=10)

Figure 1. Universal wind spirals for four different thermal stratifications. The numbers give the non-dimensional height Z.

Bild 1. Universelle Windspiralen fiir vier verschiedene Schichtungen. Die Zahlen geben die jeweilige dimensionslose Hohe
Z an, '
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It is interesting to compare these heights Z; with those heights Z g obtained from the simple Ekman
solution; it is

Zoe =N @e)

where N is the universal function appearing in the resistance law (13b). The values of N and Zgg are
included likewise in the table 1. _

For the neutral case (Lo = 0.015) the two universal profiles P(Z) and Q(Z) are shown in figure 2. The
dots are the values from the Leipzig wind profile as given by GILL (1967). This figure shows a very
good agreement between the observations and the theory; it shows also that the choice of Lo, =0.015
is correct for the neutral stratification (u = 0) or for a stratification very close to the neutral one. The
Leipzig wind profile is supposed to be neutral or almost neutral. )

The lower part of the curve P(Z) in figure 2 reaches asymptotically the logarithmic wind profile, which
is shown as a broken line in figure 3 for three different stratifications.

The logarithmic wind profile

kl/ug =In(z/z,)
is in the nondimensional notation (considering the definition 5b for Z,)

UL =1n(Z) + In(kCgRo,) (17)

J!g [La=0.015 7
; | (
Za_..i._ L]
3 | - Xuff
2
or / : \
8
5
L ]
3 Figure 2. The two components P(Z)
2 and Q(Z) of the universal wind pro-
file in the neutral case. The dots are
values of the Leipzig wind profile
O.D:; as given by GILL (1967)
5] P- Kot . ' Bild 2, Die beiden Komponenten
P(Z) und Q(Z) des universellen
3 ) Windprofiles im Falle adiabati-
O n Kot scher Schichtung, Die Punkte
2 * sind Werte, welche GILL (1967)
dem Leipziger Windprofil ent-
0001 nommen hat

70 -60 -5 -40 30 20 -0 0 10 20 30 &L 50 60
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or written as the departure from the geostrophic wind
Py =In(Z) +In(k CgRo,) — U

Because of Ug = kcos(ap)/Cy the last two terms may be written as In(k) + M, (1), which results from
the resistance law (13a). It is obtained

PL =In(Z) + M, () +In (k) : (18)

A comparison of (15b), which results from the resistance law, and (18) shows, that the resistance law
assumes a logarithmic profile at Z = Z,.

At Z=1.0 one gets

Mp () ==In(x) + P (1.0) . . (19)
10 s T 7
! I
I" ,' ‘e
11 /=3& ;
- h N
X U,,’f I ! ',' .
- i I, fl
2 «'I .'] l‘
U "
i
K [
Ho [l ‘U-' 1
(a) extremely stable /

(Le=Q001) K
5 | |fc) neutral  (Le=0015) '
(e) extremely unstable

(Le=10)
i
2 /
]
2 -'I
Ho 1
5
2 .
Figure 3. The component P(Z) of the uni-
3 versal wind profile (solid line) compared
HO with the logarithmic wind profile (broken
line) for three different thermal stratifica-
5 tions
Bild 3. Die Komponente P(Z) des univer-
: &-d sellen Windprofiles (ausgezogene Linie)
2 =]("T." im Vergleich mit dem logarithmischen
Windprofil (gestrichelte Linie) fir drei
10" verschiedene thermische Schichtungen
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In another paper WIPPERMANN (1970) has supposed (and incorrectly derived, see TAYLOR 1971), that
in the neutral case M, (0) = — In(x), which requires with respect to eq. (19) PL(Z=1.0; u=0) =0.
Figure 3 shows, that Py (1.0; 0) is almost zero indeed for the PBL-model used in these integrations. The
value obtained for M, (Lo = 0.015) equals 1.06 which differs only a little from —In(k) = 0.92. Perhaps
the value of Lo for 1 = 0 can be determined by the condition Py (1.0;0) =0.

Figure 3 shows also the difference between P(Z) and Py (Z), i.e. the difference between the corresponding
solid and broken lines. For the three stratifications (a) extremely stable (Lo = 0.001), (c) neutral (Loo =
'0.015) and (e) extremely unstable (L oo = 1.0) the heights are indicated, for which this difference

P(Z) — PL(Z) equals 10 % of P(Z). These heights are Z= 5.8 107 in case (a), Z=2.3 1072 in case (c)

and Z=6.0 107 in the extremely unstable case (e), respectively. In the neutral case this height is very
close to the height Zp of the Prandtl-layer defined as the height in which the stress is reduced to 0.9 of
the stress at the ground; see WIPPERMANN (1971c). One would expect, that the difference P(Z) — Py (Z)
is smallest in the neutral case and larger in the stable as well as in the unstable case; but this expectation

is not met by the results of the model.

Here a real defect of the mixing-length hypothesis (3) appears, a defect which also other mixing-length

hypotheses possess as for instance that one by BLACKADAR (1962), LETTAU (1962) or APPLEBY and
OHMSTEDE (1964). The defect can be shown most easily with the ‘aid of the mixing-length hypothesis

by BLACKADAR (1962). ' '

LeL(Z)=kZ/(1 + kZ[Loo) (20)

(here it is unimportant that BLACKADAR's Lo, depends also on Rog, what it shouldn’t do.) We know
from observations, that very close to the ground (Z < 1) the mixing-length is

I=xz/®, or L=kZ/®y ' (21
where ®, is the nondimensional shear function
D =1+yz/[Le=1+yuZ (22)

7 is a constant, which has different values in stable (L > 0) and in unstable (L, < 0) stratification. If
one replaces ®p, in eq. (21) by eq. (22) and compares the two mixing-length one gets

Loo=k/(ys) (23)

Eq. (23) shows clearly, that because of Lo > 0 only a stable stratification is possible. For the neutral
case an appropriate value of the asymptotic mixing length is Lo = 0.015; that means, that all mixing-
length hypotheses mentioned before (including the hypothesis (3) used in this paper) in the unstable
case have an asymptotic value Loo between 0.015 and L,. Because of this defect it is impossible to
determine the parameter p of the thermal stratification by the wind prbfile in the surface layer.

In figure 4 the vertical profiles of the horizontal wind speed are drawn for an extremely stable stratifica-
tion (a), for a neutral one (c) and for an extremely unstable stratification (e). As in the other figures also
in this figure the height z is made dimensionless by the internal height scale H; but here the horizontal
wind speed is made dimensionless by the geostrophic wind, which is an external parameter:

W1/1%0g 1= Cy/x /(P = Po)* +(Q — Qo) (4)
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It is true that Q, is independent of the surface Rossby number, i.e. independent of the external parameters
(except the thermal stratification); this can be seen from eqs. (13b) and (14). But P, as well as Cy are
dependent on Ro, as eq. (15) tells us. Therefore |w|/| @ | varies with Roy, in the figure 4 it is given for

a surface Rossby number between 1 - 10° and 1 - 107 (namely for Z, = 1 - 107°). One notices, that in

the case of stable stratification the overshooting over the geostrophic wind is strongest (~ 8 %), it is very
weak (~ 3 %) in the case of an extremely unstable stratification. In the stable case this overshooting is
concentrated in a rather thin layer (roughly 50—100 m), for unstable stratification it exists in a layer of

. several hundred meters.

I, The profiles of stress, eddy viscosity and the rate of energy dissipation

Figure 5 shows the stress spirals for the same thermal stratifications as used for the velocity
spirals in figure 1, For an extremely stable stratification (a) the stress becomes zero already at a height
Z =~ 0.2, but in an extremely unstable stratification the stress spiral is bulged out more and the stress
vanishes at a height Z = 2; in this case the stress profile reaches a height about ten times larger than in
the extremely stable case. '
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Figure 5. Universal stress spirals for
four different thermal stratifications.
The numbers give the non-dimensio-
nal height Z

Bild 5. Universelle Spiralen der Schub-
(a) extrernely stable (L..=0001) spannung fir vier unterschiedliche
-05 (b) Sfﬂbﬁ; (L=001) thermische Schichtungen. Die Zahlen

(d) unstable (Lo=0l) geben die jeweilige dimensionslose
(e)extrermely unstable(L .=10) Héhe Z an

From the PBL-equation applied to the height z = zy, (¢ =0),

(d 7/dz) = [ g x k] (24a)
or in the non-dimensional notation

(d 7/dZ)o = [ 2 x Kk]k/Cq . (24b)

one notices that at the ground (X = 1, Y = 0) the spiral is perpendicular to the geostrophic wind.

The more unstable the stratification the larger is the angle between the stress spiral and the x-axis, i.e.
as smaller is the cross-isobar angle ap.

Dimensionless stress spirals showing this variation with the thermal stratification have already been shown
alsoby YAMAMOTO, YASUDA and SHIMANUKI (1968). However these spirals are made dimensionless by
the external parameter | Wy |and are therefore not universal in this case.

The integration of the system of the equation (1a)—(3) gives also the non-dimensional eddy viscosity K.
In figure 6 the profiles K, (Z) are presented for five different thermal stratifications. In the extremely
stable case the maximum of K, is weak and appears very low (Z = 0.01), in the neutral case it has the
value K, max =0.027 and will be found near Z = 0.1 (very roughly near 100 m) and in the extremely
unstable case the maximum of K, is very large and displaced upwards to the upper border of the PBL.

The broken line in figure 6 gives the vertical profile of K, as evaluated from the Leipzig wind profile,

see LETTAU (1950). The very good agreement between the K, -profile Leipzig and the K, -profile
obtained for Leo = 0.015 shows, that this value has been chosen well for the stratification belonging to

the Leipzig wind profile; this stratification has not been measured but it is assumed to be neutral. Probalbly
the value Loo = 0.014 or Loo=0.0135 would give a still better agreement with the Leipzig wind profile.

In the diagram (figure 6) the maxima of K, for different thermal stratifications seem to be almost on a
straight line; that means the amount of the maximum of Ky, is proportional to the height Z(k, max), at
which it appears. The relation is :

Km,max =0.27 Z(k, max) (25)
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non-dimensional eddy viscosity
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the Km-profile obtained from the
Leipzig wind profile by LETTAU
(1950)
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The differences between the Ky max Obtained by the integrations and the Ko, max computed by the
relationship (25) are very small, even in the case of an extremely stable stratification where this difference
is largest it is 6 % only. Of course the relationship (25) is valid only in the barotropic case; if a relation-
ship of this kind would also exist in baroclinic cases, the factor certainly would depend on the two para-
meters for the baroclinicity diig/dz and d¥;/dz.

For some purposes it may be useful to have the profile of the eddy viscosity in an functional form; such
one has been determined as

Knp(Z) = Zexpl-cZ%7%% | - (26)

where c is a factor depending on the thermal stratification, i.e. on L. Some values of ¢ are given in the
last column of table 1. The function (26) satisfies the empirical relation (25). The difference between
Kmr (according to eq. 26) and K, obtained by the integration of the PBL-equations is displayed in
figure 7, this difference is given in portions of Km,n;“. One notices that for Z < 1.0 the largest deviation
is about 15 %, except for the extremely stable case, in which the difference reaches 50 % of Ky, max in
the height range between Z=0.05 and Z = 0.07.

Universal profiles of the dissipation rate of the kinetic energy can be obtained also, if the dissipation rate
is made dimensionless correctly, namely by internal parameters

E=¢len,  en=uaf/k?
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The equation for the turbulent kinetic energy is in non-dimensional notation
€=T?/Ky —p+d/dZ {KpdB?/dZ) —d/dZ (Wpy ) (28)

where B? = b?/u} with b? = (uj)*; Ky, is the eddy diffusion coefficient for the turbulent kinetic energy
b2. In the last term of eq. (28) there appears the correlation product of the nondimensional vertical
velocity W = kw/u, and the non-dimensional pressure py = p/7,. It is usual to neglect this last term by
the following two reasons: firstly one is unable to handle this term and secondly this term is believed to
be much smaller than the others. The third term on the right-hand side is the divergence of the vertical
turbulent flux of the turbulent kinetic energy; also this term is very often neglected as small compared
with three remaining terms. With these neglections eq. (28) is reduced to

E=T*Kp—n

According to this equation the profiles £(Z) have been computed for different stratifications, they are
presented in figure 8. An evaluation of £(Z) from the described integrations requires an identification
of the used value of L with a certain thermal stratification given by the internal parameter y; for this
the empirical relation (6) has been applied. -

Since with increasing height T? goes faster to zero than K,

lim €=—-u (30)

zo=
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That means, that for a stable stratification (u > 0) and for large heights Z the non-dimensional dissipation
rate of turbulent kinetic energy will become negative, i.e. a generation of turbulent kinetic energy would
occur. This of course is not possible and the profile £ (Z) can be considered as valid only in a range of
heights in which € > 0. An explanation is given by ZILITINKEVICH in his book (1970). One notices in
figure 8 that the profile (Lo = 0.1) for the unstable case and the profile (Lo = 1.0) for the extremely
unstable case almost reach the asymptotic value — y; for the stable case (Loo=0.01) and for the extremely
stable case (Loo = 0.001) the profiles show a very rapid decrease of € with height, these curves tend to

go to negative values of €. Qualitatively the diagram obtained by BOBILEVA et al. (1965) is completly
the same as that one in figure 8.

V. The universal functions M, (z) and N(u) in the resistance law for a barotropic PBL

In the resistance law (13a), (13b) the two universal functions M, (1) and N(u) appear, from
which some values have been evaluated by the integrations of the model equations. According to the eqgs.
(14) and (15a) they are obtained as the derivatives of the stress components at the ground:

N = —(dX/dZ), \ (31a)
M = (dY/dZ), +In(CyRop) (31b)
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Values of M, and N are given in table 2; this table contains also the corresponding values of Cg and ay.
With L the corresponding values of u are listed according to the empirical formula (6). All integrations
have been carried out with a lower boundary at Z, = 1 - 107 corresponding to a surface Rossby number
between 1 - 10° and 1 - 107 '

Table 2/Tabelle 2
L u Mm N Cg Op
5-100% | +36 =120 | 228 0.012 | 43.00
1-10% | #29 - 6.8 | 16.1 0.016 40.00
1-10°2 | + 5§ - 0.6 5.4 0.031 24.50
1.5 107! 0 1.1 4.5 0.033 21.70
2-1071 -3 1.3 4.0 0.034 19.90
5-102 | -12 1.7 3.0 0.036 15.50
1-1071 =20 1.8 2.6 0.036 13.60
1.0 - 44 1.8 2.2 0.037 11,70

Mpm and N are independent of Ro, and therefore independent of Z, (according to 5b). A series of
integrations with different Z, has been carried out in order to test the independency of M, and N on

Roy for the model used in this paper. These integrations have been made for the neutral case (Lo = 0.015),
some of the results are summarized in table 3

Table 3/Tabelle 3

Zy Mm N Ce [+ 7]
11073 0.91 4.5 0.049 33.20
1100% | 1.0 4.5 0.039 26.40
11005 | 1.1 4.5 0.033 21.70
1106 | 1.1 4.5 0.028 18.40
11007 | 1.2 4.5 0.024 15.9¢

N is completely independent of Rog, My, varies only a little. C; and a, of course depend on Rog (and
therefore also on Z), they must show a variation with varying Z.

The largest Z, of table 3, namely Z, = 1 - 107 (roughly corresponding to zo = 1 m), is probably unrealistic
large and may better be dropped. In this case also the variation of the remaining M, is very small so that
the independency of M, and N on Roy is verified for the model in the neutral case.

It is interesting to compare the values of M, (u) and N(u) obtained by the model as M, (L o) and N{L o)
with those values evaluated from observations. Unfortunately there are only two sets of observations

which are sufficient for an evaluation of My, (1) and N(u). These are the O’Neil data evaluated by MONIN and
ZILITINKEVICH (1967) and re-evaluated by ZILITINKEVICH (1970) and secondly the Kerang and Hay

data evaluated by CLARKE (1970). These evaluations are presented in figure 9, the values from table 3
(indicated by WI'71) also are shown. For a comparison figure 9 also contains the results of a single-layer
model by FIEDLER (1971) and those of a two-layer model by ZILITINKEVICH (1970).

The crossed circles marke the point for the neutral case. For the model WI'71 one has My, (0) = 1.1,

N(0) = 4.5 which is very close to the values M, (0) = 0.90, N(0) = 4.50 | evaluated by WIPPERMANN
(1970) from the available observations as well as from different adiabatic models.
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Figure 9, M, and N varying with the stratification parameter p according to the evaluations of observational data and to
the integrations for several PBL-models

Bild 9. M und N fiir sich indernden Parameter p der thermischen Schichtung nach den Auswertungen von Beobachtungcn
und nach den Integrationsergebnissen verschiedener PRL-Modelle

The values of My, and N for an unstable stratification (u < 0, Leo > 0.015) are found in the lower right
corner of the diagram. Here the values obtained by various models as well as the values obtained by
measurements don't differ very much.

The curvature in the lower part of the line representing the model WI'71 is to the left. This is similar to
the curve representing CLARKE's evaluation of data. The other curves are in the lower part either straight
or they have a curvature to the right. It is supposed that the opposite curvature of the result WI'71 is
caused by the defect of the mixing-length hypothesis described in section II, eq. (23). But the mentioned

- influence of this defect seems to be not severe with respect to the large scatter of the observations and

of the results of different models.
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Note on the Energy Budget in the PBL

- 111 -

A set of energy equations,

(47) -

(50),

for the PBL

is derived in the first chapter (see page 22); it shows the

energy conversions, which are possible among the four diffe-

rent kinds of enerqgy. These equations are repeated here; in

the egs. (48) and (49) the term - qg'w' has been transfor-
med to gq/T Qw'T" according to egs. (54a) - (54c), page 23,
I = glc, T+d - = o W) S 12
Q{cyT+2) bn =93 by =@ 5— QLs
_d — d ~ _d w (w)* d [.% o
Ei{cpqw T + 5 (Tw) a;{qw > - EE{L Qw s}
- w'p'} + w'p')
+ f§ Ik-[ﬁ'hx{fﬁ] - fo ]k?[\‘a;?x i}ﬂ]
- E W'T' + ﬂ thl
23 23
t*Qé&p “ 9 ®nm
Q& - g8,
a w a w
- (55 + (TS5
o = - - Y
- L q 65 + L ? &8
. d =
-
= 0 = 0 = 0 = 0
(1) (2) (3) (4)

In the book by LUMLEY and PANOFSKY (1964) the discussi-

ons aboutthe terms are summarized, which appear in the bud-
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get of turbulent kinetic energy, eq. (3): estimates of the-
se terms are also given in this book. However they are al-
most all restricted to the surface layer. Since that time
some more investigations have been published discussing mea-
surements of these terms, but they are also restricted to
the surface layer. The most detailed discussion is given by
WYNGAARD and COTE (1971) using the set of the Kansas 1968
Field Program Data, see IZUMI (1971).

Some of the terms in the budget of the kinetic energy
of the mean motion, eg. (2), have been evaluated as profi-
les for the whole boundary layer by LETTAU and HOEBER (1964)
from pilot balloon ascents on the island Helgoland. KRAUS
(1972) has plotted the profiles of these terms (except the
dissipation rate § e ) after two of these Helgoland wind
profiles; he discusses also the effect of the thermal stra-
tification on these terms.

In this note some general considerations should be ma-
de on the conversions among the four different kinds of e-
nerqy.

The schematic figure on page 113 shows the variation
of the energy conversions for a dry PBL in the neutral case.
Let us denote the internal and potential energy @ {cV$ + ¢
with an I , the kinetic energy of the mean motion §'@‘/2
with a b~ and the turbulent kinetic energy qﬁv“)‘/2 with
bt . The conversion per unit time from energy E, into ener-
gy 82 should be denoted with C (El,Ez) .

The following energy conversions have to be taken into con-

sideration:

c {1.,b )

c (I,b )

- (FVIP = - £ Qike[W x W) (5)

[

- g € (6)

c {1,b,? = q/T Qw' T’ | (7)
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c{1b )y = -Qc¢ (8)

c(b /by = (T=33") (9)

The conversion rate CﬁgiI,ba> is positive in the
largest part of the PBL, since the horizontal wind deviates
to the left of the geostrophic wind in the largest part of
the PBL; only in the upper part, where the wind has veered
into a direction to the right of the geostrophic wind, the
Cu)<I,bm> < 0. The maximum of Cw)<I,bﬁ> occurs very
roughly in about 100 m; there the velocity w, has almost
reached the value of L§g| and the cross-isobar angie o is
still large.

Theenergy conversion rate Cu,<I,bm>- has its maximum
at the ground, it decreases very rapidly with height and has
.a very small amount only. Since €m > 0 the conversion ra-
te C“}<I,bm> < 0 : the dissipated kinetic energy of the
mean motion is always transformed into heat.

The kinetic energy of the mean motion is lost by the
conversion Cﬂf<bm'bt>' in lower layers than it is gained
by Cuf<1'bm> - Cuﬂix'bm> . Therefore a turbulent verti-
cal energy flux must exist in order to transport the energy
bm into thbse layers where it is needed for the conversion
Csy bm'bt> . This turbulent energy flux is directed down-
ward, it is indicated in the figqure (page 113) by the doub-
le arrows; this flux reaches its maximum in an altitude of
very roughly 30 m. KRAUS (1972) proposes to define this le-
vel (at which the maximum of the downward flux Twéh oc-
curs) as the top of the surface layer. The quantity ‘r-iﬂ
can be interpreted indeed as the turbulent flux of the ki-

netic enerqgy bm .

The conversion C“g<bm,bt> is always positive, its

maximum is at the ground. This conversion rate decreases
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very rapidly with height.

The dissipation of the kinetic energy bt of the turbu-
lence is very similar to the gain of this kind of energy by
the conversion C“)<bm,bt>- . For the neutral case they are
very often put equal

(7.4%) = 3e, (10)
which means that
—_— . )
Lo G ) = o

Indeed the few existing estimates for this divergence indi-
cate, that it is very small. In the.figure this turbulent
flux of turbulent kineticenergy (double arrows) is sketched
as directed upward while w'p' is neglected. There is no
doubt, that such a turbulent flux of b, exists and that it
is directed upward; there is the question if this flux is
convergent or divergent. In the figure a convergence is in-
dicated; that means that the decrease of ¢ with height

is less than the decrease of (‘I+Eé§").

t

In the diabatic case exists an additional energy con-
version, the rate of which is CﬁgiI,bt> : it is indicated
in the figure by broken arrows and it is directed from I
to .bt in the case of an unstable stratification (é;757>-03
and from bt to I in stable conditions (gw'T'< O). As

'shown in chapter 1 (eq. 32 on page 16) a PBL without radia-

tive effects and without phase changes of the water vapor
requires that the turbulent vertical flux of sensible heat
is constant with height. That means that in unstable condi-
tions the gain of energy b, by the conversion wa<1'bt>
> 0 must be compensated by a loss at the top of the PBL,
Such a loss is given by the turbulent vertical flux of bt
going through the upper border of the PBL; this flux must
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therefore increase with height (it has a divergence). The
opposite occurs in the stable case: almost all of the amount
of energy, which is converted from _bt into I by the con-
version term = oQw'T' g/T must be put 1n;o the PBL through
its upper border by qw“ﬁv"P/Z . That means that the turbu-
lent vertical flux of ht must be directed downward and has
a convergence. The height, at which this flux changes its
direction is possibly very low (for large §;TET ), but in
the lowest part the flux is always directed upward.

It is quite interesting to look at the energy conver-
sion rates as being "universal” (in the sense of universal
profiles for Rossby-number similarity). If one non-dimensio-
nalizes the egs. (1) - (4) by multiplying these with the
factor x*/(g f u]) one obtains the egs. (12) - (15) given
on page 117,

Herein is M = H/L. the internal stability parameter (with
H = xu,/f the internal scale height of the PBL and L, the .
Monin-Obukhov stability-length), & = gx¥(fu?), V,= xw/u,
Z=2z/H,T-=17T/(qu.) , B, = bt/(§u:) , W= xw/u, and

Py = p/(§u:). The budget for the turbulent kinetic energy,
eq. (14), is in non-dimensional form ,

d
az {W'B

+ﬁ'pﬁ}+r+5t-(w.m = 0 (15)

t dz

| | as well as |d'Wh/dz] are universal profiles, i.e. pro-
files for which Rossby-number similarity exists. In the ca-
se of a vanishing divergence (first term in eq. 16) 5t(Z]
must also be a universal profile since ta is constant with
height in the PBL. Eth) is generally considered to be a
quantity the profile of which is universal even in the ca-
se that the divergence does not vanish. Presumably the first
term in eq. (16) is also such a quanfity for which Rossby -
number similarity exists, since it consists of a vertical
derivative. This would mean that all terms in eq. (16) are
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— A — w? (v') N
I = q{ch+é} b, =% % b, =q - QLs
x d o o)l | & (T - W e x d el S
w3z VT } az (T V) az\" By * u.dz{L vs')
-+ a/az{u'pl +wp}
i [V x W, - Ik [V x v ]
E _ €
m m
£ -,
Sk A L7 g3
E U, f u,
- n@R/)
= (0] = (0] = (0] = 0O
(12) (13) (14) (15)

universél profiles. This is different for the budget, eq.
"(13), of the kinetic energy of the mean motion:

(i) - wlvpxwy] - €, -0

The third term in this equation is very small compared with
the two other terms, it can be neglected. The two first terms
both contain \wh(z) which of course is not a universal pro-
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file but depends still on the external parameters.(The ver-
tical derivative of the non-dimensional velocity only is a
quantity for which Rossby-number similarity exists). The two
non-dimensional velocity components are

U o= PoM (e, A, L) s Aoz o+ In(c, RO) (18a)
V = 0=-N(@m, A, A )+ A
(ts % Y) yZ (18b)
where U = lli=fi/'u,l , V = 1i$/u. ¢ P = 'K(G-Gg)/u; and
- A..A . - 2 A. = L P
0= ¥ (v vq)/u, ; lx x/f dug/dz and ly' x/f dvq/dz

are the internal parameters for the baroclinicity. M and N
are universal functions which appear in the resistance law
of a PBL. Cg ='u‘/|@go| is the geostrophic drag coefficient
and RO_ = |§go|/{f zo) is the surface Rossby-number. The
coordinate system is orientated with the x-axis in the direc-
tion of the surface stress TB . .

The influence of the external parameters appears in the last
term of eq. (18a).

Although the budget of the turbulent kinetic enerqgy (nondi-
mensionalized by internal parameters) is "universal", i.e. |
is independent of external parameters, the budget of the ki-
netic energy of the mean motion depends on external parame-

ters.

A final remark should be made referring to the Richard-
son-number. The Richardson-flux-number is obtained by divi-
ding the second term in eq. (16) by the fourth term of this
equation

("
Rif - -(T,—d_y_h_) (19}
dZ
Since in a barotropic PBL the two quantities T (Z) as well
as a\v,/daz (z) decrease with height, the Richardson-flux

-number must increase monotonically with height and become
infinite at the top of the PBL,
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To each stratification parameter belongs a "universal"
profile Rif{Z}, i.e. a profile, which is independent of

the external parameters.
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Layers with a Reduced Eddy Viscosity Caused by the Baroclinicity

Schichten mit vermindertem Austausch verursacht durch Baroklinitit

F. Wippermann and D. Yordanov")

Technical University Darmstadt, Germany, Department of Meteorology

Received December 21, 1971 i

Summary: Investigations with a model of the planetary boundary layer have shown that certain baroclinicities
cause a minimum in the vertical profile of the Reynolds® stress. Such a minimum occurs together with one in
the vertical profile of the eddy viscosity. The height, at which it occurs, and the rate, by which Ky, is reduced,
depend on the direction and on the value of the thermal wind as well as on the thermal stratification.

The results have been verified by observations.

Zusammenfassung: Durch Untersuchungen mit einem Modell fiir die planetarische Grenzschicht lieB sich zei- -
gen, daf fiir bestimmte Baroklinititen ein Minimum im Vertikalprofil der Reynolds’schen Schubspannung auf-
tritt. Dieses Minimum ist gekoppelt mit einem solchen im Vertikalprofil des Austausches Ky,. Die Hohe, in
welcher es auftritt, und sein Betrag hingen ab von Richtung und Betrag des thermischen Windes und von der
thermischen Schichtung.

Die Ergebnisse wurden mit Beobachtungen belegt.

Résumé: Des recherches avec un modéle de couche-limite planétaire ont montré que, pour certaines baroclinies,
un minimum apparait dans le profil vertical de la tension de Reynolds. Ce minimum est associé & un minimum
dans le profil vertical de la viscosité turbulente K. La hauteur ou cela se produit et le taux de réduction de

Km dépendent de la direction et de I'intensité du vent thermique, ainsi que de la stratification thermique. Les
résultats ont été confirmés par les observatiu!'is.

Computations with a numerical model for a diabatic and baroclinic planetary boundary layer
(PBL) have shown, that for special baroclinic structures a pronounced minimum appears in the vertical
profile of the eddy viscosity. Such a minimum occurs mostly in a relatively thin layer, the layers are ob-
served in the upper part of the PBL above a height of 200—-300 m. Since they can act as a barriere for a
process of turbulent diffusion in the vertical direction, this may be important mainly for diffusion pro-
cesses from tall stacks. Besides others this is one reason why it seems to be useful to present some consi-
derations about such minima in the eddy viscosity.

*) On leave from the Bulgarean Academy of Science, Department of Geophysics, Sofia, on a fellowship by the A. v.
Humboldt-Foundation.

Beitrige zur Physik der Atmosphére, 45. Band, 1972, 5. 267-275
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The PBL-model consists of the following equations:

d*Y/dZ? = X[Kpn —Ax (1)

d*X/dZ? =~ Y/[Kn + Ay 2

Km=T'2Ljk, T=(X*+Y?)!? ®

L=L_—(L_—Lo) T° | O]
Kk —Lo [2(dT/dZ)] +(dT/dZ)o/2]

e (dT/dZ)o (L.~ Lo]

Eq. (1) and eq. (2) are the equations for a baroclinic PBL (steady state, horizontally homogeneous)
after elimination of the velocity components. Eq. (3) is a combination of the flux-gradient relation

T=Kq |dY/dZI (5)
and of Prandtl’s mixing-length equation
Km=L2/k? 1dV [dZI (6)

Finally eq. (4) is a mixing-length hypothesis, WIPPERMANN (1971), it is made in order to close
the system of the equations. -

PBL-MODEL L~00MW
—— ArS5 ., A5
— Ap0 , A5
50 ——— Ag0 , A0
] ® LEIPZIG pa? (Lue2?)
barotrop T

: e SCILY Tpe? lLem=T]
i 19 A48

op2 ° . . K
K.~z

Fig. 1/Bild 1
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The symbols have the following meaning: X=7,/pu> and Y =7, /pu? are the two non-dimensio-
nal components of the Reynolds’ stress with u,, the friction velocity, Ky, =kgq /(x? uz {f) is the non-dimen-
sional eddy viscosity and Z=z/H is the non-dimensional height coordinate with H= ku /f the internal scale
height of the PBL. Ax=dUg/dZ and Ay=dVg/dZ are the internal parameters for the baroclinicity assumed
(in the model) to be constant with height. Ug=kug/u, and Vg=kvg/u, are the non-dimensional compo-
nents of the geostrophic wind. The coordinate system is orientated with the x-axis in the direction of the
surface stress vector 1g. It is L=1/H the non-dimensional mixing-length, which has the value Lq at the lower
boundary (Z=Z,) and approaches the asymptotic value L_ for Z— o, It is the value of L_ which governs
the influence of the thermal stratification on K, (Z), T(Z) and the other vertical profiles. k denotes the
Karman constant.

At the upper boundary (Z-) is in the baroclinic case
ldV/dZI= 1aV g/dZI=(A] +2))'7
and therefore according to eq. (6)
K, =L2 /K2 (A +2))17 @)
This asymptotic value of K, has been given by BLACKADAR (1965) already. Using this value in
eq. (5) one obtains
T.=L2/k* (2 +2)) 8

sagess=sge=s  HELGOLAND I
Nas25 A0
M (le=T)
PBL-MODEL
A=3,0,0,=0

2 | 55

Fig. 2/Bild 2
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which is a asymptotic value of the Reynolds’ stress for Z-> oo, The lower boundary condition for the stress
Tis
Z=Zy: To=1, (dT/dZ)o=-N ©9)

where N is a universal function (of the thermal stratification and of the baroclinicity) almost every time
positive appearing in the resistance law for a PBL, see YORDANOV and WIPPERMANN (1972).

In a barotropic (A=A, =0) PBL it can be shown (WIPPERMANN 1971), that T decreases monoto-
nically with height and approaches the asymptotic value T_=0, see eq. (8). In the baroclinic case, however,
it is possible, that T_> T ; this means with respect to the condition (9) that at least one minimum of T
must occur. )

Regarding eq. (3) one can expect, that a minimum of T implies also a minimum of K, , since the
mixing-length L has almost reached its asymptotic value L_ in the height of the minimum. Because of the
mixing-length hypothesis (4), which contains the stress T itself, the minimum in K, will be less pronoun-
ced than the minimum obtained with a mixing-length hypothesis L= L(Z), for instance BLACKADAR (1962).
This is one of the advantages the authors see for the mixing-length hypothesis eq. (4).

The figures 1—7 show some results obtained by numerical integrations with the PBL-model men-
tioned before. . ' : . _
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La=0]
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Figure 1 shows for a neutral PBL the differences in the Kp,-profiles for the barotropic case (bro-
ken line) and two baroclinic cases (solid line and dotted line). The eddy viscosity as well as the height Z
are non-dimensionalized by internal parameters, which means that the K, -profiles can be considered as

universal, see YORDANOV and WIPPERMANN (1972). This enables to compare such profiles with any set
of observational data, if these data are made dimensionless in the same way. In the figure 1 the full circles

are observations, the Leipzig wind profile (MILDNER 1932), evaluated by LETTAU (1950), the open circles
are observations from the Scilly Island ( SHEPPARD, CHARNOCK, FRANCIS 1952) also evaluated by LETTAU

(1957).
In figure 2 and figure 3 the circles represent (nondimensional) observational data obtained from
the wind profiles Helgoland I and Helgoland Il by LETTAU and HOEBER (1964). They are compared with

1
the universal profiles K, (Z) obtained by the PBL-model for an appropriate thermal stratification. The
thermal stratification has not been measured or determined for the two wind profiles, but the comparison

with the model shows, that for Helgoland I a slightly unstable stratification (L =0.02) and for Helgoland

II an unstable stratification (L_=0.1) must be assumed.
One notices from figure 3 that the eddy viscosity in the minimum is rediced to a value of about

1/3 of the value in the barotropic case. The minimum of the K,,-profile Helgoland II is located at Z=0.35,

i. e, in this case 320330 m.
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In figure 4 the stress profile Helgoland II is shown by the dots; it is compared with the universal
stress profile for a baroclinic (Ax=0, A, =5.0) PBL and for a barotropic (Ax= Ay =0) one, both obtained by
the PBL-model. One notices that the baroclinic stress profile, observed as well as computed, has also a mi-
nimum at the height, where K, is a minimum. Figure 4 contains also two universal profiles o= 3!19, repre-
senting the non-dimensional deviation of the potential temperature from the temperature at the ground
(Z=2Z,). The broken line is the profile for the barotropic case, the solid line that one for the baroclinic
(Ax=0, Ay =5.0) case. Since the temperature for the non-dimensionalization &,=—qo/(kc, pu,) is negative
in the unstable case (L_=0.1, q¢ >0), the two profiles mean, that the potential temperature decreases mo-
notonically with height. This decreasing is fastest in the surface layer, at the top of the PBL the profile (in
the barotropic case) tends to a neutral one, i. e. © approaches a constant value. In the baroclinic case the
thermal stratification is less unstable and almost neutral in that layer in which K, and T have their mini-
mum. However, it is impossible to get a temperature inversion in this layer; this means, that a reduced eddy
viscosity of this kind and therefore also a reduced turbulent diffusion is caused by the baroclinicity only
and not by the thermal stratification,

The universal profiles of the potential temperature have been computed by the formula
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v oy, 1+6.35uZ
+6.35u
E;=D.?4 1+470Z stable (1 >0)
dp . [1-15pZ)'

— = <0
I, 0.74 [—f}-_s—l ~ouz] unstable (u<0)

where p is the internal parameter for the thermal stratification
u=H/L, (11)

L, is the Monin-Obukhov stability-length. The derivation and a discussion of formula (10) will be given in
another paper.

The minimum in the K, -profile is caused by the baroclinicity, since a certain baroclinicity dV ;/dZ
diminishes the vertical wind shear dV/dZ of the PBL. This effect is modified by the thermal stratification.

In the figures 5, 6 and 7 the influence of the baroclinicity as well as of the thermal stratification is consi-
dered. :

In figure 5 the K, -profiles are displayed for the neutral case (u=0) but for different baroclini-
cities. One notices that the influence of the baroclinicity disappears below Z ~0.07 whereas the influence
of the thermal stratification reaches farer down, see figure 6 and 7. In the neutral case (fig. 5) the minimum
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is most pronounced for the baroclinic condition (d) where the thermal wind is directed to the left of the
geostrophic wind ¥ go (cold air advection). As more as the thermal wind turns to the right (passing through
the direction of the geostrophic wind ¢ g), the minimum becomes weaker and it is located at a higher level.
It should be mentioned, that the direction of the x-axis does not coincide with the direction of the geo-
strophic wind v go but differs from it by the cross-isobar angle a. For the purpose of a comparison also

the K, -profile in the barotropic case (f) is given.

In figure 6 (Ax=0, Ay =5.0; cold air advection) and in figure 7 (Ax=5.0, Ay =0; thermal wind
parallel to the surface wind) the influence of the thermal stratification is investigated. The case (a), L_=
0.0040, means an extremely stable stratification, (b) with L_=0.0085 a stable one and (c), L_=0.014, the
neutral case. L_ = 0.050 denotes an unstable case (d) and finally L_= 0.10 (¢) a rather strong unstable stra-

~ tification. For the considered cold air advection (fig. 6) the minimum in the Ky, -profile occurs only for an
unstable stratification, in the neutral case it is not strongly marked and it disappears for the stable stratifi-
cations. However in the case of a thermal wind parallel to the surface wind (fig. 7) the minimum occurs
only for a neutral (c) and for a slightly stable (b) stratification. '
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The Wind Profile Very Close to the Ground

Das Windprofil in unmittelbarer Nahe des Erdbodens

F. Wippermann
Technical University Darmstadt, Germany

Received 4 January 1973

Summary: The wind profile in a planetary boundary layer (steady state, horizontally homogenenous) is
logarithmic (or log + linear for the diabatic case) in the nearest neighbourhood of the ground. This result
is derived without any additional hypothesis but only using the boundary layer equations. Since the stress
is not constant with height in the planetary boundary layer, the eddy viscosity ky, cannot increase linearly
with height as required for a constant stress layer; this will be discussed.

Zusammenfassung: [n einer planetarischen Grenzschicht (stationir, horizontal homogen) hat das Windprofil
in unmittelbarer Nihe des Erdbodens eine logarithmische Form bzw. bei nicht-neutraler Schichtung diejenige
eines log + linear Profiles. Dieses Ergebnis wird ohne eine weitere Hypothese abgeleitet, es werden nur die
Grenzschichtgleichungen benutzt. Da in der planetarischen Grenzschicht die Schubspannung nicht konstant
mit der Hohe ist, kann sich auch der turbulente Diffusionskoeffizient kp, nicht linear mit der Héhe dndern,
wie das bei Vorgabe einer hdhenkonstanten Schubspannung erforderlich wire; diese Verhiltnisse werden
erbrtert. ' .

Résumé: Dans une couche limite planétaire (stationnaire, horizontalement homogéne) le profil du vent &
proximité immédiate du sol a une forme logarithmique, resp., dans le cas d’une disposition par couches non-
adiabatiques, celle d’un profil log + linéaire. Ce résultat est déduit sans autre hypothése; seules des equations
de couches linéaires ont été employées. Comme dans une couche limite planétaire 'effort de cisaillement n'est
pas constant dans la verticale, le coefficient de diffusion turbulente kmy ne peut se modifier de facon linéaire
dans la verticale, comme exigé par un effort de cisaillement constant. Ces rapports sont discutes.

1. List of symhbls
Cg=  u,/lWg | Geostrophic drag coefficient
d= Zero-plane displacement
f= Coriolis parameter
H= ku,/f Internal scale height of the planetary boundary layer
kn, = Eddy viscosity .
m = km/(H*f) Non-dimensional eddy viscosity

K
L. = Monin-Obukhov stability length

Mm } _ { Universal functions in the resistance law of the planetary
N boundary layer

P= K (i—1)/u, Non-dimensional velocity defect, x-component
Q= Kk (V= ¥g)/u, Non-dimensional velocity defect, y-component
Rog= Iwg|/(fzo) Surface Rossby number

Beitrége zur Physik der Atmosphire, 46, Band, 1973, S. 57-63
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k U/u, Non-dimensional velocity, x-component

friction velocity

k v/u, Non-dimensional velocity, y-component

Velocity components
7./(p u?) Non-dimensional stress, x-component

74/(p u2) Non-dimensional stress, y-component

Horizontal coordinates, x has the direction of the surface stress
Vertical coordinate

z/H Non-dimensional vertical coordinate

< XEP<E C
o=
]

N
>
i

N
n

Cross-isobar angle

(Z - Zo)Kpmo

Von Karman's constant
dUg/dZ
dV,/dZ
Density

> x3p
AL

]

} Internal parameter for the baroclinicity

-

= T
]

H/L, Internal parameter for the thermal stratification
®m = ZdU/dZ Non-dimensional profile function
T, Ty = Components of the Reynolds stress

Indices:
ad = adiabatic g = geostrophic

o = at the ground m = for momentum
Differentiation:

() =d()/dz, ()™ =4 ()/dz"

2, Introduction

‘Almost all authors in the field of the atmospheric boundary layer claim that the wind
profile is logarithmic in the layer close to the ground if this layer has a neutral stratification and
is barotropic. In order to derive the logarithmic profile they use assumptions beside the usual
ones (stationarity, horizontal homogeneity); by such assumptions or hypotheses the Iogaﬁthmic
form of the profile is already implied. Examples of such assumptions are: no variation of wind
direction with height, constant stress and/or linear variation of the mixing-length with height,
the auto-model hypothesis or other similarity arguments. One does not find any derivation
which makes use of the boundary layer equations

£5(h—0,) =dr,/dz (1a)
~£p(V-¥,) =d1,/dz ' (1b)
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or in the non-dimensional notation
P=Y' (2a)
Q=-X (2b)

Of course the system (2a), (2b) is not closed, even not when in addition the two equations of
the flux-gradient relation

T =Pk, di/dz (3a)

Ty =p ky, dv/dz (3b)
or in non-dimensional notation _

X=Kn P +2) (4a)

Y =K, (Q +1,) | (4b)

are used; a hypothesis is still necessary to close the system. However if one restricts the consider-
ation to the profile very close to the ground this profile can be derived without a further hypo-
thesis. It is the purpose of this paper to show that.

3. The derivatives of the stress components atz = z,

The lower boundary conditions belonging to the egs. (1a), (1b) are:

z=25: u=v=0 (52)
Tx =P U;, Ty =0 (5b)

or in the non-dimensional notation

Z=2Zy: U=V=0 o (62)
Xo=1 (6b)
Yo=0 (6¢)

The condition (6a) implies

Py == Ugo =~ k/u, |¥g, | cos(ag) == k/Cq cos () =
= My (1 Ao Ay) ~ In (Rop Cy) (7a)

Qo =~ Vgo == K/u, ¥z, sin(ag) = k/Cg sin(lag1) = N(p, Ay, Ay) (7b)

In the egs. (7a), (7b) the “resistance law” of a diabatic baroclinic planetary boundary layer has
been used, see YORDANOV and WIPPERMANN (1972). It states that M, and N are universal
functions, i.e. they do not depend on any external parameter but depend only on the internal
parameter  for the thermal stratification and on two internal parameters A, and A, for the
baroclinicity. — One should remember that the derivation of the resistance law itself makes
use of a logarithmic wind profile at least at z = z,. However this is insignificant for the further
derivation here.
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The first derivatives of the stress components are given by (2a) and (2b), namely
Xo=—Q, and Yo =P,. In order to obtain the higher derivatives the velocity defect P should
be eliminated in the eqs. (2a) and (4a) and the defect Q in the eqs. (2b) and (4b); one gets

X' == YKy + 2y (8a)
Y' = X/Km = A (8b)

The second derivatives are therefore: Xy = Ay and Yg = 1/K 0 — A4 Higher derivatives are ob-
tained by differentiationg the eqgs. (8a) and (8b); of course in the obtained expressions appear
Ko and derivatives of it, which one does not know. One obtains:

Xo =1 YD =0

" Xo =-Qo Yo =P

' = Y” =1 _
xﬂu ly 0" l"Kmﬂ }-l - \ (g) (lﬁ)
Xo' =—Po/Kpmo o =~ Qo/Kmo ~Kiyo/Kmo '
XE =2PKmo/Kno~ Y& =2QoKmo/Kho +2(Kino)* Ko =
- lﬂ(fno + ?‘:J'.Kmo - K;':loJrKEno + ?\yl'ero )
4. The wind profile close to the ground

Let’s consider first the wind component in the direction of the surface stress. U(Z) can
be expanded in a Taylor serie at the point Z = Z,:

U@=) UP@Z-Z)"n!  n=1,23,... (11a) .

The undifferentiated velocity vanishes because of eq. (6a). In the barotropic case (A, = A, = 0),
which now will be assumed, U™ = P™ and with eq. (2a) one has U™ = Y+ ). it follows

u@=) Y8 (@Z-2z"m! n=1,2,3,... (11b)

Using the expressions (10) in eq. (11b) one obtains with the abbreviation n =(Z — Z)/K 50

U(Z) =1-[QKmo * Kmo] "?21’2 +
+Kimo [QoKmo + Ko | /3 = KioKmo #*/6 £ . .. (11¢)
Adding and subtracting the term [Q,K 0 + Ko ] 7 0ne finds the expansion of the In(1 + 7);
it results
U(Z) = [QoKmo *+ KmolIn(1+ 1) +[1= QKo =Ko 7 -
- [K,r:'loKmofz +(1 = Kmo) [QoKmo + K:no]] 7?3"3 +0 ('-'?4) (12)
' Actually this profile (12) is valid only in the nearest neighbourhood of Z, since the expansion

for the In (1 + ) converges only if n < 1, this means because of K, = Z,, for the range
Z, < Z<2Z,. Unfortunately one does know neither the value of K, which probably varies
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with the thermal stratification, nor the values of the derivatives Ky, and K. Therefore it is
reasonable to use the profile function ¢,, instead K, since one has some observational evidence
for the former. ¢, is defined as

Om = KZ/u, di.'u'dzd (13a)
or in the non-dimensional notation

¢m =ZU (13b)
Eq. (4a) IS in the barotropic case reduced to

X=K,P=K, U _ (14)
Eliminating U’ from the eqs. (13b) and (14) one gets

Kn=ZX/tm (15)
which is with respect to eq. (6b) at Z=Z,,

Kmo = Zo/¥mo (16)
Differentiating eq. (15) and making use of the egs. (6b), (9) together with (7b), (16) one obtains

Kimo = (1= [N() + $ino/Pmo) Zo}émo an

The expressions (16) and (17) are used to replace K o and Ko, in eq. (12); the argu-
ment of the logarithme has to be transformed also:

1+0=14(Z~Z,)Kmo = Omo [Z~Zo (1= 1/$m0))/Zo (18)
If the second term in the interior brackets is considered as a zero-plane displacement d

d=Z,Zoo=Zo [1 = 1/Pmeo] _ (19a)
it follows ' |

Zy = $mo Zoo (19b)

Using the egs. (16), (17), (192) and (19b) in eq. (12) this equation reads then:

U(Z)=1/ppme {1 - zr.:a ‘\ﬁ"mo.‘f‘ﬁ'mo} In[(Z-d)/Zyl+
+[($mo — l)f‘zo + ﬁna”’ma] (Z -Z,)+0 (1?3) (20)

The term containing the second derivative of K, has been not considered any more, since
nothing is known about this second derivative. Its value is probably very small, in a constant -
stress layer it would be exactly zero. Also the other term associated with n° remains disregarded,
since 1 — K[, is very small; it vanishes in a constant stress layer. The power of the disregarded
terms is lowered therefore by one.

In a procedure analog to (11a)—(11c) the following profile of the V-component is
obtained o

V(Z) == PoZo/bmo {1/2 [$mo (2= Zo)Zo T +1/3 [$mo (Z— Zo)Zo) [1 -
=N Zg + $mo/Pmo Zo =~ mol/2Po)/Pmo} + 0(n*) 21
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It is worth noting, that there is a remarkable difference between the U(Z) and the V(Z), the
latter profile does not contain a linear term; its lowest order of (Z — Z,,) is quadratic. The V-
component is much smaller than the U-component. '

5. The profile function ¢, and its first derivative atz =z,

An extensive study of the profile function ¢,, has been made recently by BUSINGER,
WYNGAARD, IZUMI and BRADLEY (1971) using the data obtained in Kansas in summer 1968.
The authors obtained for a neutral stratification ¢, ,q = 1.15 and they concluded that the von
Karman constant must be 0.35 instead 0.40 which value is commonly used. This conclusion is
made since @, 29 = 1.0 is required; of course this requirement is based on the assumption of a
constant stress layer with a logarithmic wind profile. Such a requirement cannot be maintained
in the planetary boundary layer, where the stress has its largest decrease with height at the
ground. However also eq. (20), valid in a planetary boundary layer with decreasing stress, requires
®mo,ad = 1.0; differentiating eq. (20) once and inserting U’ in eq. (13b) applied at Z = Z,, gives

Pmo,ad = Z, {‘lt‘mo,ad [Z, - d]}-. =10 (22)

Eq. (22) has the consequence that the zero-plane displacement d vanishes and Z, = Z,,.

In order to get the first derivative of ¢, at Z = Z, the empirical formula obtained by
BUSINGER et al. (1971) for the range—0.08 <z/L, = u Z < + 0.08, namely

¢m=1+30pZ+10222? ' (23)
may be used. One gets
B =3.0u+20.4 427, (24)

Since Z,, is very small, 107® to 107, the second term on the right hand side in eq. (24) may be
neglected even for very large values of the stratification parameter y, as is for instance | ul= 100.
Eq. (23) shows that at Z = Z, the term reflecting the influence of the thermal stratification are
very small compared with 1.0 and therefore they may be neglected. This means

Pmo = Pmo,ad = 1.0 (25)

6. Discussion of the results

Replacing in eqs. (20) and (21) the ¢, by eq. (25) and ¢, by eq. (24) one gets for
the velocity components the following profiles in the neighbourhood of Z,,

U(Z)=In(Z/Z,) +3.0u(Z-Z,) +0 {(Z - Z,)*/Z3} Z,<2<12%, (26)
V(Z)==PoZ, {(Z-Zo)* (2Z3) +(Z - Z,)*/(3Z3) [1 - 1/2P, ]} +
+0{(Z-2,)"/23} (27)

Ineq. (27) Z, [N(w) + 3.0 p] is neglected as very small compared with 1.0; P, in this eﬁuation
has to be replaced by the expression given in eq. (7a).
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One notices from eq. (26) that the wind profile has the form of a log + linear profile
at the lower boundary of the planetary boundary layer. This has been shown here by using the
equations of the planetary boundary layer only without any additional hypothesis. Admittedly
this result is almost irrelevant to any practical application of wind profiles. Nevertheless it is
an interesting result from the theoretical point of view. For instance the derivation of the
“resistance law” of the planetary boundary layer requires the existence of the log-profile at
Z = Z, at least. Up to now such a profile has been assumed or was derived with the aid of some
additional hypotheses, which are now not longer necessary.

If the stress is assumed to be constant with height, one can conclude from eq. (4a) that
K = Z and therefore K, = 1. Since in the planetary boundary layer the stress varies with height
{even at Z = Z,, this variation is largest), K., cannot vary linearly with height and it must be
K # 1. A-:cordmg to eq. (17) and with regard to eqs. (24) and (25) one gets for K},

Koo =1-[N() +3.0] Z, _ (28)

The difference to 1.0 exists indeed but it is very small at Z = Z,; it may reach 0.01 for a very
large roughness-length and a very large parameter u of the thermal stratification. However this
difference increases with increasing height Z under the consideration and may grow (outside the
range bounded by 2Z,) to an amount which cannot longer be neglected.

One notices also that the increase of K, with height is smaller in stable conditions
(1> 0) than in unstable conditions (i < 0). In the latter the factor of proportionality between
K and Z even may be larger than 1.0.

For the universal function N (1) in eq. (28) WIPPERMANN (1972) has proposed an
empirical formula.

The derivation of the log + linear profile presented in section 4 does not tell up to
which height Z and with which error the log + linear profile can be applied; the derivation is
valid only for the range Z, < Z < 2Z,,. However many investigations about the log + linear
profile show that it is applicable with a reasonable error within the total surface layer, let’s say
up to Z ~ 0.02 if the thermal stratification does not deviate to much from the neutral one.
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Numerical Study on the Effects Controlling the Low-Level Jet
Numerische Untersuchung der fiir den bodennahen Strahlstrom verantwortlichen Effekte

F. Wippermann
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Summary: At first the phenomenology of the low-level jet (LLJ) is reviewed briefly. Then results are reported
which have been obtained by numerical models of the planetary boundary layer, they allow to study the effect
of the thermal stratification, of the baroclinicity and of the non-stationarity on the development of a LLJ. It
will be shown, that the development of a LLJ is favoured in a very stable boundary layer; the same is true for

a baroclinicity, for which the thermal wind is opposite to the geostrophic wind at the ground. Finally it can

be shown that the non-stationarity at night has the effect to intensify the supergeostrophic flow in the LLJ-
level whereas the wind maximum is weakened in the day time. The correspondence of these effects with the
observations is discussed. The paper is followed by a bibliography on the LLJ.

Zusammenfassung: Nach einem kurzen Uberblick iiber die Phaenomenologie des bodennahen Strahlstromes
wird tiber Ergebnisse berichtet, die mit numerischen Modellen der planetarischen Grenzschicht erhalten wur-
den. Sie erlauben es, den Einflus der thermischen Schichtung, der Baroklinitit der Grenzschicht und der In-
stationaritiit auf die Ausbildung eines LLJ zu untersuchen. Es zeigt sich, daf eine moglichst stabile Schichtung
die Ausbildung eines LLJ begiinstigt, ebenso eine Baroklinitit, bei welcher der thermische Wind entgegenge-
setzt dem geostrophischen Wind am Boden ist. SchlieBlich zeigt sich, daf die Instationaritit gerade in der
Nacht die Wirkung hat, die Geschwindigkeit im LLJ-Niveau zu verstirken, wihrend sie diese tagsiiber ab-
schwicht. Die Ubereinstimmung dieser Effekte mit den Beobachtungen wird erdrtert. Der Arbeit ist eine
Bibliographie zum LLJ angehiingt.

Résumé: Aprés un apergu sur la phénoménologie du courant-jet de la couche limite (low-level jet, LLJ), on
donne des résultats qui ont été obtenus i 1"aide de modéles numériques de la couche limite planétaire et qui
permettent d’étudier I'effet de la stratification thermique, de la baroclinie et du caractére non stationnaire
sur la formation du LLJ. .

On constate qu’une stratification trés stable de la couche limite favorise le développement d’un LLJ; il en est
de méme d'une baroclinie ol le vent thermique est opposé au vent géostrophique en surface. Enfin, on montre
que le caractére non stationnaire a comme effet d’intensifier le courant au niveau du LLJ pendant la nuit et
au contraire de I'affaiblir pendant le jour.

On analyse la concordance de ces effets avec les observations et on termine par une bibliographie surle LLJ.

l. Introduction

The low-level jet (LLJ) is different from the jet-stream which generally occurs in the upper part
of the troposphere. The difference is given not only by the height, at which it occurs, but also by the
effects causing these phenomena. The jet-stream of the upper troposphere is due to the tropospheric baro-
clinicity mostly concentrated in rather narrow bands; the jet-stream is a phenomenon of the synoptic
scale.

The LLJ however is a boundary layer phenomenon, it is primarily caused by the overshooting of
the horizontal wind over the geostrophic wind in the upper part of the boundary layer. This overshooting
occurs only in'fluids in rotating systems, where one has a three-dimensional boundary layer and where
the “external” velocity (the geostrophic one) is perpendicular to the acting horizontal pressure gradient.

Beitriige zur Physik der Atmosphire, 46, Band, 1973, S. 137-154
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The overshooting can be intensified or weakened by the thermal stratification of the boundary layer, by
the baroclinicity of the boundary layer and/or by the non-stationarity. If this overshooting is strong and
occurs in a rather thin layer, it appears as a LLJ; mostly the overshooting is very weak and distributed
over a larger height interval.

It belongs to a planetary boundary layer and occurs permanently. This can be seen immediately
from the equations for the planetary boundary layer (PBL), i. e. for a stationary and horizontally homo-
geneous boundary layer

fp{—-0g} =dry/dz (0
~£p (¥~ ¥} =dre/dz @
The notation’is the usual one: f is the Coriolis parameter, p the density, { and ¥ the velocity

components, fiy and ¥; the components of the geostrophic wind, 7 and 7y the components of the
Reynolds’ stress and z is the vertical coordinate. The boundary conditions are in the barotropic case

Z=12g: i=¥=0 , (3a)
Tx=pus, Ty =0 (3b)
z=2zT: =iy, V=¥ ' (4a)
Tx =Ty =0 (4b)

Here z, is the roughness-length, z is the height of the top of the PBL, u, is the friction \;elocity,
The condition (3b) shows that the coordinate system is orientated with the x-axis parallel to the vector
ro, the Reynolds’ stress at the ground. Integrating the egs. (1) and (2) from z, to zt one obtains

{i—-G;}dz=0 _ (5)

Sy Fy

{(¥—¥,} dz=ul/f (6)

Because of the condition (3a) the integral in eq. (5) can vanish only if i1 > iy in some hight interval;
this is the overshooting at least for the u-component which itself amounts to more than 0.95 |4 | already. In
a neutral and barotropic boundary layer the wind speed exceeds the geostrophic one in the maximum by
about 6 % and the supergeostrophic flow is not concentrated within a rather thin layer; one would call
this not yet a LLJ, it requires a much more pronounced velocity maximum. Therefore a definition of the
LLJ is needed and a criterion when a wind maximum is considered to be a low-level jet observation. Such
a criterion does not yet exist which is generally accepted; different authors gave different criteria, for
instance BLACKADAR (1957), BONNER (1968), RIDER and ARMENDARIZ (1971). As an example the
second criterion by BONNER (1968) may be mentioned here: The wind maximum must be located within
the lowest 1500 m. The wind at the level of the maximum must equal or exceed 16 m/s and must decrease
by at least 8 m/s to the next higher minimum or to the 3 km-level, whichever is lower.

Before the effects will be discussed, which modify the mrershootiﬁg, some of the observational
facts of the LLJ should be reviewed.
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1. Phenomenology of the LLJ, a brief review

a) Examples for LLJ-observations

The LLJ is known now for about twenty years. In this time many observations of it have been
made, many examples could be given. Only four examples should be presented here, three of which have
been recently published by RIDER and ARMENDARIZ (1971). The vertical profiles shown in the figures
1-3 have been measured at the White Sands Missile Range, New Mexico; they are grouped by the authors
according to the wind direction, northerly winds in fig. 1, westerly in fig. 2 and southerly winds in fig. 3;
according to that RIDER and ARMENDARIZ distinguish three types of LLJs (I, II and III). Of course, this
classification is for the present valid only at the site where the measurements have been made. These ex-
amples are chosen since they show also the simultaneous vertical profiles of the temperature. Another
example may be given in figure 4, it shows the vertical profiles of the wind speed (average of 16 cases) at
0300 and 1500 CT in January 1953 in San Antonio, Tex. as presented by BLACKADAR (1957). This
figure also contains the vertical profile of the geostrophic wind; one notices the considerable overshooting.

b) Geographical distribution of the LLJ-occurence

The LLJ has been observed in many parts of the world, for instance in the USA, by many authors
(see references), Canada by ROOKE (1965), West-Peru by LETTAU (1967), Sahara (Tchad) by GOUALT
(1938), Kenya by FINDLATER (1967), Tropical Africa by FARQUHARSON (1939), Soviet Union by
TSVERAVA (1967), Indian Ocean by FINDLATER (1969) and the Antarctic Plateau by SCHWERDTFEGER
and MAHRT (1968).

The greater part of the LLJ-observations have been made in the USA. BONNER (1968) examined
two years of LLJ-data from 47 stations in the USA and presented a climatology of the LLJ; he obtained
interesting and very informative results. Only two of his numerous figures can be reproduced here. Figure
5 shows the isolines of the frequency of LLJs in the two years period Jan. 59 through Dec. 60. The hat-
ched area at the left has an elevation of more than 1000 m above sea level, it can be considered very roughly
as the mountain area. The zone of maximum frequency of LLJ-observations is roughly parallel to the Rocky
Mountains, it occurs over the Great Plains; east of the Mississippi River the frequency drops off sharply.

Figure 6 shows the isotach pattern for an averaged LLJ (from 28 jet cases which have been center-
ed) east of the Rocky Mountains. One notices from this figure that the LLJ has a similar configuration as
the jet-stream in the upper troposphere but on a smaller scale; the ratio of the transverse dimensions is
1/2 according to BONNER (1968).

c) The height of the LLJ

RIDER and ARMENDARIZ (1971) gave for the three types of LLJs over White Sands Missile Range
the following heights of the wind maxima '

Typel (northerly winds) 100—400 m
Type Il (westerly winds) 600—1000 m
Type III (southerly winds) 400—600 m

In his climatology of the LLJ BONNER (1968) devided the boundary layer in three layers (0—500 m,
500—1000 m, 1000—1500 m); he found that the maximum of wind occurs more often in the layer
0—500 m than in the two other layers together.

In general the LLJ-observations are still to sparse and not enough systematic to make a sound
statement about the height of the wind maximum.
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® Figure 4 Two averaged vertical profiles of the wind speed (16 cases in January 1953) in San Antonio, Tex. (After
BLACKADAR, 1957). )

® Bild 4 Zwei gemittelte Vertikalprofile der Windgeschwindigkeit (16 Fille im Januar 1953) in San Antonio, Tex.
{nach BLACKADAR, 1957).
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® Figure 5 Isolines of the frequency of LLI in the two years period Jan. 5§9. — Dec. 60. (After BONNER, 1968).

® Bild 5 Isolinien der Hiufigkeit des Auftretens eines LLJ in der Zweijahresperiode Jan. 1959 — Dez. 1960
{nach BONNER, 1968).
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'® Figure 6 Mean isotach pattern (m sec™1) at the level of maximum wind (28 cases, centered at its median position and
orientated along the median jet axis). Left of the line 1.0 km is the hatched area of figure 5. (After BONNER, 1968).

® Bild 6 Mittleres Isotachenfeld (m sec™!) im Niveau des Geschwindigkeitsmaximums (28 Fille, zentriert nach der
mittleren Position und ausgerichiet entlang der Achse des mittleren Jets). Das gestrichelte Gebiet des Bildes 5
befindet sich links der Linie 1.0 km (nach BONNER, 1968).

d) Time of occurence of the wind maximum

In a theoretical study KRISHNA (1968) found that the wind maximum should occur as later as
farer south the wind profile is measured; he gives the following local times.

® Table 1/Tabelle 1
v | 50° 40° 30° 20° 10°
localtime | 22 23 01 05 09

This agrees qualitatively with an earlier result by LETTAU (1967). According to table 1 the wind
maximum at the White Sands Missile Range (¢ = 32° N) must be expected at midnight. However RIDER
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and ARMENDARIZ (1971) give the followihg frequencies for the time intervals of the occurence of the
wind maximum:

20.00-24.00 MST 10%
24.00-04.00 MST 56 %
04.00—-08.00 MST 34 %

The theoretical result mentioned before can not be verified by the observational data available at the
present time.

e) The simultaneous temperature profile

Only few LLJ-observations exist for which the simultaneous temperature profile has been measured.
Almost all of the temperature profiles show a significant inversion. The top of this inversion, of course, does
not coincide with the wind maximum; it is located in most cases somewhere below the level of the wind
maximum. The figures 1—3 give some examples for the temperature profile.

The measurements of the simultaneous temperature profiles also are to sparse and to sporadic
yet for any sound conclusion.

One should have in mind the observed existence of a strong temperature inversion in the LLJ-
cases, when lateron the effect of the thermal stratification is investigated using a PBL-model. Because of
the two assumptions for the PBL (stationarity, horizontal homogeneity) each PBL-model must consider
the turbulent heat flux as being constant with height. That involves vertical temperature profiles, for
which the temperature increases or decreases monotonically with height; a PBL-model (as long as radiative
effects are excluded) does not know temperature inversions.

Il The PBL-model

The model for a non-stationary, barotropic and diabatic PBL is described by WIPPERMANN,
ETLING and LEYKAUF (1973), that one for a stationary, baroclinic and diabatic PBL by WIPPERMANN
(1972). Both models use essentially the same equations, namely

8?Y[0Z? = X[Kym = Ax +3/0F (Y/Kn) (M
3*X/9Z? == Y[Kp + Ay +3/0F (X/Kp) )]
Km=L{X*+Y*} %) &)

L=L_- (L — & Kpo) (X2 +Y?}?/2, p (10)

K

(@X/8Z)o {L.~k Ko}

The two independent variables are F = ft the non-dimensional time and Z = z/H the non-dimen-

sional vertical coordinate, where H = k u, /f is the internal scale height of the PBL. The four dependent
variables are X = 7, /(p u?), Y =74 /(pu?), L=1I/H and Kr, = kg, /(H*{), i. e. the non-dimensional compo-
nents of the Reynolds’ stress, the non-dimensional mixing-length and the nondimensicnal eddy viscosity.
k is the Karman constant. Four free parameters appear in these equations: Ko, L_, Ax and Ay. The first
describes the influence of the external parameters via the surface Rossby number; it is

Kumo = Zo = (k Cg Rog)™ an
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Herein Zy = zo/H is the nondimensional roughness-length, Rog =I¥go1/(fZo) the surface Rossby
number with Wy, | the geostrophic wind speed at the ground and Cg =u, | 1¥go | the geostrophic drag coeffi-
cient. The second of the free parameters, L_, governs the thermal stratification; it is related to the internal
parameter u for the thermal stratification (u = H/L, , L, = Monin-Obukhov stability length) by the empiri-
cal formula '

p=—53.4-128.8log, (L) (12)

The third and the fourth parameter, A, and Ay, describe the baroclinicity, which is assumed to
be constant with height; A\, = k?/f diy/dz, \y = k? [f d¥,/dz are internal parameters for the baroclinicity
because of the orientation of the co-ordinate system, the x-axis has the direction of the (internal) vector rq.

The egs. (7) and (8) are the same as egs. (1) and (2) for the non-stationary case, but the flux-
gradient relation has been used and the velocity components are eliminated. Eq. (9) is a combination of
the flux-gradient relation with Prandtl’s mixing-length relation. Eq. (10) is a mixing-length hypothesis by
WIPPERMANN (1971); in the stationary case instead of eq. (10) a modified mixing-length hypothesis by
APPLEBY and OHMSTEDE has been used

L(Z)=L_{1-exp[-k(Z-Zo)/L_]} - (13)
The boundary conditions are
2=Z,: X3=1,Y,=0 (14a)
Lo=kZo,Kmo =Zo (14b)
L2
Z—+oo X X-=,¢_= A (A% #2332 (15a)
L2
Y—rY_u=K—1 Ay (AL M52 (15b)
L-L_ : (15c)
L
Km > Kn=— O +3}1/2 (154)
The solution of the system (7)—(10) for the stationary case gives the four universal profiles
x(29 H, ?"X)l}') ’ (163}
Y (Z, 4, Ay, 7Lyr) (16b)
Z>
L (Zy it Ao Ay) L (16)
Km (Z, 1, M, Ay). (16d)

they are called universal since they are completely independent of the external parameters l9gol, fand zo;
only in the neighbourhood of z, they depend on Rog, in which the external parameters are combined.

For a consideration of the LLJ the velocities are needed; the velocity defects can be obtained by
differentiating the stress profiles, see eq. (1) and (2):

P=dY/dZ, Q=-dX/dZ (17a),(17b)

V—‘VE

where P =k

—=%, Q=«

. The profiles P (Z) and Q(Z) are also universal for Z > Z,. However this
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is valid only for the velocity defect, not for the velocity itself. In order to obtain the velocities the defects
have to be multiplied by C;/k

i/l 9igol = (P — Po) Cy/k (18a)
1 9gol = (Q— Qo) Cy/x | (18b)
W 1/19ge! = {(P—Po)* + (Q— Qg)*} /2 Cg/k (19)

Py and Q, can be obtained with regard to the boundary condition (3a) from the definition of the defects;
itis
Po ==k cos (a)/Cg = Mm (1, Ax, Ay) — In(Cyg Roy) (20)
Qo =k sin(lagl)/Cy = N (g, Ay, Ay) ' 21)

® Figure 7 Comparison of vertical wind profiles for a stable (4 = + 15) and an unstable (u = = 30) stratification in the
barotropic case (Ax = Ay = 0) right and a baroclinic case (Ax =~ 5, Ay =0) left.

® Bild 7 Vergleich von vertikalen Windprofilen fiir eine stabile (u = + 15) und eine instabile (u = - 30) Schichtung
im barotropen Fall (Ax = Ay = 0) rechte Hilfte und in einem baroklinen Fall (A\x == 5, Ay = 0) linke Hilfte.
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where on the right-hand side the so-called resistance law of the PBL is applied; My, (1, Ax, Ay) and
N(, Ax, Ay) are universal functions. Since Py depends also on Cy and Ro, the wind speed | ¥ /| ¥g, lin
eq. (19) must depend on these external parameters too.

In the non-stationary case the profiles | #] (Z)/ 4, | at different times must be comparable. This
is not so as long as the heigh z and the velocities are non-dimensionalized by u,, which varies with time.
Therefore Cg, =u,,/|¥g |, which is Cg for u=0, Ay =0, Ay = 0 and for stationarity, has been used for
the non-dimensionalization. Other details should be seen in the two papers mentioned above.

V. The effect of the thermal stratification

Figure 7 shows some of the obtained vertical wind profiles for different thermal stratifications
(very stable p = + 15, moderately unstable i =— 30). The profiles on the right are valid for the barotropic
case (Ax =7, =0), those on the left for a baroclinic case (\x =— 5, A, =0, i. e. the thermal wind is direc-
ted opposite to the surface stress). One notices very well the overshooting in the barotropic case, which
is more pronounced (about 8 %) in stable stratification than in the unstable one, where it is only about
3 %. The position of the wind maximum is about Z = 0.25 (very roughly 250 m) in the stable case but
about Z = 0.9 in the unstable case. Both maxima in the barotropic case can not be considered as LLIJs.
However in the baroclinic case a sharp wind maximum appears at about Z = 0.25 in the case of stable
stratification; this profile would satisfy a LL)-criterion. In the level of the maximum the wind speed
exceeds a little the speed of the geostrophic wind at the ground, above the level the speed decreases to
about half the maximum value at Z = 3 (very roughly'3 km). In the unstable case one has also a maximum

of the wind, but the decrease of wind speed above the level of the maximum is too small for satisfying a
LLIJ-criterion. ’

The comparison shows how important a stable stratification is for the development of a LLJ; in
unstable conditions the vertical mixing tends to equalize the momentum and to remove a maximum.

For the same baroclinicity (\x == 5, Ay = 0) as in the left-hand side of figure 5 vertical wind
profiles have been computed for five different stratifications; they are presented in figure 8. The heavy
line is the profile of the (nondimensional) geostrophic wind, it is approached by all other profiles at
different heights. This figure shows very clearly that the wind maximum is as more pronounced as the
stratification is more stable. One notices also that the position of the wind maximum is as lower as the
stratification is more stable. Some values of the height of the maximum are given in table 2.

® Table 2 Heights of the wind maxima for different thermal stratifications p (baroclinicity A, =- 5, Ay =0)
® Tabelle 2 Hohe der Windmaxima fiir verschiedene thermische Schichtung p (bei der Baroklinitit Ax == 5, Ay = 0).
po| Z30 -25 -20 -15 =10 =5 0 45  +10 +IS
Zmax | 1.00 0.88 076 0.65 0.56 0.47 0.40 033 028 022

For the purpose of orientation: the non-dimensional height Z is very roughly equivalent to the
given number in kilometer (for the neutral case, a little more in stable and a little less in unstable condi-
tions).

The effect of the stable stratification is certainly one of the reasons why the LLJ occurs mainly
at night. .
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V. The effect of the baroclinicity

In the barotropic case the hodograph has the well-known form of a spiral, however in the baro-
clinic case the hodograph approaches that one of the geostrophic wind, which is a straight line according
to the assumption of a thermal wind constant with height. Figure 9 gives four examples.

In this diagram the x-axis has the direction of the surface stress r,. The vector Vgo Of the geo-
strophic wind has the length 1.0, it starts at the point (0.0) and is turned to the right of the x-axis by the
angle & (cross-isobar angle). Since ay itself depends on the baroclinicity the orientation of the vector ¥y,
is slightly different in the four cases chosen as examples. At low heights (Z < 0.5, very roughly z < 500 m)
the hodographs tend to have a spiralic form as in the barotropic case, at larger heights (Z > 1.0) the four
curves are rectilinear, their directions give the direction of the thermal wind in the respective example.
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® Figure 8 Comparison of vertical wind profiles for different thermal stratifications u in a baroclinic case (Ax =~ 5,
Ay = 0). The heavy curve gives the profile of the geostrophic wind speed.

® Bild 8 Vergleich vertikaler Windprofile fiir verschiedene thermische Schichtung p in einem baroklinen Fall
(Ax == 5, Ay = 0). Die kriftige Kurve stellt das Vertikalprofil der geostrophischen Windgeschwindigkeit dar.
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One notices from the figure 9 that the wind maximum is best developed, when the thermal wind
is directed into the quadrat II, i. e. if the baroclinicity is A <0, Ay > 0. The wind maximum is most
pronounced, when the decrease of wind speed above the maximum is very strong; this happens, when
the thermal wind is very strong and is directed opposite to the vector ¥, . The height of the wind maxi-
mum (in stable conditions as chosen here) is then between Z=0.2 and Z=0.3.

In figure 10 vertical wind profiles are presented for four baroclinic cases, in which the thermal
wind has the same direction (along the x-axis, Ay = 0) but varies in magnitude (\x =+ 5, 0,—5 and — 10);
the stratification again is stable (u = + 15). One notices that the wind maximum is as more developed as
larger the decrease is of the geostrophic wind with height. In the cases (a) and (b), where the thermal wind
is opposite to the vector ¥go, a remarkable LLJ is formed, whereas in the barotropic case (c) only the ori-
ginal overshooting can be seen; in the case (d) (the thermal wind has the same direction as ¥y, ) a very weak
secondary maximum occurs.

One reason for the high frequency of LLJ over the Great Plains (BONNER, 1968) can be an indi-
rect effect of the slope of the terrain. The diurnal temperature variation has a larger amplitude in the layer
close to the ground of the elevated western part of the plains than in the free atmosphere over the eastern
part. This causes a horizontal temperature gradient directed to the west in the daytime and directed to
the east at night. This means that a thermal wind should be observed, which is directed to the north at
night. Such a baroclinicity would be an effect of the horizontally inhomogeneous heating and cooling over
the sloped terrain; it would cause a LLJ preferably when the geostrophic wind is opposite to the thermal
wind, i. e. when it is northerly at night.
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Figure 9 Hodographs for four baroclinic cases, stable conditions (¢ = + 15). The numbers give the non-dimensional
height Z. The orientation of the vector of the geostrophic wind ‘i’go at the ground is given by the cross-isobar angle ¢
wh:ich varies slightly with the baroclinicity. The length of this vector is 1.0.

Bild 9 Hodographenkurven fiir vier barokline Fille bei stabiler Schichtung (u = + 16). Die Zahlen bedeuten die
dimensionslose Hohe Z. Die Orientierung des geostrophischen Windvektors ‘;'go am Boden wird durch den Ab-
lenkungswinkel &to gegeben; dieser dndert sich leicht mit sich indernder Baroklinitit. Die Linge dieses Vektors
ist 1.0,
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However it is a definite observational result, that most of the LLJs (about 2/3) over the Great
Plains occur with southerly winds and that the wind maximum is best developed for southerly LLIJs, see
fig. 1-3. Nevertheless this is not necessarily a contradiction to the explanation given above. It is possible,
that the thermal wind caused by the sloped terrain is directed to the north in the layer from bottom up
to the level of maximum wind and directed to the south in the layer above the wind maximum (A thermal
wind directed to the south has been found by BONNER (1968) in the layer above the wind maximum). Such
a baroclinicity would cause some jet-like profile for a southerly geostrophic wind already; certainly it would
intensify the maximum of the LLJ.,

VI. The effect of the non-stationarity

In the paper by WIPPERMANN, ETLING and LEYKAUF (1973) the input for the time-dependent
model has been shown, it can not be given here. The input is the diurnal variation of the internal strati-
fication parameter p. From the picture given in the cited paper one can realize that the assumed diurnal
variation of y is in good agreement with measurements on a normal clear day.

Here only two results of the integration with the barotropic time-dependent model will be
reproduced: Figure 11 gives the isopleths for the non-dimensional wind speed in a height — time — diagram.
Inspite of the input of u, which is completely symmetric to 12 local time, the pattern of the resulting
% /1§igo | are quite unsymmetric. It can be seen that the wind speed is largest at night in the height of
about Z = 0.2 (very roughly 200 m). Between 23 and 02 local time the wind speed exceeds the geostro-
phic one by more than 20 %; this is an effect of the non-stationarity.
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® Figure 10 Vertical wind profiles for baroclinic cases, in which the thermal wind has the same direction but a different
magnitude.

® Bild 10 Vertikale Windprofile fiir barokline Fille, in denen der thermische Wind zwar die gleiche Richtung hat
aber seine Stirke dndert.
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In figure 12 a comparison is made between the vertical wind profile in the non-stationary case
and that one in the corresponding stationary case. The “corresponding” stationary case means that one,
which has the same thermal stratification as the considered non-stationary case. At night the wind speed
exceeds the geostrophic one by more than 20 % in the non-stationary case but by 8 % only in the station-
ary case. This shows very clearly how the non-stationarity supports the development of a LLJ at night. At
noon the non-stationary wind speed is less than the geostrophic speed but the difference is very small.
Probably it is again the stable stratification at night which makes possible the large difference whereas

at noon the strong vertical mixing smoothes the changes with time in different layers and produces almost
the profile of the stationary case.
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® Figure 12 Comparison of vertical wind profiles in the non-stationary case with those of the stationary case having the
same thermal stratification.

® Bild 12 Vergleich der vertikalen Windprofile im nicht-stationdren Fall mit denjenigen im stationiren Fall, die die
gleiche thermische Schichtung haben.
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CHAPTER 4

The Parameterization
of PBL-Effects with the Aid
of the Resistance Law

The so-called resistance law of the PBL combines
small-scale PBL-effects (the turbulent vertical fluxes of
momentum, heat and moisture at the ground) with the largé -
scale parameters of the boundary layer, {.e. \§go " d~§q/dz
(assumed to be constant with height) , 6% and 65 . The
last two parameters are the differences of the potential
temperature S and the moisture & at the top and the
bottom of the PBL. Of course, some local parameters as £
(Coriolis parameter) , io'(rouqhness—length) and F = g/5
have to be given; at sea zg is not a fixed local parame-
ter but depends on the surface stress itself making an ap-

plication more difficult.

The resistance law offers a possibility to parame-

terize the three turbulent fluxes T, » a and jo mentio-

o
ned before to be used in numerical models of large-scale at-
mospheric motions such as models for the numerical weather
prediction or models for a simulation of the general circu-

lation of the atmosphere. However, one should keep in mind
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that the resistance law is valid in a PBL only, i.e. in an
atmospheric boundary-layer, which is steady state and hori-
zontally homogeneous. That means that by making a paramete-
rization with the aid of the resistance law one has to assu-
me horizontal homogeneity and stationarity. The first as-
sumption will be violated all the less the larger the hori-
zontal grid spacing -of the numerical model is chosen. The

- second assumption requires that the variation with time has
to be considered as a sequence of stationary states. A more
detailed consideration of these prohlems will be given in
chapter 5. |

In the first section of this chapter two different
derivations of the resistance law are presented, alsoc an ad-
ditional note on the modification of the resistance law due

to a moving lower surface as one has at sea.

The second section is concerned with the two universal
constants appearing in the resistance law for a barotropic
and neutral PBL. I tried to determine these constants from
observations. However all observations available at that ti-
me have been used without discriminating with respect to the
thermal stratification and to the baroclinicity (because .
these two additional informations are not available for most
of the data); therefore the obtained values scatger very
much. In the same paper an attempt has been made to give a
physical interpretation of the two constants. One (N) has
been identified as thé non-dimensional reciprocal displace-
ment thickness of the boundary-layer; the derivation of the
result {Mcs- 1n{:c)} for the other constant contains a mis-
take as R.J.TAYLOR pointed out in a note, which follows this
paper. In the reply to this note an additional condition is
formulated which must be satisfied in order to support this
result. On page 101 some results of computations with a PBL-
model are'presented; they show that this additional conditi-
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on is almost satisfied in a PBL.

At the time when this paper ("The two constants...")
was published the author had not yet an acces to the report
of the GARP Study Conference in Stockholm (1967) which among
others contains alsoc a contribution by MONIN and ZILITINKE=-
VICH. These authors have evaluated the O0'Neill data and ob-
tained not only the values Mm(o) ’ Mh(O) ’ MSIOJ and N(O)
for the neutral case, but also their variation with the pa-
rameter (* for the thérmal stratification. (Mh and Ma are
universal constants or universal functions, respectively,
appearing in the relationships for the heat- and the moistu-
re - transfer). A similar evaluation by CLARKE using the
Kerang and the Hay data was also published in 1970.

These evaluations together with the results of several boun-
dary layer models have been used to construct empirical for-
mulae at least for Mm(t») and N(‘4) ; they can be found
in the third section of this chapter.

In the next section ("The Parameterization of the Tur-
bulent Fluxes ...") the resistance law is extended to baro-
clinic cases; an empirical formula for the deviation of the
two universal functions Mm{t*] and N(tt} in the barocli-
nic case from the barotropic one are given.

The final seétion of this chapter is concerned with
the parameterization of the large-scale wind-stress at the
sea surface. It is an application of the resistance law but
in addition CHARNOCK's (1955) relation between z, and u,
is used in order to eliminate the parameter z,
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The Resistance Law for the Planetary Boundary Layer

The resistance law was first derived by KAZANSKII and
MONIN (1961) for the barotropic and neutral case and for
the determination of the momentum flux only. It has been
extended to diabatic cases by BLACKADAR (1967) and simulta-
neously by MONIN and ZILITINKEVICH (1967), who also made
possible the determination of the turbulent heat flux and
‘the turbulent moisture flux. Other derivations are given
by CSANADY (1967) and GILL (1967,1968) as well as by BLACKA-
DAR and TENNEKES (1968). YORDANOV and WIPPERMANN (1972) ex-
tended the resistance law to baroclinic PBLs.

The “"classical" derivation by KAZANSKII and MONIN shows
pest the assumptions which have to be made and for which
the resistance law is valid. This derivation may be repea=-
ted here with the notation used in the other chapters of
this book. ' ‘
The two quantities in which one is interested are the geo-
strophic drag coefficient Cq = u,/ﬁ&qo| and the cross -
‘isobar angle o, . Both are related to the non-dimensional
velocity defect at the ground by the lower boundary condi-
tion, see egs. (12a),(12b) on page 98, '

P

o - xcos(o,)/ Cg (1a)

a . 1
o, |) / Cg (1b)

0

o - x sin(

On the other side the velocity defects are given by the non-
dimensional PBL-equations

P(Z) = dy/dz (2@}
0(z) = - dx/az (2b)

see egs. (l0a), (10b) on page 97; therefore one has
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L}

weos(x)/ C

g - (dY/dz}o (391

x sin(|x])/ C

. - (dx/az) (3b)

Z = z/H is the non-dimensional vertical coordinate with the
internal scale height of the PBL H =xu,/f and with u. the
friction velocity; X = Tx/(ﬁuf) and Y = ‘Cyftﬁh:} are
the components of the non-dimensional Reynolds stress, x is

von Karman's constant.

- In order to get Cq and o, from the egs. (3a) ,(3b)
one has to know (dY/dz)o and (dx/dz) ; these can be obtained
in the following way: .

Using the flux - gradient relation and eliminating the velo-
city defect components, the PBL-equations can be written as

X/ X ' (4a)

a%y/az? -

- a®x/az? - Y/ K (4b)

where Km = km/(H2 f) is the non-dimensional e&dy diffusion
coefficient, From the eqgs. (4a),(4b) one gets by integration

zZ, Zo Z,
- (av/az) = j(x/ K ) dz = f(x/ K ) dz + f(x/ K) az (5a)
Z, Z, Y
Zy Zn Ly
(dx/dz}0 = j}y/.xm) az = JﬁY/ K ) dz + j}!/ Km) dz (5b)

7, Zo 1, -

In_the eqs. (5a),(5b) use is made of the upper boundary con-

dition at 2z = Z, (for the barotropic case) in the form

Z — Zp t dy/dz — 0 , d4dx/dz — O (6)

ER is the height above which Rossby=-number similarity is
valid, which means very roughly ten times the roughness -

length 2 (according to the results on page 90).In the
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layer below 2z, a Prandtl-layer must be assumed to be va-
1id, i.e. the wind profile must be assumed to be logarith-
mic in the layer Zo = Z = zR . It can be shown, WIPPER-
MANN (1973), that in the PBL very close to the ground such
a Prandtl-layer exists. Therefore no additional assumption
is necessary, except that the layer in which this is proved
(z,=2 =2 Z,) must be extended upward to Z

It follows

R *

Z2,= 2% =325 ¢ Xx(z) = 1 . (7a)
Y(Z) = 0O ' (7b)
(i.e.: the coordinate sy-
stem is orientated with
the x-axis in the direc-
tion of the surface stress)
Km(z} = Z (7c)
p ZR : X(Z) “(8a)
Y(Z) Universal profiles (8b)
Km{Z) (8¢c)

' Therefore each of the last integrals in eqs. (5a) and (5b)

must be an universal constant

T, y -
zﬁk/ K) dz = ¢ ’ f('f/ K ) dz = c,
zﬂ.

"

(9a)
(9b)

i.e.: cy and c, are constants which are independent of
any external parameter.

Furthermore one has with (7a) - (7¢)
zﬁ
zf(x/ K) dz = In(Zy) - 1n(z) (10a)

zﬁ.
f(Y/ K)dz = O (10b)
A ) .
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or by inserting the egs. (3a),(3b) into the egs. (5a),(5b)

x cos( o)/ Cg = ln(zR} - 1n(zo) + (1la)

x sin(lx])/ Cc_ = =~ (11b)

g €2
In the largest part of the PBl the component Y 1is negati-
ve, the;efore' ¢, < 0; the constant c, should be called
.= N . The non-dimensional height ZR can be chosen as a
fixed value; by this reason ln(zR) is a constant.
According to the definitions made for the nondimensionali-
zation the non-dimensional roughness-length 2z 1is rela-
ted to the geostrophic drag coefficient and to the surface
Rossby-number RO, by |

z, = (= cg noo; (13)

where the surface Rossby-number is defined as
RO, = |wg|/(f z,) (14)

In(x ) can be split from 1n(zo) in eq. (11a) and combined

with 1n{ZR) and with ¢, to a new constant = M

In(zp) + 1In(x) + ¢, = =M | (15)

Now the resistance law results in the following form

E’-‘—- cos(e) = 1n(Cy RO - M (16a)
q .

g _

& sin(le.) = N (16b)
g

The derivation of the resistance law by BLACKADAR in
1967 uses the method of matching the velocity profiles of
the surface layer with those of the outer boundary layer.
In the surface layer one has
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x u/u, u($) (17a)

xv/u, = 0 . | (17b)

with  §=2/z , (2= 5 2z)
but in the outer boundary layer

x (u - ) /u, = P(2) (18a)

x (v - Gg)/u. = 0(z) (18b)

By matching the’ G-component in (17a) and (18a) one obtains
P(z) = P(§2) = U(§) - x ug/u. (19)

Differentiating eq. (19) with respect to ¥ keeping RO
constant and differentiating it with respect to RO_ at
constant ¥ one gets

z,oP/0(f2) = DU/ DY (20a)
f'bs'/*o(f z)) ©z_/ ”omoo) - |
= -x ‘b(ﬁgfu,)/ ®(RO_) : (20b)

Eliminating ©P/0(§2_) from the egs. (20a) and (20b) gi-
ves

7 u
¢ DU/ Df = - 0 x =2 (2]
“bzo/ ®(RO) (RO) ' u, '

Each side of this equation must be a constant, since the
left-hand side depends only on ¥ and the right-hand side
only on ROO . Th%s constant is chosen to be 1 . Integra-
tion of these two equations originated from (21) gives

U = 1n(§) (22)

xu_ /u, = ln(Cg RODJ - M | (23)
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where M =c, - In(x).
In the same way one obtains from (17b) and (18b)

¥ Gg/u‘_ = -N (24)

Considering ﬁg =-f§q[cos{u.) and 3@ = —-i@g]sin(fQJ) one
has with the egs. (23) and (24) the result (l6a) and (16b);
the eq. (22) gives the well-known logarithmic wind profile
in the surface laver.

These results can be obtained more directly if the ex-
istence of the logarithmic wind profile in the surface lay-
er is assumed in the beginning. This is the way of deriva-
tion used by MONIN and ZILITINKEVICH (1967). They assume
Rossby-numbér similarity in the outer boundary layer not on-
ly for the components of the velocity defect P(2Z) and Q(Z)
but also for 1/9, dg*/dz and for 1/s, ds/dZ. Here S is
the potehtial temperature and s the specific humidity or

the mixing-ratiol V. = - q,/(cy @ x u.) with q, = CP‘QW€}}o
and s, = - jO/(q x u,) with jo
be able to make the matching one has to assume that the po-

= (?w's )0 . In order to

tential temperature as well as the moisture have a logarith-
mic profile below the height of matching

a [ § @ - $,1/8 = 1nz/z) (25a)

a

so | 5(2) = 5}/ s, = 1n(z/2) (25b)

where a = lkh/kmno' and a_ = (k /k)

This kind of derivation by applying similarity argu-
ments has been used also by YORDANOV and WIPPERMANN (1972);
they allow the PBL to be baroclinic (of course a baroclini-
city only, which corresponds to a thermal wind constant with

height) . The resulting relations are:
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I

sin (lo.|) x/Cg N ( (e lx, lym (26a)

cos (a,) x/cg 1r.ccq RO, - M ( [;, lx, ly) (25;:)

a,0/Cen = 1n(C RO - Mh[r'kx'ky} (26¢)

ag/Cs = Ilnlc RO)) - Ms(_cn.,l.x, ly) (264)

-~

Herein C,, = S 3‘1‘ - 3‘0} is a Stanton-number; in this
case it expresses the ratio of the characteristic tempera-
ture fluctuation J, (an internal parameter) to the tempe-
rature difference between top and bottom of the PBL; this

difference is an external parameter. In the analogous man-
ner C_ is defined as CB = S‘/(ST - 50}.

On the right-hand side appear four universal functi-
ons M _, Mh R Ms and N ; these are functions which are

m
completely independent of any external parameter, they :de-
pend only on the three internal parameters (* , lx , l}f

The first one is the internal parameter for the thermal
stratification; it is defined as (> = H/L, , where H |is
the internal scale height of the PBL and L, is the Monin -
Obukhov stability length (L, = - Sy § uf/{@:x.qoj ) . The
two parameters lx = dﬁq/dz *x%f and ly = ng/dz x/f
govern the baroclinicity; they are internal parameters, sin-
ce the two components of the baroclinicity are those in the
direction of the surface stress (internal parameter) and

perpendicular to it.

The resistance law (26a) - (26d) with C_ = u‘/'iﬁge[
is valid only for a fixed surface at the, lower boundary as
on land. If this surface is moviny as at sea (with the ve-
locity ‘35 ), the drag-coefficient should be defined as
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- w ) (27)

A
Cg-_= l.l,/( |Wgo

. ' ~ )
and o, must be the angle between the vectors Wgo- Ve and

To' Of course, the definition
of the surface Rossby-number has
also to be changed slightly; in-
stead of eqg.(14) one has

RO, = (|Wgo = W I/(E z) (28)
~In order to show that we follow CSANADf's (1957) derivation
(ip vector notation). In the surface layer one_has

x| v - @s}/u, = ﬂ_ln(z/zo} : (29a)
and in the'outér boundary layer

x(w - é‘rg'-:/u. -4 P(z/H) + j Q(z/H.) (29b)

Herein 4 4s the unit vector in the direction of the surfa-
ce stress and j the unit vector perpendicular to it. A
matching requires for the matching height Zy

P(ZM/H) 1n{zM/H) + ¢,

Q(zm/H) 03

c = 1 c, + jlc3
One obtains the vector equation

§ln(z_/H) + © + xu’}go - v)/u, = 0 (30)

With eq. (13) and the above definition for o, one gets for
the two components the resistance law (l6a),(l6b); it is

cy - In(x) = Mm

c3=N
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An application of the relations (26a) - (26d) in order
to determine "« , Cg ’ Cth and C5 for a given ROD is
possible only if the four universal functions Mm ’ Mh ' Ms
and N are known. The only way to obtain these functions
is the evaluation of measurements, but unfortunately suitab-

le data are very sparse. Some of the following sections are
concerned with the determination of these functions.
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The Two Constants in the Resistance Law for a Neutral Barotropic Boundary Layer of the

Atmosphere *)

Die beiden Konstanten im Widerstandsgesetz fiir eine neutrale und barotrope Grenzschicht

der Atmosphére

Friedrich Wippermann

Institut fir Meteorologie der Technischen Hochschule Darmstadt
With 1 Figure
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Summary: Two constants M and N appear in the resistance law for a neutral barotropic boundary layer
In(Rog) = M — In(Cq) + [x*/C} - N?]*2
and
ksin(|@pl|) = NCy
where Rog = surface Rossby number, Cq =u,/|vg| the geostrophic drag coefficient, k = Karman constant,
Ot = cross-isobar angle. The numerical values of M and N are investigated with the aid of several boundary

layer models and checked by observations. A theoretical value M = — In(x) = 0.90 is derived and an interpretat-
ion of N in terms of flow parameters is given.

Zusammenfassung: In dem Widerstandsgesetz fiir eine neutrale barotrope Grenzschicht

In(Rog) = M — In(Cy) + [x*/C] - N?]'?
and

ksin(|oeg|) = NCyq
worin Rog die Oberflichen-Rossby-Zahl, Cq = u,/| vg| den geostrophischen ‘drag-Koeffizienten, x die Kar-
‘mansche Konstante und &p den Ahlenkungswmkel gegeniiber den Isobaren bedeuten, treten die beiden Kon-
stanten M und N auf. Deren numerischer Wert wird mit Hilfe verschiedener Grenzschicht-Modelle untersucht,
aufierdem mit denjenigen verglichen, die durch die Auswertung von Beobachtungen erhalten werden, Fir M
kann ein theoretischer Wert abgeleitet werden, niimlich M = — In(x) = 0,90, wihrend N sich als Reziprokwert
der (dimensionslosen) Verdringungsdicke der Grenzschicht erweist.

Résumé: La loi de résistance dans le cas d'une couche limite barotrope neutre, s'exprime a 'aide des
formules

In (Rog) = M = In (Cg) + [¢2/C3 - N2]1/2 et

k sin (l0g 1) = N Cq ot Rog représente le nombre de Rossby i la surface, Cg =u,/| Vglle coefficient
de frottement géostrophique. « la constante de Karman et &g I'angle de déviation par rapport aux
isobares. Deux constantes M et N interviennent dans cette loi de résistance. Leur valeur numérique
est examinée a I'aide de différents modéles de couche limite. En outre, ces valeurs sont comparées
avec celles résultant du traitement d’observations. Il en découle pour M, une valeur théorique,

M === =In (k) = 0.90 alors que N apparait comme étant I'invers d'un paramétre sans dimension
représentant une épaisseur caractéristique de la couche limite.

*) SPAAZ — Contribution Nr. 5
Paper presented at the IUGG-IAMAP Symposmrn on Planetary Boundary Layers, Boulder, Col. March 18-21, 1970.
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1. Introduction

KAZANSKII and MONIN (1962) have been the first who derived the resistance law for a neutral
barotropic boundary layer of the atmosphere )

ln(RUa) =M - In(Cq) + [x?/C} - N‘I]u: (la)l

ksin(|eg|)/Cq = N : (1b)
where Roo = | ¥, |/(fzo) is the surface Rossby number, |¥g| the geostrophic wind speed, f the Coriolis
parameter and zo the roughness length; C4 =u,/| ¥g| is the geostrophic drag coefficient, u, the friction
velocity, @o the cross-isobar angle and k the Karman constant. The same formulae have been derived in
applying principles of asymptotic similarity by CSANADY (1967), GILL (1967, 1968) and by BLACKA-
DAR and TENNEKES (1968). A review of the different methods of deriving these formulae is given by
HANNA (1969). _
M and N (in the western world mostly called A and B, in the russian literature B and A) are constants
in a neutral boundary layer; M and N will of course depend on the thermal stratification in a diabatic
boundary layer. The numerical values of these two constants are not yet determined exactly, their values
obtained by evaluating observations scatter rather widely ; their numerical values resulting from different
boundary layer models vary also with the model assumptions.
It is the purpose of this paper to investigate the available observations and also the boundary layer models
in order to find the most probable values of M and N.

2. - The physical interpretation of the constants

In order to give an interpretation of the constant N in terms of flow parameters we start with the
equations for a stationary and horizontally homogeneous flow for which the vertical variation of density
can be neglected '

u - ug = 1Yfdfdz(ry/p) v = Vg = —1/fd/dz(rx/p) . _ ¢)]
In a coordinate system whose x-axis has the direction of the surface stress 7y forming the cross-isobar angle
oy with the geostrophic wind, i.e. when

f,_(z.ﬂ) = E.u!- TY(ZQ) =0 (3)
ug = | g cos(ao) Vg = = Ivglsin(jaol) (4)

the integrated equations (2) read

: j(i-ﬁ,)dz =0 j.(ir‘—?,)dz = uiff . )
] Zg ’
If we define a scale height H for the boundary layer
H = ku/f (6)
which is in normal conditions in the order of 1000 m, the displacement thickness §* defined as
s = [ (1 -Fpa | o

Zo
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results to Ee
6* = CqH[ksin(lag|)] ™! (8)
or with regard to eq. (1b)
_ 1
N = SOH 9)

One notices that the constant N is the reciprocal of the dimensionless displacement thickness.
In order to give an explanation of the constant M we start from eqs. (2) in vector notation

djdz(xfp) = flk x (v =) . (10)
By differentiating eq.(10) with respect to z and inserting the stress
7/p = ky d/dz(¥) (11)

where kg, is the eddy viscosity, one obtains
_ d?*/dz’(nfp) = flky kx7/p .
This reads in a dimensionless notation

d?/az*(T) = 1/Ky kxT (12)
where . '

Z =zMH, Kn = kn/(H*f), T = x/(5ul) (13)
with H as the scale height according to (6).

As long as a height z is considered within the surface layer (z, <z < Zp, Zp =height of the surface layer),
the eddy viscosity is kp, =k u,z
or in dimensionless notation

Km. ~ Z Z<zy) . - (14)
After having inserted (14) into eq.(12) one gets by an integration

48z (T)|, - dz(T)|,, ~ kx T n(@/zo) (15)
where . z _

T = lf(z-zo)Jsz . (16)

Zp

Since eq.(15) is valid at any height Z<Z, it can be concluded that _

d!dZ(‘T)|zo ~ kxT'In(Z,) . amn

The conditions within the surface layer should be very close to a constant stress condition, therefore and
because of eq.(3) '

Tx~i1 | (18)

(if the coordinate system is orientated with the x-axis in the direction of the surface stress). With (18) in
eq.(17) it follows

|d{dz(T)|v = In(Zy) . | (19)
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If, on the other hand, the lower boundary condition

Z Zp: V=0 . (20)
. is applied to eq.(10) this equation is in dimensionless notation ’

didZ(T') = - k/Cq kx(¥)®  (Z=Zo) - @
or

|d/dz (T')|, = = x/Cq cos(eo) ' (22)
using eq. (4). Equating (19) and (22) one gets

In(Zy) = — k/Cy costao) (23)
or after replacing the right hand side by eq.(1a) |

1n(Zo) * M - In(C4 Roy) . ' ' 24

The dimensionsless roughness length Z, is by definition _ '

Zo = 1/(k C4Roy) . (25)

Inserting this into eq.(24) it follows

M =~ - In(k) ' : (26)

Depending on the value of the Karman constant k one obtains for k =0.40 M~ 0.92 and for k =0.41
M= 0.88. The value M =0.90 may be considered to be appropriate. -

3. The numerical values of M and N as obtained by observations

In order to get the numerical values of the constants M and N from observations simultaneous

" measurements of Rog, Cy4 and @ are necessary, that means one has to know vg, To, Zo and f. Only
few of such observations are available, they are collected and listed in extenso in a paper by APPLEBY and
OHMSTEDE (1964). The resulting values of M and N are listed in table 1 containing also the observat-
jons made at Helgoland (key nr.4 and 5), which are not contained in the aforementioned paper; they are
published by LETTAU and HOEBER (1964) and reported in the paper by CSANADY (1967).

Table 1 / Tabelle 1

Key Site | M _ N
1 LEIPZIG =0.21 491
2 SCILLYI -1.45 4.30
3 SCILLY II -1.53 2.82
4 HELGOLAND1 3.17 3.26
5 HELGOLAND II 2.39 3.58
6 ELLENDALE 0.81 3.75
7 DREXEL -1.31 4.02
8 BROKEN ARROW -1.84 4.62
9 GROESBECK -2.14 4.20

10 Average -032£1.35 4.12%0.58

The values for the various locations are indicated in figure 1 by the key number; one notices a very large
scatter. As shown by the standard deviations the scatter of M is much larger than that one of N. This has
been found also by CLARKE, reported by SHEPPARD (1969), evaluating the data from Kerang and Hay
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field. Since the observations are only very few and these observations may also still reflect effects of baroc-
linicity as well as of a non-neutral straticifation one should not consider the averaged values of M and N
as very significant. Instead of averaging the constants M and N it would be also possible to average the
observations of Cq and &, for classes of Ro, and then to determine M and N from the averaged ob-
servations. In a similar way GILL (1967) obtained values of M and N located in the hatched quadrilateral
in figure 1, It is centered at M =1,70, N=4.68.
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Fig. 1. The constants M and N as obtained by various boundary layer models [characters, see Table 2] and evaluated from
observations [rm.mbe:rs, see Table l]

Bild 1. Die Konstanten M und N wie sie aus verschiedenen Grenzschichtmodellen [Buchstaben, zur Erlduterung siche
Tabelle 21 und aus Beobachtungen [Zahlcn. siche Tabelle l.] erhalten werden

4, The numerical values of M and N as determined by boundary layer models

It is also very interesting to see which numerical values of M and N can be obtained by the
various models of the planetary boundary layer. For five of such models the resulting valuesof M and N
are already given in the review paper by ZILITINKEVICH, LAIKHTMAN and MONIN (1967). Several
other models have been investigated, the obtained constants M and N are listed in table 2. '
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Table 2 / Tabelle 2
Eva-
Key Model Source| M N luat. Remarks
AO APPLEBY and OHMSTEDE (1964) R | 0.66 | 4.37 W
B BLACKADAR (1962) 37 | 0.84 | 5.01 W
Ba i BLACKADAR (1962) 37 2.5 4.1 ZIM Using the dependence &g (Rog)
Bd . BLACKADAR (1962) 37 |18 |67 ZILM Using the dependence Cg (Rog)
Bg BLACKADAR (1962) 37 03 |54 g evaluated by GILL (1967)
BC, BLACKADAR and CHING (1965) R 1.7 4.7 A reported by HANNA (1969)
BC, BLACKADAR and CHING (1965) R | 053|490 W neutral case
Bs BLACKADAR (1965)
single layer baroclinic R | 0.11 | 5.15 w barotropic case
Bt BLACKADAR (1965)
two layer baroclinic R | 0.25 | 4.51 W barotropic case
Bp BLACKADAR (1968) R |0 4.5 A by similarity considerations and
: “patching”
BK BLINOVA and KIBEL (1937) 10 | 2.99 | 1.57 ZIM | M=2In(y/x),N=mn/2
v = 1-7811... Eulet’s const.
BZL, BOBYLEVA, ZILITINKEVICH and
LAIKHTMAN (1965) 39 |22 |20 ZLM
BZL, BOBYLEVA, ZILITINKEVICH and -
LAIKHTMAN (1965) 39 | 2.26 |1.88 w
C CSANADY (1967) R |38 |428 A Estimates by using obervational data
E ELLISON (1956) 20 | 2.07 | 1.57 w " barotropic case
KMa KAZANSKII and MONIN (1961) 60 | 249 |1.69 A kp hasa max., ky, =0 as z—+e0
KMb KAZANSKII and MONIN (1961) 60 1.7 | 1.81 A km —* const. as z—+co
Ly "LETTAU (1962) 44 | 09 | 4.6 ZLM
La LETTAU (1962) 44 1.07 | 4.62 w
M MONIN (1950) 30 5.0 1.5 ZLM for g=0.1885
RMg ROSSBY and MONTGOMERY (1935) 15 | 2.2 |44 - evaluated by GILL (1967)
: using zp = 0.044 u/f
TO TSEITIN and ORLENKO (1960) 26 |-0.42 | 4.17 w Average of 6 values of the near-
neutral stability classes m = —0.05
and m =0.05
YYS YAMAMOTO, YASUDA and R |23 |16 L neutral case, average for the range of
SHIMANUKI (1968) Rossby numbers 1-10% <Ro <1 -10*
(TP) | TAYLOR (1915) 4 | eeennes W N =x/z/2x M =In(x/a) - N
“patched” with a Prandtl layer The crosses (upwards) give the values
(Bt is a special case of this model, for A =0.050, 0.040, 0.030, 0.025,
corresponding to A = 0.004) 0.020, 0.015, 0.010, 0.006, 0.004
the circle is valid for HANNA's (1968)
value A =0.008
RM ROSSBY (1932) 19 | _ 1 W N =24/, M -ﬁxﬁ:' _ N!ﬁ
ROSSBY and MONTGOMERY (1935) 15 The cromss (aywanis) give the vakes
for r=0.10, 0.09, 0.08, 0.07,
0.06, 0.05, 0.04, the circle is valid
for Rossby’s value 1 = 0.065
M3) MOELLER (1931) R | +++++ w for z, =0.02 and values of b rang-
(with modified lower boundary ing from 0.6 (lower end) to 0.06
condition) (upper end)
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In order to avoid a presentation of the references of all the investigated models the corresponding reference
number in the aforementioned review article by ZILITINKEVICH et al. (1967), where a complete citation

is made, has been indicated in the third column of table 2. Only for the models (indicated by R), which are
not cited in the aforementioned review article, references are given at the end of this paper.

In the sixth column of table 2 is indicated who evaluated the constants M and N; A means the author of
the model, ZLM means ZILITINKEVICH, LAIKHTMAN and MON[N (1967) and W stands for the author
of this paper.

For many of the models M and N as given in table 2 are averages of the values obtained for the five sur-
face Rossby numbers 1 - 10", n=5, 6,7, 8 and 9, for which the constants scatter slightly. Only for few
models the two constants M and N show a distinct dependence on the surface Rossby number what they
should not do; these are probably the models (for example: B, BC, Bs) for which the variation of the
mixing length with height is assumed to depend also on the surface Rossby number itself.

Figure 1 shows, that the numerical constants obtained by some of the models (BZL,, BZL,, E, KM,,
KMy, YYS) are grouped rather close together inanarea 1.7<M < 2.5, 1.5 <N<2.0. It is believed,
that these values are not very realistic. This may depend on the assumed linear increase of the eddy vis-

cosity with height in some of these models.

- Because of these and other reasons it cannot be believed that averages of the various values of M as well as
of N do give a significant information. (The averagesare M=1.61, N=3.73) '

5. - Conclusions

The observations available up to now are much too spare to allow an accurate evaluation of the nu-
merical values of M and N; nevertheless it seems to be possible to fix the range in which thes values should
be expected.

The various models of the planetary boundary layer are based on different assumptions of the vertical
variation of the eddy viscosity ; therefore dfferent valuesof M and N result. Also for these values the
scatter is rather large. :

After a critical survey of all the data listed in the two tables and with regard to the theoretical result
eq.(26) it is proposed to consider

.M = 0.90 N = 450
as the most appropriate values at the present time.
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Beitréige zur Physik der Atmosphére, 44, Band, 1971, S. 69—-70

A note on a paper by F. Wippermann, ,, The two constants in the resistance law for a neutral
barotropic boundary layer of the atmosphere*

R. J. Taylor

C.S.1.R.0O,, Divi'sion of Metaoruln-g_ical thﬂi:s, Station Street, Aspendale, Vic. 3195, Australia

WIPPERMANN (1970) discusses the values of M and N, two constants occurring in the resistance
law for a neutral barotropic boundary layer, and gives a completely theoretical derivation of the value of
the former, equating it to —ln k, where k is von Karman’s constant.

Unfortunately it is necessary to point out that the derivation is invalid and the step from WIPPERMANN’s
equation (15) to his equation (17) cannot be justified. Equation (15)

4T 4T Ly T2

dZ |z dZ g, Z,’

(15)

together with the fact that it is valid for all Z within a certain range, is said to imply that

dT =

| =kXTInZ

dZ |z, 0
and it would follow that

dmT : i

Z |y ~ kXTInZ.

However eq. (15) is equally ‘well satisfied by

T o kX Tz +0)

Zp

T kX T Wz+0

z

where C is any arbitrary constant whatever.

Instead of quation (17) we would then have

dr

Z |, = k X T InpZ

0

leading to

_ . B
M = 1n1¢'-'.

(17)

The only restrictions on § are that it be independent of height so as to satisfy equation (15) and that it
be independent of wind speed so as not to violate the principles of similarity from which the resistance

law is derived.

WIPPERMANN, F. (1970), Beitriige zur Physik der Atmosphire, 43 Band, S. 133-140.
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Reply

‘As R, J, Taylor pointed out the derivation is incorrect between eq. (15) and eq.(17) because the
constant ¢ (or In f§) is missing in eq.(17).

However, the result eq. (26) would be still valid if one could prove that th.ls constant is zero or at least is
small enough to be neglected comparing it with In (1/«). A more detailed analysis recently done in order
to give this proof has shown that an additional condition is needed, which must concern a height z > z,,.
Such a condition can not be formulated unless one makes use of the (hypothesized) properties of a boun-
dary layer model. One of such hypotheses could be the folluwmg

Be definition it should be
() = z1n ‘— | @27)

where Up =T in the surface layer z, <z<z,; also z; is defined as the he:ght (> z,), where U, equals
the x-component of the geostrophic wmd _

Tz =T | ' (28)
_ Zg should not be mixed up with the geostrophic wind level zg+ where for the first time the actual wind
reaches the direction of the geostrophic wind. The hypothesis

zg =H ' : (29)
is an other expression for the resistance law and at the same time implies C=0 or §= 1.0. This, of course,
does not prove C=0 but may be able to show to some extent what C =0 means physically.
On this occasion it may be usefull to give an other evaluation of experimental data. KUNG (1966) has
given empirical formulae for C4 and a,

0.205 -
- 30
Ca = Togro(Rog) ~ 0.556 (302)

173.58 ‘
= —————— =303 30b
log1o(Rog) (300)

which allow to evaluate the constants M and N. This has been done for the range 1 10° <Ro, <1-10°,
- one gets

M = 1,038 % 0.061

N = 4,636 £ 0.027 (31)
The rather small standard deviation for both constants shows that the Cq and ap obtained by (30a) and
(30b) meet very well the resistance law. I think one can have some confidence in these values (31).
M=1.038 means §=1.13 or with the negative standard deviation M =0.977 one has §=1.06.

1 thank Dr. Taylor for his comment.

KUNG, E. C., 1966, Month. Weath. Rev. 96, 327-341.
F. Wippermann
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Empirical Formulae for the Universal Functions M, (x) and N(u) in the Resistance Law for
a Barotropic and Diabatic Planetary Boundary Layer

Empirische Formeln fiir die universellen Funktionen M_, () und N(z) im Widerstandsgesetz
einer barotropen und diabatischen planetarischen Grenzschicht

F. Wippermann
Technical University Darmstadt, Germany, Department of Meteorology

Received 29 August, 1972

Abstract: The resistance law of the planetary boundary layer can be used only, if the two universal functions
M () and N (u) are known, which appear in this law, The author proposes two empirical formulae, eqgs. (4a)
and (4b), for these functions; the formulae are more or less an average over the telatlonshlps given up to now
Using these formulae the geostrophic drag coefficient Cg and the cross-isobar angle o depending on the sta-
bility parameter x and on the surface Rossby number Ruu can be computed. They are displayed in a diagram,
The empirical formulae allow also a computation of the limit of the downward turbulent heat flux,

Zusammenfassung: Eine Anwendung des Widerstandsgesetzes fiir die planetarische Grenzschicht ist nur mog-
lich, wenn die beiden darin auftretenden universellen Funktionen Mp, (u) und N () bekannt sind. Fir diese
werden zwei empirische Formeln, Gin. (4a) und (4b), vorgeschlagen, welche mehr oder weniger ein Mittel der
bisher vorliegenden Ergebnisse reprisentieren. Mit den Formeln LBt sich der geostrophische Widerstandskoeffi-
zient Cg und der Ablenkungswinkel o in Abhingigkeit vom Parameter p fiir die thermische Schichtung und
von der Surface-Rossby-Zahl Rog berechnen ; die Ergebnisse sind in einem Diagramm dargestellt. Die Verwen-
dung der empirischen Formeln erlaubt aufierdem eine Aussage iiber den Grenzwert des abwiirts gerichteten tur-
bulenten Wirmestromes.

Résumé: La loi de résistance pour la couche limite planétaire ne peut étre utilisée que si les deux fonctions
universelles My, () et N (u), qui y figurent, sont connues. Pour celles-ci, lauteur propose deux formules em-
piriques (équations 4a et 4b), qui représentent plus ou moins une moyenne des résultats existants. A 'aide de
ces formules, on peut calculer le coefficient de frottement géostrophique Cyg et 'angle de déviation par rapport
aux isobares (¥, en fonction du paramétre de stabilité u et du nombre de Rossby en surface Rg; les résultats
sont représentés par un diagramme. Les formules empiriques permettent aussi d’estimer la valeur limite du .
flux turbulent de chaleur vers le bas.

R The empirical formulae

In recent years the resistance law for a barotropic planetary boundary layer (PBL) has been deri-
ved in different ways. A first formulation for the neutral case was given by KAZANSKII and MONIN (1961),
other derivations by GILL (1967) and CSANADY (1967). An extension to diabatic PBLs was given by MO-
NIN and ZILITINKEVICH (1967), BLACKADAR (1967) as well as BLACKADAR and TENNEKES (1968); an
extension to baroclinic cases was published by YORDANOV and WIPPERMANN (1972). In the resistance
law

K sin (leegl)/Cg =N (1, Ay, Ay) : (1a)

K cos (eg) / Cg=—Mp, (1, A¢, \y) +1n(CyRop) (1b)

means Rog = |9, 1/(fz,) the surface Rossby number, which is a non-dimensional combination of the given
external parameters, namely the geostrophic wind speed |9 |, the Coriolis parameter f and the roughness-
length zy. In the usual notation is Cg =us/ ¥, | the gestrophic drag coefficient with u the friction velo-
city, ag is the cross-isobar angle and k is the von Karman constant. Mp, (i, Ay, Ay) and N(g, A, A,) are

Beitrége zur Physik der Atmosphire, 45, 'B_and. 1972, 8. 305-311
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the two universal functions of the internal stability parameter u and of the two internal parameters A,
and A, for the baroclinicity. :

p=H/Ls 2
is the ratio of the scale height H of the PBL to the Monin-Obukhov stability length, where H=x u/f.

Since only barotropic PBLs should be considered the parameters A, and A, are not relevant in this con-
text.

-26 =24 =22 =20 =18 =16 L] -12 =1 -8 -6 -4 -2 L] 2 & 6 ]

Fig. 1. M, (e, 0,0) and N(u,0,0) in a (M, N)-plane according to observations and PBL-models. The numbers give the
values of the stability parameter p, the circles denote the neutral case.

Best fit of the O'Neill data according to MONIN and ZILITINKEVICH 1967

Single layer model WIPPERMANN 1972

Single layer model FIEDLER 1972

Empirical formulae (4a), (4b)

Two layer model ZILITINKEVICH 1970

Best fit of the O'Neill data according to ZILITINKEVICH 1970

Empirical formulae PANOFSKY and FIEDLER 1972

Best fit Kerang and Hay data CLARKE 1970

TQTmOoOw

Bild 1. Mg, (s, 0,0) und N (u, 0, 0) dargestellt in einer (M, N)-Ebene nach Beobachtungsauswertungen und nach PBL-
Modellen. Die Zahlen an den Kurven geben den Wert des Stabilititsparameters u an, die kleinen Kreise bedeuten den neu-
tralen Fall. Die Kurven A—H sind vorstehend erldutert.
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For a practical use of the resistance law (1a), (1b) the two functions M, (&) and N (1) both functions mo-
notonous in u have to be known. They can be determined only by an evaluation of observations or as an
approximation by a model of the PBL. A collection of such evaluations of observations and of theoretical
results was given by the author in a previous paper (WIPPERMANN 1972); This collection is represented by
the curves A, B, C, E, F and H of the figure 1. In addition two recent empirical formulae (curve G) by
PANOFSKY and FIEDLER (1972) are shown in this figure.

The curves in the (M, N)-plane scatter widely and it is not yet possible to get a correct formulation
for the two functions. Therefore the author proposes the curve D in figure 1 showing N as function of

M, with parameter u.
M, (#,0,0)+N(x, 0,0)=5.5 ' 3)

as a preliminary relation between M, (1) and N (i); the curve represents more or less an average of the
scattering results displayed in figure 1. Also the dependence on the stability parameter pis chosen in ac-
cordance with the other results, the two empirical formulae are proposed:

N(y, 0, 0) = 1.83+2.77 exp (u/ 20) . (42)
My, (1, 0, 0) =3.67 - 2.77 exp (1/20) - (4b)

Of course, these formulae have to be improved when more informations will be available by more suitable
observations. But for the time being the formulae (4a), (4b) seem acceptable as preliminary results. The
two curves (4a) and (4b) are shown in figure 2, some values are given in table 1

® Table 1 /Tabelle 1. (Because of the definition of L. see section IV)

I +30 +20 +10 +5 | 0 =5 |=-10 | <20 -30 —40 =50
My, (-89 -3,9 -1.0 | 0 (09 |15 |19 26 3.0 3.2, 3.4
N |144 9.4 65 |55 |46 | 40 |36 2.9 2.5 2.3 2.1
L. 1.26 2.28 6.32 | 9.94 1.40 | 2.09 |3.13 6.40 1.54 343 7.63
' 102 ] 102 | 10 |10®|10] 10?102 | 102 | 107 107! 107!
20
"
]
W N
AFa
L3
]
L]
I — 2
| . m
50 w0 -3 -0 10 0, 0 ) @ Fig. 2
-2 The two empirical formulae for M, (s, 0,0)
- and N (u. 0, 0) as given in eqs. (4a), (4b).
N (uooke3277exp(ly)
-
M. ( 367-277expll)  ® e Bid2
mP.QOJ 2 M, Die beiden empirischen Formeln fiir M, (u,
- 0,0) und N (u, 0, 0) entsprechend den Gin.
(4a), (4b).
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With increasing instability the functions M, (1) and N (u) approach very rapidly the limiting values for

p—+—o0

lmM (1,0,0)=183  mN (4,0,0)=3.67 (5)
m —

[

for instance M, (—70)=1.91 and N(-=70)=3.59 already.

Il. The drag coefficient and the cross-isobar angle

Two diagrams have been computed for C;(Rog, ) and &g (Rog, 1) by using the resistance law
(1a), (1b) and the empirical formulae (4a), (4b) for the universal functions; these diagrams are shown in
figure 3. It exist a set of observations for Cg(Rog) and gy (Roy), i. €. a collection of data by LETTAU (1959),

\ BAROfR-OP
60 C!10._
ss\\ ‘ Fb,

N \
L0
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/

20
10 e [ —]
Mag—
25 . \\
- _——
—_
=35

©

o' g 7 [} e

N~ BAROTROP
g -

E'

35} I Rq,

® Fig. 3
Cg (Rog, u) upper part and ag(Rog, p) lower

]
“\ \
part as obtained by the resistance law eqs.
\ o (1a), (1b) using the empirical formulae (4a),
—~—
\ \F"\E"-

klig

257

\\‘ (4b).

157

. , Cg(Rog, ) im oberen Teil und &g (Rog, 1)
=20 im unteren Teil wie es sich nach dcm Wider-
. - ‘—“—\__ standgesetz (1a), (1b) ergibt, wenn in diesem
104 s die empirischen Formenl (4a), (4b) verwendet

werden.
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an additional collection by BLACKADAR (1967) and other additions by ZILITINKEVICH (1970). Unfortu-
nately the thermal stratification as well as the baroclinicity have not been determined accurately for any of

these data. Therefore they are unsuitable for a proof of the results obtained by the resistance law and the
empirical formulae.

1l. The limit for the turbulent downward heat flux
The definition (2) of the internal stability parameter j can be written also

. .
pa-tBde_ * (63)
fc, puy
o fe,ple,l?
' 1 90 . P .
b with a=—°i'u—ﬂi— (6b)

where qg is the turbulent heat flux at the gmund p is the density and cp the specific heat. f=g/ J con-
tains the acceleration of gravity and a reference temperature. The abbreviation a in eq. (6b) consists of ex-

temnal parameters only, it has the dimension of a heat flux (cal cm™? sec™ ) and is used to non-dimensio-
nalize the turbulent heat flux qq. This heat flux

qo=-aClu (withqo> 0 upward directed) (7

increases for i mcreamng instability (i. e. for increasing |ul; u< 0), since Cg increases with i increasing insta-
bility. However for a stable stratification (1> 0) C; decreases with increasing stability (i. e. with increa-
sing u); the increasing p and the decreasing C, in the stable range causes a maximum of qq, which occurs
at the smbmty i+ This stability depends on the surface Rossby number Rog. Figure 4 shows how the

3
C':P-“l'r \

1 ('"‘ e } \

1

\

]
1% 1

\
. !
L]
12 - ]
2 \
H Y
10 & \
A\
A
8 5\0 \‘\
“\
5 ) \ ® Fig.4
3 "\\ The (nondimensional) turbulent downward
. N heat flux depending on the stability parame-
ter 4 and on the surface Rossby number Royg.
2 .
p— ® Bild4
3 3 o s 20 3 30 3 . Der (dimensionslose) abwiirts gerichtete tur-
bulente Wirmestrom in Abhingigkeit vom

i " Stabilitatsparameter u und der Surface Rossby-

Zahl Roy.
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(nondimensional) turbulent heat flux depends on the intemal stability parameter & and on the surface
Rossby number Rogy. Some values of p and the corresponding values of qg max are given in table 2 for
two geostrophic wind velocities. (These wind velocities imply a roughness-length zy =89 cm, resp. 2 =
44.5 cm for Rog=1-10° and a 2y =0.089 mm, resp. Z, =0.0445 mm for Roy =1-10%).

Table 2/Tabelle 2

Rog | ke &I,C:[ml d0max1 L qo'.T“ e
[mcal em™ sec™]

110° | +16 | 1681072 1.02 0.26

110° | +18 1.25 1072 0.76 0.19

1107 | +21 | 9.2107 0.56 0.14

110% | +23 751072 0.45 0.11

110° | +24 6.4107° 0.39 0.10 .
I: IVgl= 10 m/s 11: |\r l= Sm;’s
f= 11310“'9:: ’(p 50%)
p=1.25 1073 gcm . ¥=280"K

The heat flux a used for nondimensionalization is a = =60.7 meal cm™? sec™!, respectively a=15.2 mcal

cm™? sec™!

Fora phys;cal interpretation of these results one may think, that a stable thermal stratification stronger
than a critical one (u > uo) dampens the turbulence and makes it more and more ineffective for transpor-
ting heat duw.nward

An application of the resistance law (1a), (1b) requires the use of honznntally (over a large area) averaged
values in order to satisfy the conditions of horizontal homogeneity of the PBL. Such an averaged value of
1 will exceed pty probably very seldom, so that in general increasing 4 means increasing downward heat
flux. - '
'BERZ (1969) has published a one year-set of heat flux measurements (each averaged over 60 minutes) car-
ried out near Munich, Germany, in the period 1 June 1964 — 31 May 1965. The largest downward heat
flux measured during this period occured on 17 January 1965, 15301630 local time with 2.55 mcal cm™?
sec™. Of course, this value is larger as the values given in table 2; but one should have in mind, that this
is a value obtained at a single point and averaged only over 60 minutes. It does not represent a horizon- .
tally averaged value as it should for the considerations here. It should be mentioned also, that the experi-
mental station near Munich has an extrem large roughness-length ; Rog is therefore small and qg maxlarge.

The measured maximal downward heat flux aggrees quite well at least in the order of magnitude with the
limit obtained by the resistance law.

V. The asymptotic mnxmg-length depending on u

In several mixing-length hypotheses appears a parameter L. which represents the asymptutlc mi-
xing-length (to be approached at the top of the PBL) and reflects the influence of the thermal stratifica-
tion on the eddy viscosity, see for example WIPPERMANN (1971). In this paper a preliminary empirical
relationship has been given between the asymptotic mixing-length L. and the parametcr u for the thetmal
stratification, namely

L=10"%1H with &,= (u+44.2)/244
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The formulae (4a), (4b) enable us to improve this relationship. The author proposes now the formula
L.=10"%2H with &§,= (u+53.4)/28.8 @8) -

for which few values are listed in the last row of table 1, where L.=L./H. One notices, that in the neutral
case L. amounts to 1.4 % of the scale height H of the PBL, i. e.1.(¢=0)=14 mif H=1km. In the extrem

unstable case (u=—50) the asymptour, mixing-length L.=0.76 H, but in the very stable case (u=+30) L.
reaches only a little bit more than 1 ,’ of H.
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The Parametrization of the Turbulent Fluxes of Mumentum Heat and Mmsture at the
Ground in a Baroclinic Planetary Boundary Layer

Die PaEametrisierung der tdrbulenten Impuls-, Warme- und Feuchtef!ﬁsse am Boden in
einer baroklinen planetarischen Grenzschicht

D. Yordanov®) and F. Wippermann
Technische Hochschule Darmstadt, Germany, Department of Meteorology
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Summary: In the same way as for a barotropic planetary boundary layer so-called resistance laws (a mechani-
cal one, a thermal one and one for the moisturc) can be derived for a baroclinic boundary layer, The form of
these laws is completely the same as in the barotropic case, but in the baroclinic case the universal functions
of the internal stability parameter y are also universal functions ol’ two internal parameters for the baro-
clinicity.

For a parametrization the available external paramctcrs for the stability and for the baroclinicity have to be
converted into the corresponding internal parameters which are necded. .

Zusammenfassung: In der gleichen Weise wie fiir eine barotrope planetarische Grenzschicht kénnen auch fiir
eine barokline Grenzschicht sogenannte Widerstandsgesetze (ein mechanisches, ein thermisches und eines

_ fir die Feuchtigkeit) hergeleitet werden. Die Form dieser Gesetze ist vollig gleich derjenigen fiir den barotro-
pen Fall, lediglich die auftretenden universellen Funktionen des internen Stabilititsparameters sind im ba-
roklinen Fall auch noch Funktionen von zwei internen Parametern fir die Baroklinitit.
Fiir eine Parametrisierung missen die verfigbaren externen Parameter fiir die Stabilitit und fiir die Baroklini-
tit in die entsprechenden internen Parameter umgewandelt werden, welche man braucht.

Résumeé: De la méme fagon que pour une couche limite planétaire barotrope, on peut établir pour une
couche limite barocline des «lois de résistance» : une loi mécanique, une loi thermique et une autre pour
I'humidité. La forme de ces lois est tout a fait la méme que dans le cas barotrope mais, dans le cas barocline,
les fonctions universelles du paramétre stabilité interne <ont aussi fonctions de deux paramétres internes

de baroclinie.

La paramétrisation exige que les paramétres externes de stabilité et de baroclinie dont on dispose soient
convertis en paramétres internes correspondants.

1. Introduction

For the parametrization of the turbulent fluxes in a baroclinic planetary boundary layer (PBL)
it seems to be sufficient to consider only a linear variation of the geostrophic wind with height

g =g, +(d Gg/dz) (z—2,)  with (1a)
ditg/dz =~ g/(f B) 3 /3y = const =— { B, |
Vg = Vgo + (d 9g/d2) (z-2,)  with ' (1b)

d ¥g/dz = g/(f §) 3 §/dx = const = { B,

*) On leave from the Bulgarean Academy of Science, Department of Geophysics, Sofia, on a fellowship by the A.v.
Humboldt-Foundation

Beitrage zur Physik der Atmosphire, 45. Band, 1972, 5. 58—65
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where the index g indicates the geostrophic wind and the index o values at the ground (z = 1015 fis the
Coriolis parameter, g the acceleration due to gravity and ¢ the virtual potential temperature (J is a mean
or reference value for the total PBL). The x-axis is orientated in the direction of 7y, the Reynolds stress
at the ground. With the assumption (1a, 1b) the equations for a baroclinic PBL, i.e. a baroclinic boundary
layer with sleadyness and horizontal homogeneity can be written: “

(V- + g, d (ko di- Ug)/dz ) —g/(f F) 3 9/ox dkp /dz =0 _ (2)

—fa-ug)+ 5~ {k d(¥ —Vg)/dz | +g/(f F) @ /3y dkp /dz = (3

km is the coefficient of eddy viscosity. The assumption of a steady state requires that any turbulent
transport q of sensible heat
q=-cp pky 0 9/0z | @)

and/or any turbulent transport of moisture

j=-7pk, a5/ (5)

has to be constant with height as long as a divergence of radiative fluxes is not efféctive and as long as
condensation as well as evaporation is absent. ky; is the coefficient for the turbulent exchange of sensible
heat and k; that one for moisture, ¢, is the specific heat and p the density.

In order to parameterize the PBL only the turbulent fluxes of momentum, sensible heat and moisture

at the ground (z = z,) are needed, i.e.

u, =(1o/p)'? andg (6a) u,
+
9, =— 2w (6b)
cpPKU,
s, =— 22— | (60)
pKu,

u, is the friction velocity, &, the cross-isobar angle, k the von Karman constant and qs, the turbulent
transport of latent heat at the ground. These four quantities (u,, &g, ¥, s,) can be obtained either by
an integration of the four equations (2)—(5) with three additional equations gained by hypotheses for
km, kg and k; or by application of the similarity theory. In the later case there remain four unknown
universal functions of the static stability and of the baroclinicity which have to be determined by
observations. In the following sections shall be shown how the four quantities u,, &, #, and s, can be
determined by the application of the similarity theory in a baroclinic PBL. .

2, Internal and external parameters

For an application of the similarity theory first all relevant parameters should be listed in the
following table.

Explanation of the parameters: z, is the roughness length, ﬁ g/ 13 Iv,o lis the geostrophic wind speed
at the ground, the components are {iz, =194, | cos (o) and Vo= Vo Isin (| ). It is d=d(z=h)—
Hz=2,)and 65 =5(z = h) — §(z = z,,), here h is the height of the upper border of the PBL, a definition
will be given later. V, & means the (twodimensional) horizontal gradient of & and v is the angle between
Vgcl mdv;
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0,9, 9, §, K, Kep, ke, 7, - - - dependent variable
z T independent variable
z, [T/
f local parameters
N
u, If!sol internal (left) or external (right) fluid para-
9. 59 meters for a barotropic PBL
S. 3 S _ ' _
ad/ax v, 81 additional internal (left) or external (right)
ad/ay v . parameters. for a I:amglinic PBL

. The parameters listed in the table are considered to be relevant, i.e. the local parameters together with
either the internal or with the external fluid parameters describe the turbulent state of the PBL as itis
necessary for determining the vertical profiles of the dependent variables.

Since we have for each dependent variable one independent variable and 7 parameters the n-theorem

requires for three basic dimensions (cm, sec, grad) that any dimensionless dependent variable should

depend only on five dimensionless combinations of the parameters. Here it has been assumed that for

any dependent variable, except for the moisture 3, the internal parameter s, or the external parameter
85 is not relevant; the dimensionless moisture depends on the same number (5) of dimensionless com-
_ binations of parameters because one more basic dimension (gramm) is involved.

Using the internal parameters these relations are:

b-=Fy(Z, 20,1, Bs,By) (72)
3— Fy(Z, Zo, 1, Bx, By) (7v)
. -i—-=F',(Z, Zo, 4, By, By) (7c)
':T= Fs(Z, Zo, 1, Bx, By) (7d)

The meaning of the dimensionless combinations of parameters is:
Z=z/H Zo=124/H H=xu,/f (8a)

where H is the internal scale height of the PBL. u is called the internal stability parameter, it is defined
as

u=k*p/f 9, /u, =H/L, (8b)
with the Monin-Obukhov stability-length L,
-3 ) . B
L, =- SpPY. _ (8¢)

K B(qo *9so)
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'According to the definition in the equations (1a) and (1b)

B, = B/f* 3d/ox B, = B/f*3d/3y (8d)
When instead the internal the external parameters are used one obtains for the relations:
a_u =G'l.l (ZJIA: Roﬂlsf Bl'l'.l T) (Qa)
IVgo!
-—=Gy(z/A, Roo, S, By, 7) (9b)
Weol
5 .
'5_3_ - Gﬂ (Z,“A, ROO! S, B:Il.! 7) (9':')
=5 =Ga(z/A,Roo,5,By,7) (9d)
In these equations the parameters and their dimensionless combinations are:
A= If.'golff ' _ . (10a)
A is the external scale height of the PBL,
Rog =1Vgo 1/(fz0) = (2o /A) : (10b)
is the surface Rossby number and S is the external stability parameter
S = B8 8/(f1<go ) (10c)

The two external parameters for the baroclinicity are B, and 4, the later is already explained in the
table.

B, =plv, 91/ f? . (10d)

For the reason of application of certain similarity properties lateron only the eqs. (7a)—(7d) will be
used, in which the internal fluid parameters are involved. This means for the practice of parametriza-
tion that relations have to be known between the internal and the external parameters; these relations
are: '
H u,
2 o
A Wgo |

where Cq =u,/IV, |is called the geostrophic drag coefficient,

=x.Cq ) - (11a)

§=x=a_,'a.§ Vo, = K® Cyp/Cq (11b)
with .Cm = @, /69 the thermal drag coefficient and finally for the baroclinicity
By By
potng (@ +7) g =cos(ee +) (110)
X n

It should be noted, that the dimensionless roughness length Z, can be written
Zo = (k Cq Rop)™ (12)
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As mentioned before the turbulent state of the PBL is determined completely by either the internal or
the external parameters listed in the table. That means that each internal parameter made dimension-
less by the corresponding external parameter has to depend on all the dimensionless combinations of
external parameters except on z/A: '

u, '
. = Cd = ’J"cd (Rol;l) S) Bny T) (133)
g, '
5 = Cl-h = wcth (ROOl Ss Bﬂl 7) (I3b)‘
5 .
SE. = C5 = ‘;’CS(ROO! S, Blh 7) (13C) )

% = Ve (R0, S, By, 7) - o (13d)

The cross-isobar angle is itself dimensionless, for it can be drawn the same conclusion.

The egs. (13a)—(13d) are the most important equations for the purpose of parametrization of the PBL.
If one would know the functions Yic,, ¥cyy,» Vi, and Vg these equations would allow to compute the
turbulent transports of momentum, heat and moisture at the ground when the four external parameters
Ro,, S, By, and v are given. The equations (13a)—(13d) are the resistance laws in a general form; in the
next sections it shall be tried to get these four Y-functions by applying the principle of Rossby-similarity
and by using the logarithmic behaviour of the vertical profiles for u, 9 and $ in the immediate neigh-
bourhood of z,. : '

3. Rossbf similarity

The main statement of the so-called auto-model hypothesis is, that the vertical variation of
the velocity components, of the temperature of or the moisture, made dimensionless by the correspond-
ing internal parameter, does not depend on the roughness length Z,, as long as the considered height Z
is large compared with Z,: '

U(Zy)-u(Zy)

K ——u. = Yu(Za, 1, By, By) — ¥u(Zy, 1, By, By) | | (142)
K ———G{_z‘}u_. ).y 2, By, B,) ~ Vy(Zy, 1, By, By) (14b)
—'9(5’);—_‘5'@"—) = Vg(Zs, 1, By, By) ~ ¥ (Zy, 4, By, By) ' (14c)
s.—~_(z’)';§(z‘) B Do b B By) ~ (2 b, B By) e

The range of height, in which the eqs. (14a)—(14d) are valid, is extended as farer down as smaller Z is.
According to eq. (12) Z, =+ 0 means Rog — °, therefore the similarity of the profiles given in
(14a)—(144d) is called Rossby similarity. It must be stated clearly that the profiles are independent of
Z, only when internal parameters are used as done in (14a)—(14d). It can be concluded that also the
profiles of kp,, kn, Ks, 7 and others as turbulent energy, dissipation rate, . . . (for the quantity itself,
not for the vertical difference) with the same conditions are independent of Z, when the quantities are
- made dimensionless by internal parameters.
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Now in the egs. (14a)—(14d) Z, will be replaced by the variable Z and Z, by Zy,, where Zj, is the
dimensionless height of the PBL, it is Zy, = h/H; if one assumes that the upper boundary condition
(for Z - o) is already satisfied to a certain degree at Z = Z, than with respect to the Rossby similarity
it-can be concluded, that Z,, is a univessal function of the internal stability parameter u and the two
internal parameters B, and By for the baroclinicity. Of course Zy, should be independent of Ro, and
therefore it is not comparable with the quantities listed in eqgs. (13a)—(13d).

With the forementioned specification for Z, and Z, the eqgs. (14a)—(14d) will read:
W(Z) ~ go |
K u, = 'l'u (z': H, Bxa By)_ wu(z!n u, By, By)_xz Byzh ='Fu(z: H, Bx: By) '(].58)

v(Z) -,
o Y2~ Vo

u, = 'p\r(zr M, erBy)_ ‘;‘v(zh; H, B:l.! By)+x= BIZ-II. =¢V(z: M, BI:BY) (le)
9(Z) - 3(Zy) |
ﬂ‘ = Epa(Z. H, BK'B]‘)_ w&(zh-ﬂ, erBy)=‘Pﬂ(Z» M, BX'IB)'} (150)
$(Z)-5(Z ' _
—(Z)s, &) ¥s(Z, 1, Bx, By) = ¥s(Zn, 1, By, By) = ¢5(Z, 4, By, By) (15d)
4, The resistance laws in a baroclinic PBL

In the literature can be found different methods to derive the resistance laws, see KAZANSKII
and MONIN (1961), CSANADY (1967), GILL (1967, 1968) as well as BLACKADAR and TENNEKES
(1968); these all are based on the same idea to combine the profiles (15a)—(15d) obtained for Rossby
similarity with some Prandtl layer properties at the ground. Here the simple method of matching the
profiles (15a)—(15d) with the following logaithmic profiles should be applied.

ku(Z)u, =1n(Z/Z,) ' (16a)
k¥(Z)/u, =0 (16b)
at10 (3(2) — 90)/ 9, =In(Z/Zo) (16¢)
250(8(Z) — 8o) /s, =n(Z/Z,) : _ (16d)
Herein is ayo = ky/ky and ag, = kg/ky, at Z= Zgy. The matching gives: .
In(Z,) + ﬁgo-'ru-' =In(Z) - ¢y (Z, u, By, By) (17a)
K‘c'go.l,uo =-"~F’v(z) i, By, By) ) ) (17b)
- |
1[1(2.0) +ayo K = ]ﬂ(Z) - ‘\oﬂ{zt H, Bx: By) (ITC)
In(Zo) + 350 5> =In(Z) - ¢,(Z, 1, By, By) (174)

Since the left-hand side of the eqs. (17a)—(17d) is independent of Z, the right-hand side has to be also
independent of Z; that means the left-hand side equals an universal function of the remaining dimension-
less combinations of parameters:
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zln'n { ¢u(Z, 1, Bx, By) = 1n(Z) | =M, (4, By, By) +In(k) (18a)
i Y. {¢v(Z, 1, By, By)] =N(u, By, By) (18b)
I_ITZ {ws(Z, 1, By, By) —In(Z)} = My (1, By, By) +In(k) (18¢)
0 .
zﬁmz {¢s(Z, 1, By, By) —In(Z) | =M, (y, By, By) +In(k) (18d)
+Zs .

If one réplaces Z, in the eqs. (17a), (17¢) and (17d) by eq. (12) and if one regards the eqs. (18a)—(18d)
the resistance laws can be obtained in the following form:

- In(Roo - Cq) = Mm (4, By, By) = [*/(Ca)* = N? (4, By, By)]' - (192)
 N(u,Byx,By)  =«sin(lagl)/Cq (19b)
13‘ - ﬁ .
IH{ROG ) Cd) - MH (.us Bxs By) = 8Ho T = ="Ht:‘nfcth (19‘(})
. $h—So
In(Rog * Ca) ~Ms (i, B, By) = —5— =25/Cs (19d)

The equations (19a) and (19b) give the mechanical resistance law, equation (19b) a thermal resistance
law and (19d) such one for the moisture. These laws are the same as in the barotropic case but the

universal functions My, ; My, Mg and N depend in the baroclinic case also on the (dimensionless) internal
parameters for the baroclinicity.

5. Conclusions

It has been shown, that also for a baroclinic PBL the turbulent transports of momentum, heat
and moisture at the ground, needed for the purpose of parametrization, can be obtained by three
resistance laws, eqs. (19a)—(19d). These laws have the same form asin a bamtroplc PBL, but the universal
function M, , My, M, and N depend not only on the (internal) stability parameter u but also on the
two (internal) pazameters B, and By for the baroclinicity. These universal functions can be determined
only by measurements; the equatmns (192)—(19d) show that evaluations of such measurements should
be carried out for varying values of the internal parameters p, By and By.

An application of the equations (19a)—(19d) for a parametrization of the turbulent transports in a
baroclinic PBL (for instance in numerical models of the general circulation) requires that the internal
parameters u, B, and By are available. However such a circulation model gives with its predicted
large-scale fields only the corresponding external parameters S, B, and . Therefore the available external
parameters (S, B,,, ) have to be converted into the corresponding internal parameters (u, By, By), which
are needed. For this conversion the equations (11a)—(11c) can be used when applied iteratively. Diagrams
for this conversion of the available external parameters into the needed internal parameters are presented
by CLARKE (1970) and ZILITINKEVICH (1970), but these diagrams are restricted to the barotropic
case. For the baroclinic case it is not yet possible to construct such diagrams because of the lack of
usefull measurements. '
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Correction

In the paper by D. YORDANOV and F. WIPPERMANN “The parameterization of the turbulent fluxes of
momentum, heat and moisture at the ground in a baroclinic planetary boundary layer"”, Beitr. Phys. Atm. 45 (1), 58-65,
1972, the following corrections should be made: In the eqs, (17¢) and (18c) ¥ (. ..) has to be replaced by ay, Pyl
in the eqs. (17d) and (18d) g (. . .) has to be replaced by ag, ¢ (. . .). The final result eqs. (19a)-+(19d) remains uneffected
by these corrections, . .



- 192 -

Baroclinic Effects on the Resistance Law for the Planetary Boundary Layer of the Atmosphere

Die Beriicksichtigung barokliner Effekte im Widerstandsgesetz fiir die planetarische Grenz-
schicht der Atmosphare

F. Wippermann
Technical University Darmstadt, Germany, Department of Meteorology

Manuscript received B March 1972

Summary: If one wishes to apply the resistance law for the planetary boundary layer (PBL) the two functions
Mp (4, Ax, Ay) and Ny, Ay, Ay) have to be known. (u is the internal parameter of the thermal stratification, A,
and Ay are the internal parameters of the baroclinicity.) These functions have been determined by integrations
with a baroclinic PBL-model, then a simple approximative formula is given for the effects of the baroclinicity
on My, and N, eq (29), This formula is independent of the surface Rossby number because of the use of the
internal parameters A, and A, for the baroclinicity, but it would depend on Roy if the external parameters nye
and nye for the baroclinicity are used. These external parameters are those which are available for a practical
application of the resistance law; therefore diagrams or tables are needed which contain Mp, (nys, nys, Rog) and
N(nxs, nys, Rog) for each possible thermal stratification. An example of such a diagram is given for the neutral
case and Rog = 7.7 106, it is also based on the results of integrations with a baroclinic PBL-model.

Zusammenfassung: Eine Anwendung des Widerstandsgesetzes fiir eine planetarische Grenzschicht (PBL) ist nur
méglich, wenn die beiden Funktionen Mg, (u, Ay, Ay) und Ny, Ay, Ay) bekannt sind. (u ist der interne Para-
meter fiir die thermische Schichtung, Ay und Ay sind die beiden internen Parameter fiir die Baroklinitit.) Diese
beiden Funktionen werden mit Hilfe der Ergebnisse von Integrationen eines PBL-Modelles ermittelt, sodann
wird eine einfache Niherungsformel fiir, die Effekte der Baroklinitit auf M, und N aufgestellt, GL (29). So-
lange die internen Parameter Ay und Ay fiir die Baroklinitit verwendet werden, sind derartige Formeln unab-
hiingig von der Boden-Rossby-Zahl, doch hiingen sie von dieser ab, wenn die externen Parameter nye und Ny+
fir die Baroklinitit Verwendung finden. Letztere sind aber gerade diejenigen, die fiir eine praktische Anwendung
des Widerstandsgesetzes zur Verfiigung stehen; es werden daher Diagramme oder Tabellen benétigt, welche fiir
jede mégliche thermische Schichtung die Funktionen M, (nye, nye, Rog) und N(nys, nys, Rog) enthalten. Als
Beispiel fiir derartige Diagramme wird ein solches fiir den neutralen Fall und fiir Rog = 7,7 106 gegeben; auch
dieses wurde mittels der Ergebnisse von Integrationen des baroklinen PBL-Modelles erstellt,

Résumé: Sil'on désire appliquer la loi de résistance & la couche limite planétaire (PBL), il faut connaitre les
deux fonctions My, (i, Ax, Ay) et N (4, Ay, Ay) — p est le paramétre interne de la stratification thermique et
Ax, Ay sont les paramétres internes de la baroclinie,

Ces fonctions ont été déterminées par intégrations & 'aide d'un modéle-PBL ; une formule simple d’approxi-
mation donne les effets de la baroclinie sur Mp, et N (éq. 29). Cette formule est indépendante du nombre de
Rossby en surface si I'on utilise les paramétres internes A et Ay pour la baroclinie, mais elle en dépend si I'on
emploie pour la baroclinie les paramétres externes iy« et ny ». Cependant, c’est de ceux-ci qu'on dispose pour
une application pratique de la loi de résistance ; par suite, il faut des diagrammes ou des tables qui fournissent,
pour chaque stratification thermique possible, les fonctions My, (nx s, ny#*, Rog) et N(nye, ny+, Rog). Comme
exemple, un tel diagramme est donné dans le cas neutre et pour Rog=7,7. 10°; il est basé sur les résultats d’
intégration du modéle-PBL barocline. )

Beitrige zur Physik der Atmosphiére, 45. Band, 1972, 5. 244259
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l. | Introduction

The resistance law for a barotropic planetray boundary layer (PBL) can be written
K cos(a,) / Cg =—My, +1n(Cg Rop) (1a)
k sin(log]) / Cg=N - (1b)

It was first derived by KAZANSKII and MONIN (1961) and later on in different ways by GILL
(1967), MONIN and ZILITINKEVICH (1967), CSANADY (1967) and by BLACKADAR and TENNEKES
(1968). It allows to compute the geostrophic drag coefficient Cy = u, /| ¥l (with u, the friction velocity)
and the cross-isobar angle a, for a given surface Rossby number Ro,. This is a nondimensional combination
of the external parameters z,, the roughness-length, the Coriolisparameter f and ||, the geostrophic wind
speed at the ground; Rog = Iwg,l/(f zg). My, and N have to be known; they are independent of the external
parameters, but they are functions of a nondimensional internal parameter u for the thermal stratification

p=H/L, ~ (2)
where

‘H=ku,/f : _ 3)
is the internal scale-height of the PBL and

L.=-c,pul/(x B qo) _ @

is the Monin-Obukhov stability-length. « is the Karman constant, .G g.‘t? with g the acceleration of gravity
and ¥ a reference temperature. qq = ¢, (,a w" 8"), is the turbulent heat flux at the ground, cp is the specific
heat and p is the density. The external parameter for the thermal stratification is

o=k2 B85/ (f gl %)

where & 8 is the difference of the potential temperature at the top of the PBL and at the ground.

In a recent paper by YORDANOV and WIPPERMANN (1972) it has been shown, that the resistance
law (1a), (1b) remains unchanged in a baroclinic PBL, but the functions M, and N should depend also on
two nondimensional infernal paraméters for the baroclinicity

A =k [fdlg/dz~—pk?/f? 3D/ay ~ (6a)
Ay =k?/£dig/dz ~ B K2/ 25 /ox (6b)

as long as one assumes that d* Wg/dz? = 0. dis the potential temperature having a horizontal gradient in
baroclinic cases. The x-axis has the direction of the surface stress 7o == (p W" ¥ ")o, Which is turned by
the cross-isobar angle a, to the left (northern hemisphere, f > 0) of the direction of the geostrophic wind
at the ground. Since the orientation of the coordinate system is fixed by the infernal parameter 15, the
parameters A, and A, for the baroclinicity must be also internal ones. They should not be mistaken v.;ith
the external parameters for the baroclinicity i

Nxe = k2 [f (83, + d W, /dz) (73)
s =k3[f [k X 93] - d wg/dz (7b)
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These contain the components of the geostrophic wind shear in the direction of the geostrophic
wind at the ground and perpendicular to it. W, and |k are unit-vectors.

For a practical application of the resistance law (1a), (1b) only the external parameters g, fye,
nys are available but not the internal ones p, Ay, Ay which are needed. This means that diagrams or tables
have to be constructed which give My, and N as depending on the external parameters, @, nxs, Nys. Of
course, the main disadvantage will be, that such diagrams or tables have to be constructed for each possible
. surface Rossby number. Only the use of the internal parameters 1, A, Ay has the advantage, that the func-

* tions My, (4, Ax, Ay) and N(g, A, \y) are universal ones, i.e. independent of the surface Rossby number,
The aim of this paper is therefore to show how M, and N depend on the internal parameters A and A,
for the baroclinicity, However in the final section also an example of a diagram will be given showing the
dependence of M, and N on the external parameters 7+ and ny for the baroclinicity; but this diagram is
valid only for the neutral case and a surface Rossby number Rog = 7.7 10°.

n. How to obtain M., and N from wind profiles or stress profiles

In the PBL the equations of motion are reduced to
fp (4 ~lg) =dry/dz (8a)
£5 (7 —95) = —dryfdz (8b)

where 1, and 7, are the components of the Reynolds’ stress. In a nondimensional notation egs. (8a) and
(8b) are

P=dY/dZ Q=-dX/dZ ‘ (9a), (9b)
where P and Q are the components of the nondimensional velocity defect P =« (G —104;)/u, and
Q=k(v- ﬁs),’u, ,X and Y are the components of the nondimensional Reynolds’ stress X = 7,/ (pu?)and
Y =1,/(p ul). It is Z = z/H the nondimensional height coordinate; a nondimensional roughnesslength
Z, = 2o [H can be formed, which is by the definitions made before

Zo = (xCg Rog)™ - (10)

With respect to the lower boundary condition
Z=12Z,: i=9%=0 (11)
the eqs. (9a) and (9b) give at z =z

Py ==k g, fu, == klg,l cos(a,) /u, ==« cos(ap)/Cq = (AY/dZ)o (12a)
Qo =K Fgofu, ==k Wiglsin (ag)/u, =« sin (laol)/Cq == (dX/dZ), (12b)
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If one replaces the third terms on the right-hand sides of the eqs. (12a) and (12b) by the eqs. (1a)
and (1b), one obtains

Mp =Po —In(x Zo), N=Q (13a), (13b)

My =(dY/dZ)o—In(kZo), N=-(dX/dZ), (14a), (14b)

For a given nondimensional roughness-length Z, the values of M, and N may be obtained either
from the nondimensional wind profile at the ground or from the nondimensional vertical gradient of the

stress components at the ground. Since M, and N are independent of Z, also Qq and (dX/dZ), must be
independent of Z,, but Py and (dY/dZ), depend on Z,, they equalize In(Z,) apart from a constant.

As a kind of by-product N can be related to the eddy viscosity in the case of a pure Ekman
spiral (kg = const.). In such a case the x-component of the Reynolds’ stress is

Txg = To exp | —n(z —Zo) ) cos { n(z — z,))}
with
“ViCkne) | (13)

where kmE is the eddy viscosity in the case of an Ekman spiral, it is nondl.mensmnahzed in the form
Kme = kmg/(H*{). The first derivative of 7, with respect ot z at z =2, is

(d rygldz)o=—nTo or (dXg/dZ)o=—nH (16)

Using eq. (14b) herein one obtains

N=(Q2Kng)'" an
In eq. (17) N is related to the (nondimensional) constant eddy viscosity of an Ekman spiral which
would correspond to the given case.

Instead of eq. (15) it can be written also
n=f/(vZu, Cy) (18)
This means with respect to eqs. (14b) and (16)

=ICE) (19)

Since N is independent of Roy, Zy or Cg, it can be concluded from eq. (19), that Cgg can not
vary; it is a fixed value (varying only with N) as it is also the cross-isobar angle in the case of an Ekman
spiral (oo = 7/4). Eq. (19) is nothing else than eq. (1b) for a = auE. In the barotropic and neutral case
(N = 4.6) the geostrophic drag coefficient in the case of an Elunaanpiral is Cgg = 0.062; this is a rather
large value.
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M. Mg (e, 2., 2y) and N (g, 2,, A,) obtained from a PBL-model

A singlelayer model of the PBL has been used in order to obtain My, (1, Ax, Ay) and N(i, Ay, Ay).
This model has been described for the barotropic case in a paper by WIPPERMANN (1972), now it is extended
for baroclinic conditions. The model equations are obtained by differntiating the eqs. (9a), (9b) with respect
toZ ' . .

dP/dZ =d*Y/dZ? dQ/dZ =-d?X/dZ? (20a), (20b)
and by replacing the left-hand sides in egs. (20a), (20b) by the flux-gradient relations

X =Kp (dPAZ + ) Y =Kp (dQ/AZ + 1) (21a), (21b)

One gets
PYZ? = XK A (222)
AIX/AZ} =~ Y[Kpy + 2y (22b)

Prandtl’s relation for the eddy viscosity (in nondimensional notatiﬁn)

Km =L? ((dU/dZ)? + (dV/dZ)? ) 17 [k? = L? { (dP/dZ +\,)? + (AQ/AZ + Ay)? } 2/ k*  (23)
together with the flux-gradient relations (21a), (21b) yields

K =L (X +Y?) ¥4k | (24)

L =1/H is the nondimensional mixing-length. In order to close the system of equations the following
mixing-length hypothesis is made

L=Lo—(L.—kKpo) [ X*+Y?) P2 (25)

]

__ 1=K, [ 2(dX/dZ); + (dX/dZ)o/2}
P T AX/aZ)g (Lo — K Ko

A detailed description of this mixing-length hypothesis is given by WIPPERMANN (1971a). The
set of the four equations (22a), (22b), (24), (25) is a closed system for the four variables X, Y, L, Kp,,. The
solutions of this system of equations are the vertical profiles of these four nondimensional variables X(Z),
Y(Z), L(Z) and K, (Z). The boundary conditions are

Z=Z5: X=Xo=1 Y=Y,=0 " (26a), (26b)
L=Lo=kZo Km =Kmo =Zo (26¢), (26d)

Zo= X->Xo=LYk? Q5+ (27a)
Y > Y. =L2/k? A, A + A))' : (27b)
L—L. | (27c)

Km * Kme=L2/k? 03 + A2 : (27d)
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The boundary condition (27d) is obtained by using eq. (27¢) in eq. (24) together with the eqs.
(21a), (21b) in which one puts P.. = (dP/dZ).. = Q.. = (dQ/dZ).. = 0. The conditions (27a), (27b) result
from the eqs. (21a), (21b), in which K, . is replaced by eq. (27d).

Three free parameters appear in the system of eqs. (22a), (22b), (24), (25), namely A, and A,
the internal parameters for the baroclinicity and L., the asymptotic mixing-length, for which the mixing-
length hypothesis asserts 9L../d(Ro,) = 0. This assymptotic ming-length L.. plays the role of the internal
parameter p for thé thermal stratification; an empirical relationship between both is given by WIPPERMANN
(1971a)

p=-442-2441log,,(L.) ' (28)

An iterative method to solve the system of egs. (22a), (22b), (24), (25) has been given by
WIPPERMANN (1971b); it requires that the boundary conditions (27a)—(27d) are valid at a finite but
large height Z* rather than at infinity. Z* has been chosen to equal 10 0, i.e. ten times the internal scale
height of the PBL and very roughly corresponding to 10 km,

The solution gives the profiles X(Z) and Y (Z) in discreticized form, they allow to determine
(dX/dZ), and (dY/dZ), and according to eqs. (14a), (14b) also M,, and N, Integrations have been carried
out for the following six thermal stratifications

u | -20 -12 0 T 15 30
L. | 0100 0050 0014 0.0085 00040 0.0010

For each of these thermal stratifications eight different baroclinicities have been considered,

which are listed in the lower left-hand part of figure 1. All these baroclinicities correspond to the same
amount of the thermal wind

Id Wg/dzl= 5.0 f/k* = 3.5 m sec™ /1000 m (p=50°)
or .
IV, 91= 5.0 f3(x?6) = 1.2 grad/100 km (F =290 °K)

but the direction of the thermal wind varies. It should be mentioned, that this variation of the direction
does not occur proceeding in equal steps of the azimut angle, since the (x, y)-coordinate system has a
slightly different orientation for different baroclinicities. The internal parameters A, and A, for the
baroclinicity are given in this coordinate system, the orientation of which depends on the baroclinicity
itself,

Let us consider the influence of the barochrucny on the functions M, and N, For this purpose
the differences My, (11, Ax, Ay) —Mp, (4, 0, 0) and N(i, Ay, Ay) — N(, 0, 0) should be studied. Figure 1
shows the result of the integrations for three of the forementioned thermal stratifications in a plane of
this two differences. The crosses connected by the broken lines represent the result for the eight different
baroclinicities for each of the three thermal stratifications. As more stable'the thermal stratification is as
smaller are the two differences and as more symmetric to the origin are the differences in the plane given
in figure 1. This symmetry suggests to evaluate the results of the integrations in order to determine the
coefficients in a simple approximative formula

M (1, Axs Ay) =Mm (11,0, 0) = c3 (1) Ay + ca () Dy (292)
N, Ax, Ay) = N(g, 0,0) = —cy (1) Ax +e3(1) Ay (29b)
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Figure 1. Values of the functions Mp, and N, which appear in the resistance hw for the I’BL, for eight different baroclini-
cities (Ay, Ay) and three different th,enng], stratifications (u). The values are obtained by a PBL-model (crosses) and by an

:ppronmntwe formula (dots).

Bild I. Werte der beiden im Wndersundsgcset: fiir eine planetarische Grenzschicht auftretenden Funkhonen My und N
fiir acht verschiedene Baroklinititen (A, %) und drei verschiedene thermische Schichtungen (u). Die Werte wurden
einerseits mit einem Grenzschichtmodell (Kreuze) erhalten, zum anderen mit einer approximativen Formel (Punkte).
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Figure 2. The coefficients ¢; and c3, which appear in the approximative formula (29), as depending on the internal para-
meter u for the thermal stratification,

Bild 2. Die beiden Koeffizienten ¢ und c3, welche in der approximativen Formel (29) iufueten, in Abhingigkeit vom
internen Schichtungsparameter u.

Since the formulae (29a), (29b) have been established with the results for baroclinicities only of
the amount (A} +A})'/? = 5.0, the assumption is implied, that a linear proportionality exists between each
of the two differences My, (1, Ax, Ay) =My (1, 0, 0), N(g, Ay, Ay) —=N(n, 0, 0) and the two internal para-
meters A, and ?L., for the baroclinicity. The coefficients ¢, and c; are evaluated for the six thermal
stratifications mentioned before and interpolated in the whole range — 20 < u + 30. The variation of ¢,
and c3 with p is displayed in figure 2. The results obtained by the approximative formulae (29a), (29b)
are shown in figure-1 by the dots connected by solid lines. It can be seen that the deviation of the re-
sult obtained by the approximative formulae (29a), (29b) from the result obtained by the PBL-model is
very small in stable conditions, still small in the neutral case but growing with increasing instability of the
thermal stratification. This can be demonstrated by some evaluations. For the sake of abbreviation the
following notation may be used

SMp =My (1, Ax, "\y) ~Mn (0, 0)

8N =N(u, A\, Ay) =N(»,0,0)
and
NﬁMml = IaMmIModel = IBMmIEq.zg

ABNI = 18Nlyoget — 18Nlgq 20
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( ) should denote an average over the eight different baroclinicities for a given u. The obtained
deviations have been listed in table 1:

Table 1 / Tabelle 1

| BMphtod © BNMoa  [ABMh  GaTsND)
30 0.14 0.16 0.01 0.01
15 0.28 0.30 . 0.02 0.01
7 0.41 0.44 0.02 0.02
2| 052 0.58 0.04 0.02
=12 1,02 0.86 0.16 0.10
=20 1.25 0.97 0.28 0.20

Table 1 demonstrates the usefulness of the formulae (29a), (29b) for a moderate baroclinicity, Few com-
putations have been made to test the formulae also for an extremely large baroch.rumy (in the neutral
case); the results are listed in table 2.

Table 2 / Tabelle 2

PEL-Model Equ. (29)
Ax Ay Mm N _Mp " N
0 0 0.99 4.66
0 15 2.26 6.62 3.03 6.26
0 -15 -1.24 2,78 -1.05 3.06
=15 0 -0.83 6.39 -0.61 6.70
15 0 2.76 293 2,59 2.62

Even for such unrealistic large baroclinicities as those in table 2 the formulae (29a), (29b) give
satisfying results, except for M, (0;15) where the difference between the value of M, obtained by the
PBL-model and the value of M,,, obtained by eq. (29) is about 1/3 M, . However it should be mentioned
that the value of M, (0;15) obtained by the PBL-model is possibly incorrect, since difficulties of con-
vergence occured in the integration procedure for special cases of very large baroclinicity.:

In a recent paper FIEDLER (1971) computed M, and N as depending on the internal parameter
p of the thermal stratification for two special cases of baroclinicity; he found that in his case of cold-air
advection only N is affected by the baroclinicity but M, remains more or lessunchanged and vice versa in the
case of warm-air advection. These findings are valid only for the two very special cases of baroclinicity
which have been chosen for the computations, This can be explained very easily with the aid of the eqs.
(29a), (29b). The two cases treated by FIEDLER (9171) are ,

cold-air advection: A==V A2 A =V 2
warm-air advection: A, =—+/A?/2 Ay ==+ 22
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By applying the formulae (29a), (29b) one gets

cold-air advection: Mg =(c2 —c3) VA2

BN =(c; +¢3)VA%)2
warm-air advection: My, ==(c, + c3) /2?2

N = (c;-cy)VA2

In the neutral case for instance (as seen from figure 2) ¢, + c; = 0.244 and le; — 3l = 0.028, which
means that. [6M, | is about 10 % of I5Nlin the case of cold-air advection and vice versa in the case of warm-
air advection. Since the difference lc; — c;l decreases with increasing stability I5M,, | must decrease with in-
creasing stability in the cold-air advection and I5Nlin the warm-air advection. But also ¢, + ¢, is very small
in stable stratifications, for instance ¢, + ¢5 = 0.067 for u = 30, therefore I6N!in cold-air advection and
|6M | in warm-air advection are rather small for u > 0. For strong unstable stratifications c, + c, reaches
large values causing a remarkable I5NIin the case of cold-air advection and a remarkable I8M,| in the case
of warm-air advection. This all is in complete agreement with FIEDLER's results, However it should be

stated once more, that he considers only two very special cases of baroclinicity, the results of which can
not be generalized.

Another aspect of the effects of baroclinicity is the possibility of the funktion N(u, A, Ay) tobe
negative. It seems to be sure that N(u, 0, 0) > 0 even for largest instabilities of the stratification. (A collec-
tion of results, measurements as well as model computations, has been given in figure 9 of a paper by
WIPPERMANN 1972). If it is accepted that N(g, 0, 0) >0, a value N < 0 requires a large baroclinic effect;
according to eq. (29b) — ca A, + c3Ay has to be very negative. For instance N = — 10 at ¢ =0 requires
—CaAx + C3Ay =—14.6 considering that N(0, 0, 0) = 4.6, Assuming that A, =+/A%/2, Ay =—+/A7/2 one
finds A = 83.5 corresponding to a shear of the geostrophic wind of 58.5 m sec™/1000 m. This is a un-
realistic value which never will be observed, .

By these reasons one should have some doubt on the evaluations of measurements reported by
CLARKE (1970); 26 % of his N-values are negative, some even — 18 or — 19 in the near neutral case. Cases
with N <0 occur very seldom probably, they require a very strong warm-air advection and a strong un-
stable stratification.

With respect to eq. (14b) one can conclude that in cases with N < 0 the Reynolds’ stress has to
increase with height (at z = z,). Eq. (13b) together with eq. (12b) tells, that for N < 0 the cross-isobar
angle ao has to be positive, i.e. the direction of the surface stress is to the right of the direction of the
geostrophic wind at the ground (northern hemisphere),

V. The coefficients ¢, and c; in the equations (29a), (29b)

In this section some considerations will be given about the two coefficients appearing in the eqs.
(29a), (29b).



- 202 -

By integrating the eqs. (22a), (22b) with respect to Z from Z, to infinity one obtains

@Y/az)o =~ | X/Kn -2 dZ. (30a)
3

@X/az) = [ (/K =2y)d2 (30b)

' Zo .

where it has been considered that the stress components X and Y approach a constant value at infinity,

see the boundary conditions (27a) and (27b). According to egs. (14a), (14b) the left-hand sides in the

egs. (30a) and (30b) equal M, + In(kZ,) and — N respectively. The integrals of the right-hand sides of

the egs. (30a), (30b) should be subdivided into three parts each, namely an integral from Z, to Zg, one
from Zg to Zt and a third one from Zy to infinity. Zg is a nondimensional height rather close to Z,, above
Zg exists Rossby similarity. A determination of this height has been given in a study by WIPPERMANN

and YORDANOV (1972). For the small range Zo <Z < Zp the following assumptions of a constant stress
layer can be made : :

Z,<Z<Zg: X =~1 Y=~0 (31a), (31b)
Kn=Z (31c)

With these assumptions and the relation (10) the lower part of the integrals in the eqs. (30a),
(30b) is :

Zr
J (X/Kpn ~MZ =1n(Zr/Zo) = M (Zr = Zo) -

Zo ~In(kZg) - In(Cg Rog) = A Zg (32a)
Zr
J (Y/Kp —AAZ ==y (Zr —Zo) == Ay Zg (32b)
Zg

The nondimensional roughness-length Z, has been neglected compared with Zg.

Zy is the top of the PBL, i.e. the height at which the velocity defect is close enough to zero and
the stress components have almost reached their constant value given by eq. (27a), (27b).

Z>Z;: P=dP[dZ=Q=dQ/dZ=0 ' (33)

Zry certainly varies with g the internal parameter for the thermal stratification. With the conditions
(33) it follows from the egs. (21a), (21b) that the upper part of each of the integrals vanishes.
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The eqs. (30a), (30b) have now the form

Zr
Mp = —In(cZg) - | C/KnMZ 402 (40)
Zr '
It
N == [ (0Ka)aZ 42y (34b)
F4:3 :

‘The integrals in eqs. (34a), (34b) vary with A, and Ay, they do not retain the value of the barotropic
case. In order to form the differences M, and 6N as defined in section III the stress components in the
barotropic case as well as the eddy viscosity should be indicated by a “b”.

Zr

M = || O/ ~Xo/Ren)AZ + 0 Zr =Ty + M2 (353)
Ip -
Zr

5N = —j (Y/Kgy = Yo Kp)dZ + Ay Zg =1, + Ay Zy (35b)
ZR

I, and I are abbreviations for the integrals in the egs. (35a), (35b). Assuming that the approximative
formulae (29a), (29b) are correct, the eqs. (35a) and (35b) give a possibility to compute the coefficients
¢y and c; by evaluating the integrals I, and I, from given profiles X(Z), Y(Z), Ky, (Z) in the barotropic
case and in any baroclinic case:

ez =(Ax Iy _}\y Ix)l’{)‘: + 7*;) (36a)
es=Zr ~Ox I+ L) / Q3 +23) | (36b)

As long as the approximative formulae (29a), (29b) give correct results, the constant c, or c;,
respectively, must be independent of the baroclinicity (A, Ay). Since egs. (36a), (36b) must be valid for
any baroclinicity, i.e. also for Ay = Ay = 1, these equations can be reduced to

¢z =(ly —1x)/2 (37a)
ca =Zr ~ (I +1y)2 - (37)

V. M, and N as depending on the external parameters for the baroclinicity

For a practical application of the resistance law (1a), (1b) the internal parameters A\, and Ay, see
(6a), (6b), are needed but not available. Instead of these the external parameters 1+ and Tiys are available,
they are defined in eqs. (7a), (7b). Before an application of the resistance law these external parameters
have to be converted into the internal ones, which can be done only iteratively.
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Of course it can be done very easily if the crossdsobar angle oy is known

Ax = xe cos(ap) + nye sin (lagl) (38a)
Ay =—nyxe sin(lagl) + nye cos(eg) (38b)

For the cases of computations with the PBL-model, reported in section III, the cross-isobar angles
.have been obtained; for an example they are listed in table 3. Of course, for the purpose of converting the
cross-isobar angles are needed for each possible stratification, for each possible baroclinicity and for each
possible surface Rossby number.

One notices that the crossdisobar angle a, averaged over the eight baroclinic cases differs only
very little from e, in the barotropic case, except for the most unstable case, where the difference is almost
2°. The averaged amount of the difference between o, in the baroclinic case and in the barotropic one

|5ﬂo|= iQO TRy N }‘-y) —ao (1, 0, U)I

increases with decreasing stability of the thermal stratification,

Table 3: The cross-isobar angle o obtained by a PBL-model for the barotropic and
eight baroclinic cases in different thermal stratifications (Rog= 7.7 106)

" Tabelle 3: Der Ablenkungswinkel &, mit einem Grenzschichtmodell erhalten, im
barotropen und in acht baroklinen Fillen fiir verschiedene thermische Schichtungen
(Rog = 7.7 106) '

u

Ax Ay 30 15 7 0 -12 -20
.0 0 |400° 31.2° 257° 222° 155° 13.6°
0 5 |405° 329° 285° 260° 222° 220°
354 | 3.54 | 404° 32.9° 274° 244° 180°  16.0°
5 0 |400° 311° 251° 211°  10.6°  6.3°
354 | -3.54 |396° 299° 231° 184°  80°  7.1°
0 -5 |394° 294° 227°  182° 11.0° 10.3°
-3.54 | -3.54 [39.6° 30.1° 24.1° 20.3° 15.0° 14,2°
-5 0 |399° 314° 262° 233° 193° 18.6°
-3.54 | 354 |403° 325° 280° 255° 225° 221°

[ 39.96° 31,20° 25.64° 22.15° 1592° 15.57°

' Eﬁ] 0.34°  1.08° 1.86° 2.64° 4.67° 5.25°

Cross-isobar angles as depending on the baroclinicity have been computed for the neutral case
already 1965 by BLACKADAR with a two-layer model of the PBL.

For Ro, =7.7 10° and for neutral stratification model integrations have been carried out for more
baroclinicities, namely A = 3, 5, 7, 10 and 15. The cross-isobar angles obtained by these integrations allow to
construct a diagram giving M, and N as depending on the external parameters nye and 7nye. This diagram
is shown in figure 3, The isolines of M, and N are almost straight and equidistant; the slight curvature is
~ caused by the cross-isobar angle varying with the direction of the thermal wind.
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Figure 3. The functions My, and N, which appear in the resistance law, as depending on the external parameters for the
baroclinicity, The diagram is restricted to u = 0 and Rog = 7.7 108,

Bild 3. Die beiden im Widerstandsgesetz auftretenden Funktionen M, und N in ihrer Abhiingigkeit von den externen
Parametern fiir die Baroklinitit, Das Diagramm gilt nur fiir 4 = 0 und Rog = 7.7 106, -

However it should be mentioned, that the table 3 as well as table 4 contain values which do not
belong exactly to the surface Rossby number 7.7 10° as said in the captions. The reason for that is the
kind of the integrations, which have been carried out with a lower boundary chosen at Zy=1- 1075,
According to relation (10) is '

ROo = (K ZQ. C, Tl (39)

This shows that for a fixed nondimensional roughness-length the surface Rossby number varies
with the geostrophic drag coefficient Cy; the later again varies with the baroclinicity. This will be demon-
strated for eight different baroclinicities in table 4, section VI. Corectly spoken each point in the plane
of figure 3 belongs to another surface Rossby number, the value of which in the barotropic case is 7.7 10°
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However the variation of Rog with A, and A, or with nee and 0, respectively are rather small. Fora
moderate baroclinicity (A = 5), for instance, the largest deviations are Rop = 7.2 10° (A, = 0; C, = 0.0346)
and Rop = 8.2 10° (A, = —3.54, Ay =—3.54; C; = 0.0305). Therefore figure 3 as well as table 3 and table 4
are valid for approximately Rog 7.7 10°; of course, the indication Zo =1+ 10~* in the diagram (figure 3)
is exact. _

A practicil application of the resistance law (1a), (1b) is only possible, if for each u and Rog
diagrams are available like that one which is shown in figure 3. However measurements in the atmospheric
boundary layer are much to spare and to inaccurate to allow the construction of such diagrams, at best
they are sufficient to prove in special cases the results obtained by a PBL-model. At the present time one
is therefore able to construct such diagrams only with the aid of results obtained by integrations with a
PBL-model. ,

In the two cases of the computations by FIEDLER (1971), mentioned with more details in
section III, the thermal wind is chosen to have the direction either of the lines My, = const or the lines
N = const in the diagram figure 3. In this way he obtains the result, that in cold-air advection only N is
affected by the baroclinicity and M, remains unchanged and vice versa for warm air advection.

VL. The variation of the drag coefficient C, with the baroclinicity

Eq. (39) shows, that it is necessary to know Cg in order to determine Roy for a given Z,.

In table 4 the values of the geostrophic drag coefficients Cg are listed for the same thermal
stratifications and the same baroclinicities as it is done for the cross-isobar angle o, in table 3, These
values of Cg are also obtained by the numerical integrations with the PBL-model described in section III.

Again the values in table 4 are given only as an example.

Table 4: The geostrophic drag coefficient Cg 102 obtained by the PBL-model for
the barotropic and eight baroclinic cases in different thermal stratifications,
(Rog= 7.7 108).

Tabelle 4: Der geostrophische Widerstandskoeffizient Cg 102, mit einem Grenz-
schichtmodell erhalten, im barotropen und in acht baroklinen Fillen fiir ver-
schiedene thermische Schichtungen, (Rog = 7.7 106).

. H
- Ay | 30 15 7 0 -12 =20
0 0 [ 159 252 299 324 359 364
0 s | 159 252 301 328 380 399
3.54 | 354 | 160 257 310 342 408 443
5 0 | 161 259 314 346 404 421
3.54 | -3.54 | 160 257 307 334 351 342
o | -5 |15 252 29 316 321 320
-354 | -354 | 158 247 287 305 313 31s
-5 0 |158 246 28 305 322 324
-354 | 354 | 158 248 291 314 347  3.53
102 1591 2523 2990 3.238 3558 3771
5Cq- 102 0.0090 0.040 0090 0.38 0320 0419
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Like the cross-isobar angle, see table 3, also the geostrophic drag coefficient C; 10% averaged over
the eight baroclinicities differs only slightly from C, 10? in the barotropic case.

18Ce1= ICg(4, A Ay) = Cy4, 0, 0)

averaged over the eight baroclinicities increases with decreasing stability of the thermal stratification.
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A Note on the Parameterization of the Large-Scale Wind Stress at the Sea-Surface

Kurze Mitteilung uher die Parameterlslerung der groBraumigen windbedingten Schubspannung
an der Meeresoberﬂache

F. Wippermann

Technical University Darmstadt, Gernﬁny, Department of Meteorology
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Summary: The variation of the geostrophic drag coefficient and of the cross-isobar angle with the geostrophic
wind speed is derived by making use of the resistance law for the barotropic planetary boundary layer. The
theoretical results have been compared with observations.

Zusammenfassung: Unter Verwendung des Widerstandsgesetzes fiir eine barotrope planetarische Grenzschicht
wird die Abhiingigkeit des geostrophischen Widerstandskoeffizienten und des Ablenkungswinkels von der geo-
strophischen Windgeschwindigkeit hergeleitet. Die theoretischen Ergebnisse werden mit Beobachtungen ver-
glichen.

) Résumé: En utilisant la loi de résistance pour une couchelimite planétaire barotrope, on établit la variation
du coefficient de frottement géostrophique et de I'angle de déviation par rapport aux isobares, en fonction de
la vitesse du vent géostrophique,

Les résultats théoriques ont été comparés aux observations.

The resistance law for a planetary boundary layer (PBL) enables us to compute the friction velo-
city u, and the cross-isobar angle ay if the external parameters are given, namely the geostrophic wind
speed 1Va| the Coriolis parameter f and the roughness length z,. These external parameters can be com-
bined to the nondimensional surface Rossby number Rog = I{1/(fz). The resistance law was derived first
by KAZANSKII und MONIN (1961) for a barotropic and neutra.l PBL, its general form is

In(Rog) = Mg, (1, Ax, Ay) —In(Cy) +k cos(ap) /Cy (la)
N (g, Ax, Ay) =k sin(lag ) /Cg ' (1b)

Cg=u,/ Wl is the geostrophic drag coefficient, k is the Karman constant and M (&, Ax, Ay) as well as
N(i, Ax, Ay) are two universal functions of the internal stability parameter yu and of the two internal
parameters Ay, A, for the baroclinicity. These parameters are defined as

pu=H/L, 2

)‘,‘-‘dUgde, Ay= d.Vg,-'dZ (3a, 3b)
where H=ku,_ /f is the'internal scale-height of the PBL and L is the MONIN-OBUKHOV stability-length;
Ug=kig/u,, Vg=kTg/u, and Z=2z/H.

The functions My, (1, Ax, Ay) and N (g, A, Ay) in the egs. (1a), (1b) can be obtained by measure-

ments only, approximated functions may be obtained for special models of the PBL by integrating the
PBchuatlons

Beitrdge zur Physik der Atmosphire, 45. Band, 1972, S, 260—266
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At sea the roughness-length z, depends on the friction velocity u, itself. This means, that one
external parameter, namely z,, can be eliminated in the resistance law, if a relationship can be applied be-
tween z and u,. Such a relationship would be for instance a combination of CHARNOCK's (1955) formula

zo=u}/(c:8) “
and of the formula valid for very small velocities
zg=cyv/u, (5)

see ZILITINKEVICH (1970). g is the acceleration of gravity, the constant ¢, is 81 according to CHARNOCK
(1955), BROCKS and KRUEGERMEYER (1970) obtained ¢, = 28.5 from the evaluations of observations
and ZILITINKEVICH (1970) uses the value ¢; =20.8 in the figure 1.6. of his book. ¥=0.13 cm? sec™ is the
kinematic viscosity and the constant ¢, should be 0.1 according to ZILITINKEVICH (1970). For very small
values of u, the roughness-length z, should be given by eq. (5) only, but for very large values of u, by eq.
(4) only. An additive combination of these two equations

zo=u2/(c18) +c2 ¥/u, (6)
shows a minimum of z, at a friction velocity
13

Cy Gy vg‘

11. (zﬂ' = ITI.I.II} = { 2 (?)

i. e. at u (zo=min) = 7.95 cm sec™" for the afore mentioned values of the constants.

i [ ¥ =52°N
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Fig. 1. The geostrophic drag coefficient at the sea surface as depending on the geostrophic wind speed for different ther-
mal stratifications

Bild 1. Der geostrophische Widerstandskoeffizient auf dem Meere in Abhingigkeit von der geostrophischen Windgeschwin-
digkeit fiir verschiedene thermische Schichtungen
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Eq.(1a) caﬁtajns 7 in the surface Rossby number on the left hand side; if one replaces this z,
by eq. (6) the eq. (1a) can be re-written in the following form:

Mo +(c? /512 /u2-N?)1 2 410 [u, /(cy ) +¢2 v/ul ) = 0 (®)
where

M =M +1n(f)

For given My, and N this equation together with eq. (1b) allows to compute the geostrophic drag
coefficient Cy and the cross-isobar angle a as depending on the geostrophic wind speed I¥gl. For three
different thermal stratifications the values of My, and N have been obtained for a barotropic PBL-model
(see WIPPERMANN 1972) and are listed in table I '

Table I/Tabelle 1
© My
" Mm | (p=52%|N ¥ Yues
+10 0 9.1 6.2 4.7 13.5
0 1.0 " 8.1 4.6 0 0
=10 1.5 1.6 3.5 3.75 | —10.8

|"I52'N

 —
P-O
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14

. —
1 e .

—_— !\,—a] [m uc“]
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Fig. 2. The cross-isobar angle at the sea surface as depending on the geostrophic wind speed for different thermal strati-
fications

Bild 2. Der Ablenkungswinkel auf dem Meere in Abhingigkeit von der geostrophischen Windgeschwindigkeit fiir ver-
schiedene thermische Schichtungen

e — e —— e —— s —
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As a result of such a computation figure 1 shows the variation of the geostrophic drag coefficient
Cg with the geostrophic wind speed IC’EI. One notices a minimum of Cg at a geostrophic wind speed of
about 6 m sec ™' . The variation of Cy with IWg| is rather small if one disregards geostrophic wind speeds
<2 msec™". But there is a remarkable variation of Cy with the thermal stratification.

Almost the same patterns are obtained for the cross-isobar angle &y, see Figure 2. As expected
this angle is rather small at sea, for the considered stratifications it varies only between 12° and 22°. In
stable conditions one has a large cross-isobar angle but a small geostrophic drag coefficient and vice versa
in the unstable case. :

When the geostrophic drag coefficient is obtained as depending on I‘:’, | one is able to compute
the roughness-length z4 as depending on Ic’gl by applying eq. (6):

ZQ=C: IQ:P ,-‘(clg)#c; v,f(Cg fi?sl) (9)

The result is shown in figure 3. The roughness-length has a minimum of 2.4 10~ mm, it appears
with a geostrophic wind speed of about 4 m sec™' . For smaller geostrophic wind speeds the roughness-
length increases to more than 1/10 mm, it increases also for larger geostrophic wind speeds to almost 1 mm
(for i\?,i =30 m sec™"). The variation with the thermal stratification is not very remarkable, but it should
be mentioned, that cases with an extremely stratification, either unstable or stable, have not been consi-
dered.

¥ 52°N

==
—

— L
oot (0] . L1 10 15 20 25 320

Fig. 3. The roughness-length of the sea surface as depending on the geostrophic wind speed for different thermal strati-
fications

Bild 3. Die Rauhigkeitslinge auf dem Meere in Abhiingigkeit von der geostrophischen Windgeschwindigkeit bei verschie-
denen thermischen Schichtungen
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Unfortunately no observations are available suitable for proving such results. But there are some
observations of the ratio Iyl / I@sl i. e. the ratio of the “surface wind” (measured at 10 m) to the geo-
“strophic wind. In order to make possible an application of such observations one has to compute W0l
from the friction velocity u,, obtained earlier. In doing that the so-called log-linear profile shoud be used
to obtain the wind speed in 10 m ' '

W10l =u,/k [In(z10/20)+ Y210 /L, ] | (10)
Herein it may be written according to eq. (2)

YZio/L=v8Z10[H=70210f/(k 1)
Replacing z4 in eq. (10) by eq. (6) one gets

Wiol=u/k {In(zi0/u,) =In[u,/(c1 ) +ca v/ul] +yucsfu,) (1)
where

€3=2,0f/k=0.288 cm sec™! (for p=52°N)

Eq. (11) can be used to compute IV,o|as depending on I¥gl, if u, is replaced by Cg IC’II and the before
computed geostrophic drag coefficients are used. In this way the solid lines in figure 4 have been obtained;

13
) ——— THEORET.RESULT USING THE RESISTANGE
- LAW FOR A BAROTROPIC PLANETARY
12 WA BOUNDARY LAYER {352 N)
ﬁ,‘:" ' ————JOHNSON  [1955)] EMPIRICAL
T B L LU L I s PIERSON atol. (1955] | RELATIONSHIP

|ACCORDING TO HASSE AND WAGNER 1371
wesunstable, ne=neutral , sestable

-

10 15 20 3 Q

Fig. 4. The ratio of surface wind to geostrophic wind as depending on the geostrophic wind speed according to theore-
tical results (solid lines) and to empirical relationships (broken and dotted lines)

Bild 4. Das Verhiltnis von Windgeschwindigkeit in 10 m Héhe zur geostrophischen Windgeschwindigkeit in Abhingigkeit
von der letzteren als theoretisches Ergebnis (ausgezogene Linien) und als empirische Beziehungen (gestrichelte und ge-
punktete Linien) o
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they are drawn again for the three thermal stratifications u=+ 10, u=0 and u=-10. These curves are com-
pared with the empirical relationships by JOHNSON (1955), broken lines, and by PIERSONet al. (1955),
dotted lines, as given by HASSE and WAGNER (1971). Disregarding the very small geostrophic wind speeds
the theoretical curves are between the empirical ones by JOHNSON and by PIERSON et al. The agreement
with the empirical relations can be considered as good. '

HASSE and WAGNER (1971) used also wind observations from the light ship P8 in the German
Bight together with the geostrophic wind obtained by the evaluation of measurements of the pressure,
Their ratios 1V,0l/ Iﬁsl’are shown in figure 5 and compared with the theoretical results mentioned before.
The agreement is good for geostrophic wind speeds > 15 m sec™, for lighter geostrophic winds the obser-
vations by HASSE and WAGNER show larger values than the theoretical ones. According to the observations
evaluated by HASSE and WAGNER few of these ratios are almost 1.0 and some are even larger than 1.0 which
is difficult to understand. A possible explanation (according to a private communication by one of the
authors) is that for geostrophic winds < 15 m sec™? the observations of the surface wind can contain pro-
nounced micro- or meso-scale winds (of any direction), which cause the large ratio. The disagreement be-
tween the observations by HASSE und WAGNER and the theoretical results must not disprove necessarily
the latter. '

1
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Fig. 5. The same as in figure 4, but the theoretical results are compared with observations (after HASSE and WAGNER)

Bild 5. Das gleiche wie in Bild 4, jedoch werden die theoretischen Ergebnisse jetzt mit Beobachtungen (nach HASSE und
WAGNER) verglichen,
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Problems which still have to be solved before the re-

sistance laws can be applied for the purpose of parameteri-

zation in numerical models for large-scale atmospheric mo-

tions:

(1)

(2)

(3)

(4)

(5)

At sea the roughness-length z, is not a given local
parameter (constant with time) but it depends on the
surface stress T, besides on some other variables f
and therefore it varies with time. How can z, be de-
termined at sea ?

~

At the sea surface the temperature +f, and the moi-

o

sture Eo are given; how should they be determined

at land ?

-~

The values '&T and ET at the toe of the PBL have
to be determined from the vertical ¥ -profile and the
s-profile, respectively, computed by the numerical mo-
del for the place under consideration. The question

is: where is the level =z at which these values

T T

and ET have to be read-off ?

From the large-scale parameters computed by the nume-
rical model one obtains the external stability para-
meter ai'= G 65‘/(f y&go|). For an application of the
resistance laws, however, one needs the internal sta-
bility parameter » = H/L,. How can @ be obtained
from o ? (q  and u,, both comtained in L. , are not
yvet known; just these two should be determined with
the aid of the resistance laws).

From the large-scale parameters computed by the nume-
rical model one obtains the two external parameters of
the baroclinicity Qs X/ £ d3$g/dz'(~§ )© ~and

A go
q}ﬂ: x¥7f a Gq/dz « Ik X ( \vgo)o . For an application
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of the resistance laws, however, one needs the two
internal. parameters for the baroclinicity, namely
X, = K/f dw_/dz-( T_)° and A\, = xY/fav /az -

o1k x ( T‘} . How can kx and ly_ be obtained
from N x* and jzy. ? ( T, is not yet known, just
this should be determined with the aid of the resi-
stance laws ).

(6) The functions M (tk.- l l ) ’ H-ht"'-: \.\ ) r
M ft& l. ) ) and N(tu lx,_kyl have to_be known .
How do they look ?

(7) The resistance law is not applica _ble in the equato-
rial region where f—0 and RO — 2, What has
to be- done in order to parameterize ‘the boundary lay-
er effects with the aid of the resistance law in a
global numerical model?

Comments on these problems:

ad (1) A relationship has to be established between the
roughness of the sea (expressed bf the roughness-length
zo) and the surface stress or the friction vélocity,
respectively. An example for such a relationship is the
formula by CHARNOCK (1955)

_ 2
.20 = u./(cl g)

applicable for rather large wind velocities or the
well-known formula for very small velocities

zo = Cz ‘9/ u,.

Such relationships allow to eliminate Z, in the re-

sistance law and to obtain: the variations of Cg and
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o with |§§°| (of course for a given f ). An examp-
le of such an application of the resistance law is gi-
ven in the section on page 208 - 214 ,

ad (2) For this purpoée the heat budget at the earth surfa-
ce has to be included in the numerical model. The wa-
ter content of the soil must either be given depending
on time or it must be computed by the model itself,
which means that the model must also contain levels
for computations at the earth surface and in the soil.

ad (3) Evaluations of observations show (as far as they can
show it) that M, 1is very similar to M, r the same
is true for Ms , See MONIN and ZILITINKEVICH (1967)
and CLARKE (1970). If one puts

M=M= M ,

one gets the two equations

Ao {@T - @) !Wq| cos (<.)

o

aso ( s'I‘

- 5,) | Vg | cos(e,)

where @© = 5/9; and S = §/s, . Using these two for-
mulae it must be possible to compute the height ZT
for which. C)(ZT) = (DT and S(ZT) = ST with the aid
of a PBL-model. This height will depend on o and on
the (non;dimensional) geostrophic wind speed at the

ground.

ad (4) For a given o the internal stratification parameter
can be obtained iteratively only. In his monograph zZI-
LITINKEVICH (1970) presents diagrams obtained by such
an iterative procedure. These diagrams (after CHALIKOV
1968) allow to read-off the values of c* for given ©
and ROO.
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ad (5) A similar procedure has to be applied for getting the
lx and ly— fom the 0 . and 1 gt diagrams are
not yet available. Since only X, has to be known for
the coordinate transformation, it is probably suffi-
cient to use directly the known value of «, which
the numerical model has compufed at the time one time

step before.

ad (6) Some evaluations of observational data are available,
see MONIN and ZILITINKEVICH (l1967) and CLARKE (1970).
These evaluations have been used, beside some results
of PBL-models, to construct an empirical formula for
,Mm(t"o'o) and N(CJ,O,O) as presented in the sec-
tion on page 177 - 183. The functions M and M,
possibly can be put equal to M . see ad ﬂ3). In the
baroclinic case the differences Mm(t&, lx, lyi -
=M ((+,0,0) and N(, Ayr Ay) = N((1,0,0) have
been obtained by a PBL-model; empirical formulae for
these differences are given in the section "Barocli-
ﬁic.Effects ..." on page 192 - 207.

ad (7) A procedure for extending the apﬁlicability of the
resistance laws to the equatorial region is not yet
presented; of course such an extension is not impos-
sible.
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Chapter 5

Non-Stationary and/ or
Horizontally Non-Homogeneous

Boundary Ldyers

The PBL is defined as a stationary and horizon-
tally homogeneous boundary layer. The atmospheric boundary
layer, however, is neither stationary nor horizontally ho-
mogeneous; it may therefore considerably deviate from a PBL,

If the resistance law for instance is applied to de-
termine thg'turbulent fluxes ?b r 9q and jO in the real at-
mospheric boundary layer an error will be made since the
assumptions of a PBL are not satisfied in reality. The first
paper of this chapter ("The Effect of Non-Stationarity on
the PBL") studies this error for the case the diurnal varia-
tion being that of a clear day in summer time. For this pur-
pose a time-depending boundary-layer model has been inte-
grated, the results are compared with those of the corre-
sponding stationary cases, i.e. stationary cases having the
same thermal stratification than the nonstationary ones.

Some other time-dependent models are cited at the end
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of that paper, several more on the pages 152 and 153, In a
part of these models are incorporated the divergences of the
radiative fluxes, which are even more important for time -
depending models than for stationary ones.

The second part of this chapter is concerned with the
effects due to horizontal 1nhomogeneit1os of the surface
roughness. Investigations of this topic are going on for al-
most forty years, but they all are still restricted to ca-
ses, in. whioh the boundary flow passes a sudden change in
the roughness (which is homogeneous in front of this change
and behind it). An internal boundary layer develops, star-
ting at the change of roughness, its height grows continu-
ously in the downstream direction up to that distance, whe-
re the whole boundary layer is again in the equilibrium with
respect to the changed roughness—length . _

There are developed some models considering a sudden change
in the temperature of the lower boundary; such a change cau-
ses a similar effect as a change in the roughness-length.

This .second part of the chapter consists of a biblio-
graphioai survey only. It includes the Russian-language pa-
-pers which have already been cited in the review paper on
this topic by PANCHEV, DONEV and GODEV (1971), see page 252,
More than half of this bibliography has already been given
in the book by PLATE (1971), see page 6; it contains almost
50 references to internal boundary layers. This list has
been completed and arranged chronologically.
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The Effects of Non-Stationarity on the Planetary Boundary Layer

Der EinfluB der Instationaritit auf eine planetarische Grenzschicht

F. Wippermann, D. Etling, H. Leykauf
Technical University Darmstadt, Germany, Department of Meteorology

Received November 7,1972

Summary: The “resistance law™ for a planetary boundary layer (a horizontally homogeneous and steady state
boundary layer) can be applied only if the variation with time of the boundary layer is understood asa
sequence of stationary cases. In this paper the difference is studied for boundary layer parameters in a non-
stationary case on the one side and in the corresponding stationary case on the other side. For this purpose

the equations of a non-stationary boundary layer model are integrated numerically for a given diurnal variation
of the internal parameter u of the thermal stratification, — The response of a planetary boundary layer to
single point perturbations (variations with time) is investigated likewise,

Zusammenfassung: Das ,Widerstandsgesetz* fiir eine planetarische Grenzschicht, d.h. eine horizontal homo-
gene und stationire Grenzschicht, kann nur angewandt werden, wenn die zeitliche Verinderung der Grenz-
schicht als eine Folge stationirer Zustinde aufgefafit wird, In dieser Arbeit werden die Unterschiede unter-
sucht, die sich fiir Grenzschichtparameter ergeben einerseits im instationiren Fall und zum andern im ent-
sprechenden stationiiren, Zu diesem Zwecke werden die Gleichungen eines instationdren Grenzschichtmodelles
numerisch integriert, wobei die tigliche Anderung des internen Parameters u fiir die thermische Schichtung vor-
gegeben wird. — Ebenfalls wird untersucht, in welcher Weise eine planetarische Grenzschicht auf punktformige
Storungen (Verinderungen mit der Zeit) anspricht. :

Résumé: — La «loi de résistance» pour une couche limite planétaire (couche limite horizontalement homo-
géne et stationnaire) ne peut étre appliquée que si la variation avec le temps de la couche limite est congue
comme une suite d’états stationnaires. Dans cet article, on étudie les différences que manifestent les para-
métres de la couche limite, d’une part, dans un cas non stationnaire et, d’autre part, dans le cas stationnaire
correspondant. A cet effet, les équations d'un modéle de couche limite non stationnaire sont intégrées
numériquement pour une variation diurne donnée du paramétre interne p de la stratification thermique. On
recherche également de quelle fagon une couche limite planétaire répond & des perturbations ponctuelles
(variations avec le temps).

1. Introduction

The planetary boundary layer (PBL) is defined as a steady state and horizontally homogeneous
boundary layer of the atmosphere. By this definition the PBL is a rather crude model of the real boundary
layer but it proves to be an excellent instrument for the parameterization of boundary layer effects, for
instance for the incorporation of such effects into general circulation models. The parameterization can
be done by applying the so-called resistance law. Since this law is valid in a PBL only, the variation with
time of the boundary layer must be understood as a sequence of stationary states. Such a procedure is
justified only if the effects of non-stationarity can be neglected. It is the object of the present paper to
investigate these effects on a PBL by means of numerical integrations of a time dependent boundary
layer model. '

Beitrage zur Physik der Atmosphiére, 46. Band, 1973, S. 34-56
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1. The time dependent model of the boundary layer

We shall start with the equations.for a non-stationary horizontally homogeneous boundary layer

difat — f(v—vy) = d(14/p)/ 0z (1a)
av/at + f(u —1y) = a(1y/p)/ 0z (1b)

where u and v are the horizontal velocity components, 7 and 7, are the components of the Reynolds
stress, f is the Coriolis parameter, p the density (the variation of p with z is neglected), t the time and z
the vertical coordinate. The index g denotes the geostrophic wind, the bar means an average and the
circumflex an average weighted by p. With the flux-gradient relation

TP = kpy 00/32 (2a)

TylP =km 0¥/02 (2b)
where k, is the eddy viscosity, the eqs. (1a), (1b) read in non-dimensional notation

0Q/oF +P=3[3Z [Ky, 0Q/3Z] + Ay 0K, [0Z . (3a)

dP/oF —Q=03/0Z [K,, OP[0Z] + A, 0K, [0Z (3b)

Herein is Z = z{H the non-dimensional height with H = ku, /f the scale height of the PBL; u, is
the friction velocity and k von Karmans constant. F = f - t is the non-dimensional time, P = k(1 — §;)/u,
and Q = k(v — Vg)/u, are the components of the non-dimensional velocity defect. K,, =k, /(H?f) is the
non-dimensional eddy viscosity; Ax = k* /f30,/9z and Ay = k? /f 3¥%¢/0z are two internal parameters for
the baroclinicity.

Using the non-dimensionalized relations (2a), (2b)

X =K, 0U/dZ . _ (4a)

Y =K, dV/3Z (4b)
in the egs. (3a), (3b) one obtains

3JOF [Y/Km]+ X/Kpy — 2 = 32Y/0Z2 (5a)

DOF [X/Km ] — Y/Km + 2y =03%X/02? (5b)

U = kiifu, and V = kV/u, denote the non-dimensional components of the velocity and
X =7, /(pul) as well as Y = 7, /(pu?) the non-dimensional components of the Reynolds stress.

The two equations (5a), (5b) contain the three variables X, Y, K. In order to close this system
of equations Prandtl’s mixing-length relation

km = *low/dz] (6)
shall be used, which leads after elimination of the velocity gradients with the aid of (2a), (2b) to
Km =T L/ - W)

Herein is T = [X? + Y?]"2? and L = I/H the non-dimensional mixing-length. For L a mixing-
length hypothesis shall be used, which has been given by WIPPERMANN (1971a)

L=L_-(L_—Ly)TP (8)
p=—k/[(dT/3Z), (L.—Ly)]
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The index 0 denotes values at the lower boundary. L., is the asymptotic mixing-length for z - o=,
this parameter governs the thermal stratification of the boundary layer. An empirical relationship between
L_and p, the internal parameter for the thermal stratification, has been given in the paper mentioned be-

fore  =—442-24410g,0(L) ©)

The definition of u is u = H/L, with L, the Monin-Obukhov stability length. The parameter L,
in eq. (8) is the mixing-length at Z = Z,, i.e. in the height of the non-dimensional roughness-length
Z, = zo/H. By applying the behaviour of L(Z) as valid in the constant stress layer one gets at Z = Z,

Lo =K Z.;. - (10)

With the mixing-length hypothesis (8) the system of the equations is now closed, for the four
variables X, Y, K., L the four egs. (5a), (5b), (7), (8) are available. The boundary conditions are

Z-oor X A +2D)Y2 LYk (112)
Y - A4V Lk ' : (11b)
Km = (A3 + A2 L2k _ (11c)
L =L, (11d)
Z=Zo: X=1, Y=0, Ky, =Zo, L=kZ, (12a—d)

Of course the conditions (12a), (12b) are correct only for an orientation of the coordinate
system where the x-axis has the direction of the surface stress.

For any given variation with time of the thermal stratification represented by the parameter
L_(F) one gets X(Z, F), Y(Z, F), K, (Z, F) and L(Z, F) as the solution of the system of egs. (5a), (5b),
(7), (8) with the boundary conditions (11a)—(11d) and (12a)—(12d). With these four variables the
velocity defects P(Z, F) and Q(Z, F) can be obtained by using the flux-gradient relations (4a), (4b) writ-
ten for the defects

X = Ky [3P/3Z + ] (132)
Y =Kq [0Q/Z + 3] (13b)
in integrated form
Z
P(Z,F)= j [X/Km ~Ac]dZ'+ P (14a)
Zo
z .
QZ F)= j [Y/Km ~Ay1dZ' + Qo (14b)
Zy

Another interesting variable is I /1], which can be obtained from the velocity defects by
lwl
T @ P = Celk [P~ Po+ MZ) +(Q- Qo + 4,212 (15)
(]
Herein means Cg = u,/l¥g | the geostrophic drag coefficient. Py and Q, are the velocity defects
at Z = Z,; because of the lower boundary conditions for the velocity components

z=2z4: U=v=0 (16)




- 225 -

e Py =—kigy/u, =—klwgglcos(ag)/u, ==k cos(ag)/Cq (17a)

Qo = —KkVgo/u, ==kl wgoIsin(ag)/u, = K sin(lagl)/Cq (17b)
o denotes the cross-isobar angle.

The time variation of the vertical profile of the potential temperature can be obtained from the
X(Z,F), Y(Z, F) and Ky, (Z, F). In order to get a formula for computation first the two profile functions
¢m and ¢p are defined

¢ =2/9, 30/dz=2Z00/0Z . (18a)
Om =kzfu, 0 wiazl=Z1dV/0Z| (18b)

which are very often used in the constant stress layer. 9 is the potential temperature and © = /8, the
non-dimensional potential temperature, where 9, = —qo/(k ¢, 0 u,) is a characteristic fluctuation of the
potential temperature, qq is the turbulent flux of sensible heat at the ground and c,, is the specific heat.
The flux-gradient relationships for heat and momentum are

q=—cp P knddfdz  q/qo =Kn 36/0Z (19ab)
T=pkmnmld w0zl T=KnldV/oZl (20a,b)

kp is the turbulent diffusion coefficient for sensible heat, Kn= kn/(H?*f) is this coefficient in non-dimensional
notation. For the ratio ky/ky, can be written

an =kn/km = Kn/Km = q/qo $m/én 1/T . ' (#3))]

where the egs. (18a), (18b), (19b) and (20b) have been used in order to eliminate the vertical gradients.
Using eq. (21) in eq. (19b) one gets the vertical gradient of the potential temperature

36/0Z = Pn/dm T/Km

or in integrated form

&z, F) = &(Zy) —j On/m T/Kmn dZ' 22)
R

The index T denotes the top of the PBL where the potential temperature should be kept constant
with time.

In order to evaluate the profiles é{Z) at various times F one has to know the ratio ¢n/¢m. For
this the hypothesis should be made that the ratio measured in the surface layer will be valid through
the total PBL

On/Pm = (Pn/Pm)obs (23)

However, it may be accentuated that this assumption is made only for the ratio ¢n/¢m not for
the profile functions itself. It will be used

0.74 + 4.7 4uZ
1+4.7uZ #>0
(Sn/Prmdobs = Ve @4
(1-15uZ) §<0

(1-942)
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These are the relationships given by BUSINGER et al. (1971), they are obtained by evaluating
the data measured at the Kansas site during summer 1968. According to eq. (21) the ratio of the diffusion
coefficients at the ground is with the relationships (24)

ang = (Kn/Km)o = (¢m/¢n)o = 1.35 (25)

In order to get Kn/Km (Z, F) one has to know the ratio q/qo(Z, F) as to be seen from eq. (21).
This can be obtained by using the equation for the internal energy in the form dd/dt = — W(IR/(p cp))
where IR is the radiative flux. It reads in the PBL

cpp3d/dt=—2(q +R,)/3z (26a)
or in non-dimensional notation
9©/aF = 3(q/qo + R4/q0)/0Z (26b)

In the integrated form (disregarding the divergence of the radiative flux) this equation
z

q/q0(Z,F) =1+ _[ (26/9F)dZ’ @7
Zy -

gives the ratio q/qo(Z, F) which is needed in eq. (21) to obtain Kn/Kn (Z, F).

The model described here gives all the variables in the PBL one is interested in. A (numerical)
solution of the system of the egs. (5a), (5b), (7), (8) with the boundary conditions (11a)—(11d) and
(12a)—(12d) lets obtain X(Z, F), Y(Z, F), Km (Z, F), L(Z, F); with these P(Z, F), Q(Z, F) are obtained
by using eqs. (14a), (14b) as well as &Z, F), q/q0(Z, F) and Kn/K (Z, F) by using the eqs. (22), (27)
and (21).

However the model has a severe disadvantage: all variables are non-dimensionalized by the internal
parameters u, and q beside the local parameters f and 7. Both parameters u, and qo vary with time,
which means the non-dimensionalization varies with time including that of the independent variable Z;
even the orientation of the coordinate system varies with time (for a geostrophic wind Wgo constant with
time), since a, varies with time. This makes it almost impossible to discreticize the equations of the system
(5a), (5b), (7), (8) in the usual way for a numerical solving procedure. This disadvantage could be avoided,
if for the non-dimensionalization the external scale height D = k *| wgq I/ f is used ; then the height variable
Z, = z/D will be constant with time and the direction of the coordinate system remains unchanged with
time (the X-axis always has the direction of the geostrophic wind W¥go). The variables would be
Xn = Tx /(D k®| Wgg 12), Yy = 7y /(P k*| Wgo 1*),Kmn =Km/(D?*f), Ly = I/D. The equations and boundary
conditions corresponding to egs. (5a), (5b), (7), (8), (11a)—(11d), (12a)—(12d) would be

3/OF [Yn/Kmn] + Xa/Kmn — Nx = 8 Ya/3Z3 ' (28a)
3/9F [Xn/Kmn] = Ya/Kmn + 1y = 3% Xn/3Z4 (28b)
Kmn =TH? La/x (29)
Ln = Ln. = (Lno) (Ta/Tno)™ - (30)
Pn = k*Tho/[Yno(Ln .~ Lno)]

Zy»o=:Xn = nx(ny +ny) 2 Lok (31a)

Yo = ny(mi+nn)ViLE (31b)
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Kma = (% +73)" 2 L3 _Jk (31¢)

Ln - La. (31d)
Zyn=Zno: (0Xn/0Zy)o=0 (32a)
(0Yn/0Zn)o =~ 1/x* (32b)

Kimn = Zno Cg/k* (32¢)

| Lno = kZpo (32d)

Ty = K[ d gldz - ( igo)® and my = k?/fd Wg/dz - [KxX(ig0)°]
are the external parameters for the baroclinicity.

The equations are the same in both systems but the boundary conditions at Z = Z, differ
remarkably. In the condition (32¢) appears the geostrophic drag coefficient Cg which is not yet known
but to obtain from the solution at Z = Z,, itself, namely X, = C3 - cos(ao)/k® and Yy = C§ sin(leg [)/x®.
This can be overcome by applying an iterative method starting with the known value of Cg in the
stationary case. If one compares the boundary conditions (12a), (12b) for the system non-dimensionalized
by internal parameters with those (32a), (32b) for the system non-dimensionalized by external parameters,
one notices that in the former system the variables itself are given at the boundary but in the latter system
the derivatives in the normal direction. An attempt of the numerical integration of this extended Neumann
problem did fail, since the convergence was extremely slow. That was the reason to use the former system,
in which the variation with time of the scaling parameters was taken into consideration iteratively.

. Discretization and integration procedure

The vertical coordinate Z is transformed into £ by £ = log,o(Z). Using finite differences the
increment be Af and the integer k running from k = 0 at £ = £ up to k* at an artificial upper boundary
£* which is high enough to have no influence on the PBL. The time increment be AF, the integer r. The
method for solving the set of equations (5a), (5b), (7), (8) is the same as presented by WIPPERMANN
(1971b) for the stationary case but now extended to non-stationarity by incorporating a backward
directed finite difference with time. The equations for the iterative procedure are

(p+1) (p) (p+1) (p+1)
G+ 1) 2+ D'y J/AF ® © |
Yir =% ® 'S Yisepetces Yeoge- (33a)
(2+Ty,JAF) + Ty,
(p+1) (p+1)
(P) (s} () (s) ®
- e Gie Xiwn,e =€ Gior Xkoy,r + Akr-1 ~ Giyr Biro
Pp+1) (r) {pt+1) (p+1)
(s+1) 2+ Ty /AF l (s) (s)
k,r = ) 1 xk+1,r+c‘l xk-l.r+ (33b)
2+ Fk'rfAF)i + g, r
®+1) (P+1)
® o ® ® © }
tey Ger Yien,rtC2Gir Yioi,r+Bigr-1 1 GkrAx -1
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()] (p)

Py, = 10% (A5 a? 1/(Kp)x,r  a=0.4343 (33c)
Axr-1 = Tiro1 Yie oo t/AF + (K o1 5] (33d)
Bk,e-1 = Pie-1 [Xicyr-1/AF = Ko i, e-1 7y (33¢)
() ® ()]

Gk,r = rlr.,rf(2 + I‘k,rfﬁF) (33f)
¢y =1-AE/(2a) ¢z =1+ AE/(2a) (33g)

There are two iterations p and s running into one another. (K, )k,  is formed by eq. (7) and (8)

() ®)
with the values Xy ; and Y ,, it is kept constant during the s-iteration is carried out. (Using a single step
relaxation procedure for the Xy 4 ;,r and Y + 1  above the point k under consideration the (s + 1)th
iteration may be used already by going downward or for the Xy _, , and Y _y,  below the point under

consideration by going upward respectively). After s* iterations a new (K, ), r should be formed with the
p+1) (+1) .
(=*) (s*)
values X and Y obtained then and the cycle of.the s-iterations should be repeated.

The values Xy ,_1, Yk,¢-1 and (Kp)x, ¢ 1, the last one appearing in ', -y, are the final values
obtained at the time (r — 1), they remain constant during the whole iteration procedures. However they
can be used in the eq. (33) only after having been corrected for the different scaling used at the time r.
That means the vertical coordinate at the time (r — 1) has to be scaled by the same internal height H as
at the time

(Zk,e-1)cor = Zi,r-1 (Cg)r- llr(cg}r ' (34)

where (Cg),—, is known and (Cy), can be determined allways after finishing the s-iteration cycle by
(8X/0Z)o,, = — & sin(lag ) /(Cg)e (35a)
(3'Y,-’aZ)ol r="K cos(ﬁn).l’(cg)l (35b)

It means also that the coordinate system at time (r — 1) has to be turned into the orientation
of the coordinate system at the time r, which can be done with the known cross-isobar angle (), .| and
with the angle (@), obtained from the egs. (35a), (35b). It means finally that the variables have to be
scaled at the time (r — 1) by the scaling parameters used at the time r

Xk, r-1)corr = Xk, r=1(CPr-1/(CP; (36a)
(Yi,r-1)eore = Yie,r-1 (C3r-1/(CP): (36b)
(K, £~ 1;c0m = Kk, r-1 (Ce-1/(CR)e (36¢)
(Pr-1)corr = Pr_1 (Cle-1/(Cy)e - (36d)
(Qr-1)corr = Qe-1(Cgle-1/(Cy)e (36¢)

These three steps (stretching or shrinking of the vertical coordinate, turning the coordinate
system, correcting the variables) have to be done each times when the s-iteration is finished with s* and
before the new K, -value is formed. After each s-iteration namely the value of Cg and a, has slightly
changed and therefore a new scaling has to be done.
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The same three steps have to be made when the computations are finished for all times. In order
to make the results for different times comparable with each other they must be scaled by the same
scaling parameter, For this purpose the scale height H, and the crossisobar angle o, are chosen, which
are obtained in the stationary, barotropic and neutral case (for the same surface Rossby number). The
corrections are the same as in egs. (34), (36a)—(36¢) but instead (Cy), now Cg, is to use. Also the
coordinate system must be orientated with the angly oo+ at all times. The chosen values are

Cge =0.0324, aqe =22.2° 37

The final variables are X,(Z,,F), Y, (Z,,F),K..(Z.,F),L.(Z,,F),P,(Z,,F),Q.(Z,,F),
where the star denotes that for the non-dimensionalization the scale height H, has been used. Since
Z,=ZH/H, =ZCy/Cy, and Z, = ZH/D =ZCy/x* one would have chosen best for C,, the value
k* =0.0256; in the way C, is chosen (eq. 37) one has Z, =0.790Z,,. '

Since the integrations have been carried out with a constant (non-dimensional) roughness-length
Zy=1-107° the real roughness-length z, varies with time as the scaling parameter H varies with time;
the error involved hereby is small, it should be considered later when the results of the integrations will
be discussed. '
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Likewise the turbulent heat flux q, varies with time, it is used to non-dimensionalize the
- potential temperature. Therefore it is necessary to scale all potential temperatures with the same heat
flux qge which is chosen to be

Qo+ =+ 1.0 mcal cm™? sec™" - (38)
The formula (22) reads then '
Zyr
0.(20,F)=0,(Zer) * Qofaoe | On/bm TulKim A, | (39)
oz,

1v. The response of the PBL to perturbations due to non-stationarity

In the first place the response of the PBL should be investigated to a single point perturbation
in the Reynolds stress. For a barotropic and neutral PBL (i.e. steady state) the Reynolds’ stress T has
been increased at the height of the “point source” by 3 % of its original value. Then the model described
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in section I and III was applied . and the influence of the perturbation on the T-profiles at later times
was studied. Two examples for the results are shown in figure 1 and 2. In the first case (Figure 1) the

" single point perturbation was located at Z = 0.04, in the second case (Figure 2) at Z = 0.2 which
corresponds very roughly to 200 m. The K, -profile is the same in both cases, the maximum of K,
appears at Z = 0.09. One notices that the dispersion of the perturbation is not symmetric in the vertical;
the effect of the perturbation is more remarkable in the direction towards the maximum of K, . It can
also be seen, that the influence of the single point perturbation decreases very rapidly with time; it is
less than 5 % after F = 0.26 (43 min for f=1-107* sec™ ) in case 1 and after F >0 5 (corresponding to
83 min for f-=1 - 107* sec™") in the case 2.

The results obtained for cases with stable stratification show that the influence of the single
point perturbation remains more concentrated in the height of the source; in cases with unstable
stratification the vertical dispersion of this influence is larger than in the neutral case.

The influence of an initially disturbed T-profile shows a much slower decrease with time as the

influence of a single point perturbation. The result of such a computation is given in figure 3. As the
initially perturbated T-profile it has been chosen that one which occurs during a diurnal variation
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® Figure 3. The decrease with time of the influence of a initially disturbed T-profile in a barotropic and neutral PBL

® Bild 3. Das Abklingen des Einflusses eines anfiinglich gestorten T-Profiles mit der Zeit in einer barotropen und neutralen
PBL
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(described in section V) at the time when the stratification is neutral. With that the profiles Tpong(Z)
at later times have been computed under the condition, that the stratification remains neutral. It is
studied how these profiles T,,n(Z) approach the profile Tg,(Z) which belongs to the corresponding
barotropic and neutral PBL, see WIPPERMANN (1972). Fig. 3 shows the decrease with time of the
influence of the initial perturbation; one notices that this influence is less than 5 % after F = 1.8
(corresponding to 5 hrs for f = 1 - 107 sec™). This is considerably longer than in the case of a single
point perturbation.

For the purpose of a parameterization of PBL-effects one is very interested to know how long
it takes (for an initially disturbed T-profile) until the values of C; and a, approach those of the stationary
case. Computations as those described before (Fig. 3) have been carried out for different thermal
stratifications: the T-profiles obtained during the diurnal variation at 06%, 09°°, 18% and 21% are used
as initially disturbed profiles, the integrations with time are carried out keeping the thermal stratifi-
cation constant with time. Figure 4 shows these four cases. The dashed line gives the values of C; and
o during the diurnal variation, the solid lines starting at 06°,09%, 18% and 21% give the values during
the approach to the corresponding stationary cases marked by double circles. It takes the longest time

16° 18° 20° 22° 24" 26° 2e°

0036
0038
L ---——..-,,___“ 18
15~ 0034
0036
0032
0034 1 :
0030
0032 093
l"
‘\
0030 4 N
-
0028
0026{ Cgq
0024 |
a‘ﬁ

12° 1w’ 16° 18° 20° 22° 40 26° 28" 30° 32° kN 36°

Figure 4. Dashed line: Values of Cg and oy for a given diurnal variation of the thermal stratification. The numbers give
the time of the day, the time between two dots is always 1 hr. Solid lines: values of Cg and &g for the thermal stratifi-
cation kept constant; the values approach those in the stationary case marked by double circles.

Bild 4. Punktierte Kurve: Werte von Cg und ¢ fiir einen vorgegebenen Tagesgang der thermischen Schichtung. Die Zahlen
geben die Uhrzeit; zwischen zwei P‘unkten liegt eine Stunde. Ausgezogene Kurven: Werte von Cgund & fiir den Fall, daf
die thermische Schichtung konstant gehalten wird, Die Werte nihern sich denjenigen des stationdren Falles, welche durch
einen Doppelkreis gekennzeichnet sind. N
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to approach the value of the stationary case during the night (constant stable stratification also in the
diurnal variation 21%°—03%); even after 12 hrs the value of the stationary -case is not yet reached. The
shortest time for the approach is needed after 09 when the stratification is unstable; already after

5 1/2 hrs the stationary value is reached, after that an overshooting occurs. The two cases 06°" and 18%
are those with the neutral stratification.

V. An example of the diurnal variation of the boundary layer

In order to simulate the diurnal variation of the PBL it is necessary to make assumptions for the
diurnal variation of the thermal stratification represented by the internal parameter u or the equivalent
L.. However it is easier to make assumptions for the turbulent heat flux q, at the ground, because many
measurements of that are available. The assumed diurnal variation of g, can be seen in figure 5 (solid line);
it is symmetric to 12% and it remains constant during the night for 6 hours. A comparison of the assumed
diurnal variation with measurements by BERZ (1969) near Munich shows that the assumed variation is
quite realistic.

The definition of u following eq. (9) can be written also

1==qo/(bC}) : (40)
where b is an abbreviation for

b =cp P flitg 1 /(x?F)

p= g.":‘f is a local parameter with g the acceleration of gravity and 9 a reference temperature.
Withf=1.1-10"sec™,p=1.210gem™, ¢, =0.24 and f = 3.5 one gets b = 0.566 1077 *| Wgo |
cal cm™ sec, or assuming | wgo| = 10 m/s one gets b = 56.6 mcal em™? sec™. Using the assumed values

of qo, the forementioned value of b and the values of Cg as obtained in the stationary case the values of
i have been computed with the aid of eq. (40). They are listed in table 1

Table 1 [ Tabelle 1

Time of 00 01 02 03 04 05 06 07 08 09 10 1 12
the day 24 23 2 2 20 19 18 17 16 15 14 13

oo |-0s0 -0.50 -0.48 0 +1.56 +2.66 +3.00
- -0.50 -0.50 -0.40 +0.80 +2.22 +2.89
cm™# s
13.4 13.4 12.4 0 -20.6 -34.7 -39.1
# 13.4 13.4 9.0 -11.0 -29.1 =317
. 0.0044 0.0044  0.0048 0.014 0.106 0.405 0.605
= 0.0044 0.0044 0.0062 0.043 0.237 © 0.535

The last row in table 1 gives the variation of L_,it is obtained from the values of u using the
relationship (9). L_ is the parameter which is actually needed in eq. (8).

Since the C,-values obtained during the diurnal variation differ from those in the corresponding
stationary case, a final q, results from eq. (40), which is no longer symmetric to 12%. Also this qq is
shown in figure 5.
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With the values of L_listed in table 1 the system of egs. (5a), (5b), (7), (8) has been solved 48
times during the day; the time interval of 30 min was chosen to AF = 0.2, which is correct for f=1.11
107 sec™ . The 48 integrations during the day have been repeated three times (with the same assumption
for the diurnal variation of the thermal stratification) in order to become uneffected by the arbitrary
initial conditions at the time 00% of the first day. It came out that the results of the second and of the
third day had only very small and negligible differences. — All integrations have been carried out for the
barotropic case (Ax = Ay = 0); the roughness-length was chosen Zg =1 - 10 5, Some of the results are
shown in the figures 6—10.

In figure 6 isopleths are plotted which show the variation of K,.(Z.,, t). The maximum in the
vertical is located during the night at about Z, = 0.03 and it is shifted at noontime to more than
Z, = 1.0 (which very roughly corresponds to 1000 m). This does not agree with the result obtained by
LYKOSOV (1972), who found the maximum at about 200 m also at noontime. — In spite of the
symmetrical (to 12°°) input of the thermal stratification the distribution of Ky, ,(Z,) during the day
is remarkably unsymmetric; this must be interpreted as an effect of the non-stationarity. For instance
the maximum occurs about 1 1/2 hrs later than the most unstable stratification.

The magnitude of the horizontal wind | Wi/l Wgo! is displayed in figure 7. It shows the expected
variation: the wind close to the ground increases during the day and has its maximum in the afternoon.
In the evening hours a pronounced minimum occurs reaching upward to more than Z, = 0.1; however
at Z, = 0.2 this minimum occurs 2—3 hours earlier. At 21% starts the formation of a wind maximum at
about Z, = 0.2 (very roughly corresponding to 200 m) lasting until about 04%. This maximum may be

21
00
03
06
18 D
-8 =7 -6 -5

a) Z,=002
b) Z,= 010 5
¢) Z,= 050

® Figure 8. Hodographs of the horizontal wind at three different heights. The numbers give the time of the day. (For the
location of the geostrophic wind vector in this diagram see section V).

® Bild 8. Hodographenkurven fiir den Horizontalwind in drei verschiedenen Héhen; die Zahlen geben die Tageszeit an.
(Zur Lage des Vektors des geostrophischen Windes in diesem Diagramm siehe Abschnitt V im Text).
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explained as a low level jet. The field of isopleths is qualitatively the same as obtained by KUROSAKI
(1970), who closed the system of equations with another mixing-length hypothesis; he also obtained
a pronounced minimum of the wind close to the ground in the late afternoon. During the night the wind
exceeds in the maximum the geostrophic wind by 16 % according to his results and by 22 % in our
computations. .

In figure 8 resulting hodograph curves are shown at three different heights. In this diagram
the geostrophic wind vector wyq has the direction of the P, -axis, it ends in the origin of the coordinate
system and the point, where it begins on the negative P,-axis, depends on Cg; the dimensionless geostro-
phic wind is namely k| wgo l/u, = k/Cg, for example with C; = C,, = 0.0324 according to (37) the
vector of the non-dimensional geostrophic wind starts at P, = —12.3,Q, = 0. The results are in fairly
good agreement with those by LYKOSOV (1972).

In figure 9 the vertical profiles of the potential temperature é_ are shown as computed by eq.
(22). Even in these non-stationary cases the potential temperature é, decreases (in unstable conditi-
ons) and increases (in stable conditions) monotonically with heigt to the temperature above the boundary
layer; this is like the variation in a (stationary) PBL without radiative effects. It is one of the results of
these computations, that the formation of temperature inversions is impossible in the used model even
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® Figure 9, Vertical profiles of the non-dimensional potential temperature ®, at various times.

® Bild 9. Vertikalprofile der dimensionslosen potentiellen Temperatur ©, zu verschiedenen Tageszeiten,
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in the non-stationary case (without radiative effects). The profiles show an asymmetric behaviour in
stable and unstable conditions, in the latter the deviation from the temperature above the boundary
layer is concentrated more in the layers close to the ground. The effect of non-stationarity can be seen

_by comparing the profiles of 21, 00” and 03 which all have the same thermal stratification (u = 13.4);
also the profiles at 09 and 15% can be compared which both belong to the unstable stratification
pu=-291.

In figure 10 the vertical profiles of the ratio ky,/k, are shown for 00%,06%, 12%, 18%. They
have been computed by eq. (21) using for q/q, the eq. (27). An evaluation of the eq. (27) has shown,
that the ratio q/q, remains almost constant with height similar to the case of the (stationary) PBL. The
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® Figure 10, Vertical profiles of kp/kpy at various times.

® Bild 10. Vertikalprofile des Verhiltnisses kp/kpy zu verschiedenen Tageszeiten.
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effect of non-stationarity changes this ratio for less than 2 %. This causes an increase of ky /ky,, with height
as ky, decreases with height. — Close to the ground ky, [k, = 1.35 according to eq. (25).

Few words should be said about z, in all these computations. As mentioned already earlier the
lower boundary was fixed at Zo = 1 + 10™* which means that z,, varies during the day since the scaling
height H varies with time. It is Z,o = Zo C, /Cg which varies between 0.87 - 1075 (at 17%)and 1.38 10°°
(at 20*). For H, = 1000 m (which would occur for | wgy|=7.7msec™,f=1-107" sec™) one would
have a variation of zo during the day between 0.9 cm and 1.4 cm. This is an error caused by the use of
the equations non-dimensionalized by internal parameters.

— stationory
---- non-stationary

1o

k
2 ;_—,J_.
Kllu H-f
=3
1'101,.6 H 1 Ty 2 4 Tt F] & 7 g 2 L 7 0

® Figure 11. Vertical profiles of Kpy, , at various times compared with the profiles of the corresponding stationary cases

® Bild 11. Vertikalprofile von Ky, zu verschiedenen Tageszeiten verglichen mit den Profilen fir die entsprechenden stationd-
ren Fille.




- 241 -

VI. A comparison between corresponding non-stationary and stationary cases

As mentioned in the introduction boundary layer effects can be parameterized by applying
the so-called resistance law of a PBL. This means a variation with time of the boundary layer has to be
understood as a sequence of stationary cases with different thermal stratification. For a justification of
that one should know the differences of corresponding non-stationary and stationary cases. They can
be studied by comparing the results for a diurnal variation described in section V with those obtained
for the stationary cases.

Such a comparison for the K, ,-profiles is presented in figure 11. At 12% K, is smaller (factor
0.8 in the maximum) as in the corresponding stationary case but at midnight it is larger (factor 1.17 in
the maximum). At 06% and 18 one has neutral stratification (u = 0). Because of the retardation the
non-stationary profile at 06% are smaller than those of the corresponding stationary profile, at 18%
they are larger. Also the maximum for 06® is located at Z, = 0.14, for 18° at Z, = 0.05 but in the
stationary case at Z, = 0.09.

100
1 t7-2
50 « H.
20{ - .
'Il‘
1'
10 !
i
a) stationary
05 bl non-stationary
02
(1}]
00s
002
001
] ® Figure 12
oS Vertical profiles of | #l/1 ¥y, |at 0090 and
1 1290 compared with the profiles of the
corresponding stationary cases.
0002 ® Bild 12
Vertikalprofile von [l ‘iitll fiir 0090 und
0001 1200 verglichen mit den Profilen fiir die ent-

0 02 0 0 08 10 12 14 sprechenden stationiren Fille.
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Another comparison has been made for the non-dimensional horizontal wind | wi/l wgl. Figure 12
shows the profiles for 00% and 12% compared with the profiles in the corresponding stationary cases.
During the night (stable stratification) a remarkable difference occurs: the maximum overshooting of the
geostrophic wind is 9 % in the stationary case but 22 % in the non-stationary one. This may be an im-
portant result for the theory of the low level jet. At noontime the differences are very small probably due
to the larger vertical mixing (unstable stratification).

The most important parameters in a parameterization procedure are C; and «q; these are plotted
in the figures 13 and 14. In both figures a comparison is possible with the values of the corresponding
stationary cases. The deviations are smaller for & than for Cy. The maximum difference lag ponst— o gl
is about 15 % (daytime) and 23 % (night-time) of the total range in which &, varies; for C; the maximum
difference is 46 % during the day and 16 % in the night. Similar results can be found in the book by
ZILITENKEVICH (1970), figure 2.35. The range in which aq varies is 11°~ 37° according to our results
but 5° — 24° in ZILITINKEVICH's figure. The range of variation of Cg is 0.025 —0.037 and 0.024 —0.038
respectively. The difference of the curves during the nighttime may be explained by the assumption that
the thermal stratification remains constant from 21% — 03% whereas ZILITINKEVICH assumes a periodic
variation of the temperature at the ground. In figure 14 C; and o, are used as the coordinates. The rather
curious shape of the curve can be understood by considering the developments with constant stratification
as given in figure 4.

s -—— @,
1 memmmzzz o T - Tl I =l
®{ - T —a
’a’ "“-..__H Y
- \‘ .
. Las?
3‘ \\
““j;_? P
324 el L3p°
16410°
30 Teen
1 el L 25°
281 .
] N e
SR
26 e
o, VN
. — L
— ¥
224 -10°
. —

""’3[5" I '-EIIDT.' I ‘-215I - .-ilﬂl - I-IIErl - I-JD(' (I-E'u"Y'B' o gl-' 1 '1]0' o I1IS

® Figure 13, Cg(p), dotted line, and 0tg(u), solid line, as obtained for the diurnal varidtion described in section V. The
dashed lines give the curves for Cg and @ in the corresponding stationary cases,

® Bild 13. Cg(u), punktierte Linie, und 0g (), ausgezogene Linie, erhalten fiir den im Abschnitt V beschriebenen Tages-
gang. Die gestrichelten Linien geben die Kurven fiir Cg und 04 in den entsprechenden stationiiren Fillen.
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Figure 14. The diurnal variation of Cg and 0y ; the dashed line is valid for the corresponding stationary cases. The numbers
are the times of the day.

Bild 14. Der Tagesgang von Cg und @p; die gestrichelte Kurve gilt fiir die entsprechenden stationiiren Fille. Die Zahlen
geben die Tageszeit an. .

With the non-stationary values of C; as given in figure 13 one is able to corhpute the turbulent
heat flux q, at the ground by using eq. (40). Figure 15 shows the result of such a computation, it is very
similar to the result obtained by ZILITINKEVICH (1970).

VIl. Conclusions

It was the purpose of this investigation to get some knowledge about the differences of boundary
layer parameters in corresponding non-stationary and stationary cases. It has been found that such dif-
ferences cannot allways be neglected. For a parameterization of boundary layer effects by applying the
resistance law of the PBL it will be necessary therefore to find (empirical) relationships which correct
for the influence of non-stationarity.
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® Figure 15. The diurnal variation of the turbulent heat flux at the ground; the lower scale indicates the time of the day

® Bild 15. Der Tagesgang des turbulenten Wirmestromes am Boden; die untere Skala gibt die Tageszeiten an
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CHAPTER 6

The Dynamic Instability of the

Atmospheric Boundary Layer

In this chapter we can not retain the assumpti-
on of stationarity and horizontal homogeneity, therefore we
treat now atmospheric boundary layers and no longer PBLs;
in any case we consider boundary layers in rotating systems.

The atmospheric boundary layer is turbulent; a
great many t h r e e - dimensional eddies of different si-
zes, of different locations and of different life-times
transport the mean momentum downward. In order to do that
the eddies have an asymmetric structure (possibly a horse -
shoe form, or in unstable thermal stratification the form
of an inclined rotating plume); nevertheless all these super-
imposed vortices give the well-known chaotic picture of the
turbulence. The amount of mean momentum transported down-
ward depends on the vertical shear of the mean wind; if this
shear exceeds a critical value, the micro-scale turbulence
is no longer capable to effect the necessary downward trans-
port of mean momentum. Now this will be trﬁnsported down-
ward by a new system of meso-scale eddies which are formed;
it consists of almost longitudinal vortex reolls, i.e. t w o-
dimensional vortices, which appear "more organized" and less
chaotic than the micro-scale eddies. They are superimposed
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upon the basic boundary layer flow.

All theoretical investigations of the transition
from the micro-turbulent state of the boundary layer to the
meso-turbulent one (with vortex rolls) are made with the as-
sumption of a mean boundary layer flow of the Ekman type
and an eddy viscosity km being constant with height. This
means that actually the transition is investigated from la-
minar to the (meso-) turbulent state. ‘

FALLER and KAYLOR (1966), who have made experi-
ments in rotating tanks as well as numerical studies, found
two types of vortex rolls: the type I vortices lave their
axes orientated about 14° to the left of the direction of
the basic flow, they are stationary or nearly so and have a
relatively short wave length. For the type II vortex rolls
the angle observed is more variable and lies between 20° to
the right to 5° to the left of the basic flow; these vorti-
ces have a phase velocity which depends on their orientati-
on and the wave length of these vortices is two to three ti-
mes that of the type I rolls. In the case of a dynamically
unstable boundary layer either the vortex rolls of type I
(inflectional instability) exist or those of type II (pardl-
lel mede instability) or both.

There are observations made about such vortex rolls in the
atmospheric boundary layer, they are visible by cloud streets,
by strips of soaring sea-gulls or possibly by seif dunes
too. A schematic picture of the generating process of these
phenomena is on page- 263; on the pages 261 and 262 there are
also pictures of cloud streets and seif dunes, these pictu-
res are taken from space vehicles. On page 264 a neph-analy-
sis is given (after RONNE and MALKUS 1960) showing two sy-
stems of superimposed vortex rolls which have different wave
lengths. In this special case, however, the axes of the two
vortex systems are almost perpendicular to each other and
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their orientation does not agree with the findings by FALLER
and KAYLOR (1966). '

In the following paper "The Orientation of Vorti-
ces Due to Instability of the Ekman Boundary Layer" the ori-
entation is studied for the case that the two superimposed
systems are orthogonal. In the same paper a physical inter-
pretation of these vortices is attempted: it can be seen
that the vertical component of the Coriolis acceleration
acts in the same manner as the centrifugal acceleration in a
flow along a concave wall producing Taylor-G8rtler vortices
or as the buoyancy acceleration in a flow along a heated
wall also producing longitudinal vortex rolls. The latter
effect certainly plays an important role in the atmospheric
boundary layer too, possibly it 'is more often responsible

for the development of cloud streets than the dynamic insta-
bility.

The transition to dynamic instability of the atmo-
spheric boundary layer (idealized as an Ekman layer) has
been investigated for different thermal stratifications by
ETLING (1971); this paper is reproduced on the pages 280 -
298. According to his results the type I vortices appear
preferably in the unstably stratified and in the neutral
boundary layer, those of type II in a stably stratified boun-
dary layer. The ratio of the wave length is LII/LI ~ 2.6 ,
which is in very good agreement with the result by FALLER
and KAYLOR. These authors found, that the type II vortices
develop at a lower Reynolds number than the type I vortices.
This result is in accordance with those by ETLING as long
as a stably stratified or almost neutral boundary layer is
considered. In the neutral case the critical Reynolds number
is nearly the same for both types of vortices and in an un-
stably stratified boundary layer the critical Reynols number
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for the type I vortices is lower. This is very clearly shown
by the figure 9 on page 293.

In a later paper KAYLOR and FALLER (1972) have al-
so investigated the dependence of the growth rate on the
thermal stratification expressed by the Richardson=-number
(for stable stratification only). They obtained the expected
variation except for large values of the Richardson-number,
where a resonance is seen of the shear flow instability with
internal gravity waves. The authors study also the energy
transfer from the energy of the mean flow into that of the
secondary flow. This has also been investigated by BROWN
(1970) who shows the modification of the original Ekman spi-
rals into hodographs exhibiting increased alignment witﬁ the
geostrophic direction and supergeostrophic velocities. In
both papers [KAYLOR and FALLER (1972) and BROWN {19?0)} £i-
gures are presented showing numerically obtained cross-sec-
tions of the vortex rolls under different conditions; one

recognizes in these figures the shape ©f the vortices which
they must have in order to be able to transport the momen-

tum downward.

The literature relevant to the dynamic instabili-
ty of the boundary layer (till about 1970/71) is mainly ci-
ted in the references (pages 279, 296-297) of the two follo-
wing reproduced papers. Some additional more recent papers

are cited hereafter, they concern the theory as well as ob-
servational results:
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Beitrége zur Physik der Atmosphire, 42. Band, 1969, S. 225—-244

The Orientation of Vortices Due to Instability of the Ekman-Boundary Layer!)
Die Lage der in einer instabilen Ekman-Grenzschicht entstandenen Wirbelrollen 1)

Friedrich Wippermann
Institut fiir Meteorologie der Technischen Hochschule Darmstadt

With 10 Figures

Received 14 June 1969

Summary: In an unstable EKMAN boundary layer vortex rolls are formed; their axes are orientated
almost longitudinally, they include an angle e of about 14° to the left with the direction of the geostro-
phic flow. The analogy of these vortices to the TAYLOR-GORTLER vortices on a concave wall and/or
to the thermo-convective vortices due to a heated wall will be shown. Sometimes a superimposed second
vortex system is observed whose axes are orientated in a more transversal direction. The spacing of these
vortices is larger than that one of the more longitudinal vortices. The main part of this paper is concerned
with deriving a formula relating the forementioned angle e to the ratio of the wavenumbers of the two
vortex systems. This formula has been verified by laboratory experiments.

An application of this formula to cloud streets and seif-dunes is given; the gross-features of the last ones
can be explained by vortices due to EKMAN layer instability.

Zusammenfassung: Wenn eine EKMANsche Grenzschicht instabil wird, bilden sich horizontale Wirbel-
rollen; deren Achsen liegen nahezu in Strémungsrichtung, sie schlieBen mit der Richtung des geostrophi-
schen Windes einen Winkel ¢ von etwa 14° (nach links) ein. Es wird gezeigt, daB diese Wirbelrollen den
TAYLOR-GORTLER-Wirbeln an einer konkaven Wand oder auch den thermokonvektiven Wirbeln an
einer geheizten Wand analog sind.

Manchmal beobachtet man ein iiberlagertes zweites Wirbelsystem, dessen Achsen mehr in transversaler
Richtung liegen und dessen Abstand zwischen zwei Wirbelrollen gréfer ist als bei dem mehr longitudinal
orientierten Wirbelsystem. Der Hauptteil dieser Arbeit beschiiftigt sich mit der Ableitung einer Formel,
durch welche der vorgenannte Winkel ¢ mit dem Verhiiltnis der Wirbeldurchmesser (Wellenzahlen) der
beiden Wirbelsysteme verkniipft ist. Diese Formel wird anhand der Ergebnisse von Versuchen im Labora-
torium gepriift.

Sie wird auf Wolkenstraben und Seif-Diinen angewendet, wobei sich Schliisse hinsichtlich der Orientierung
derselben ziehen lassen; die wesentlichen Erscheinungsformen der Seif-Diinen lassen sich durch Wirbel-
rollen erkliren, die sich aufgrund einer instabilen EKMAN-Schicht gebildet haben.

Résumé: Lorsque la couche limite ' EKMAN devient instable, il s’y forme des rouleaux (tourbillons i axes
horizontaux) orientés presque dans le sens du courant. Les axes de ces rouleaux font avec le vent géostrophi-
que un angle e de I'ordre de 14°, i gauche de ce vent. L’auteur montre qu'il existe une analogie entre ces
rouleaux et les tourbillons de TAYLOR-GORTLER en présence d’une paroi concave et les tourbillons thermo-
convectifs au-dessus d'une surface réchauffée. Il apparait souvent au-dessus de ces rouleaux un second
systéme de rouleaux dont les axes ont une orientation plus transversale. L'espacement entre ces derniers
rouleaux est plus grand qu'entre les premiers dont les axes ont une orientation plus longitudinale. L’objet
principal de cet article est d’établir une relation entre I"angle ¢ et le rapport des nombres d'onde des deux
systémes de rouleaux tourbillonnaires. La formule établie a été confirmée expérimentalement. Elle a été
appliquée au cas des nuages en file et & celui de seif-dunes. On peut en déduire quelques conclusions

quant & 'orientation de ces formations. Les grands traits de ces phénomenes trouvent leur explication

dans la formation de rouleaux tourbillonnaires dans une couche limite d’"EKMAN instable.

1) Paper presented at the AGARD Specialists Meeting on “The Aerodynamics of Atmospheric Shear Flows™
sponsored by the Fluid Dynamics Panel at Munich, Germany during 15—17 Sept. 1969
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I. Introduction

In recent years pictures from satellites, mainly those from Gemini and Apollo space vehicles
flying in lower altitudes, have shown that clouds of the cumulus type are much more arranged in patterns
of cloud rows (cloud streets) as one has thought before, Figure 1 gives such a picture of cloud streets
over Georgia and South Carolina; the lateral distance of the cloud streets in this case averages to 3.2
km. They extend in the longitudinal direction for more than 150 km.
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Fig. 1. Cloud streets over Georgia and South Carolina as seen from an Apollo space whicle.

Bild 1. Wolkenstrafien iiber Georgia und South Carolina von einem Apollo-Raumschiff aufgenommen

A very similar phenomenon seems to be given by the seif-dunes. These are straight and parallel chains
of dunes extending often for more than 100 km in the longitudinal direction and having a lateral
distance of a few kilometers too. Their height above the basis is mainly between 50 m and 100 m,
they are called seif-dunes in Egypt, Yardangs in Persia, ‘urgs in Arabia and aldb (sing.: elb) in Maure-
tania. Figure 2 shows a photograph of such dunes in the Arabian desert as seen from Gemini IV.
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Fig. 2. Secif-duncs in the Arabian desert as seen from Gemini IV

Bild 2. Seif-Diinen in der Arabischen Wiiste, aufgenommen von Gemini IV

For a possible explanation of the formation of cloud streets or seif-dunes the vortex rolls could be
used, which are caused by an instability of the atmospheric boundary layer. As a rough approxima-
tion the flow in this boundary layer may be assumed to be of the EKMAN type. In the schematic
figure 3 it is shown how the formation of cloud streets and/or seif-dunes by such vortex rolls could
be understood. From the observations of sea gulls WOODCOCK (1940) has concluded, that parallel
stripes of upward motion exist over the open ocean under certain atmospheric conditions. Such
stripes of upwind may also be explained by the vortex rolls due to EKMAN layer instability.

For instance, for the formation of seif-dunes BAGNOLD (1945), p. 224, postulates a system of wind
components perpendicular to the basic flow. The wind components given by the forementioned vor-
tex rolls are exactly of that kind. The (doubled) diameter of such vortex rolls as obtained by theore-
tical investigations is in fair agreement with the observed lateral distance of cloud streets or seif-dunes.
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CLOUDSTREET
5 SEAGULLS .

T SEIFDUNE Fig. 3
| : The formation of cloud streets and seif-
l . J—Hjﬁl _/H_;___\ dunes by longitudinal vortex rolls
| = 4 \\ ’“‘. (schematic).

t-,_- SE Bild 3
: Schematische Darstellung zur Bildung

von Wolkenstralen und Seifdiinen durch
‘ longitudinale Wirbelrollen
|
e ﬂ?’g == 7=

The vortex rolls are more or less longitudinal vortices, their axis is orientated almost in the direction
of the basic flow. The direction of the axis and the direction of the basic flow (geostrophic wind)
form an angle to the left of the wind direction varying between 13° and 16°,

In an analysis of cloud patterns PLANCK (1966) found the angle € between the direction of cloud
rows and the wind in the cloud level to be 15°, ANGELL a.o. (1968) using tetroons studied the
helical circulations due to such vortex rolls and found an angle e between the axis of the helical
motion and the geostrophic flow (in 500 mb) of 13°. In laboratory experiments the angle e between
the axis of the almost longitudinal vortex rolls and the basic flow has been found to be 14° by
GREGORY a.o. (1955), to be 14.7° by FALLER (1963) and to be 13° 11’ by HORST (1969). As

a theoretical result GREGORY a.o. (1955) gives € = 13° 18". FALLER and KAYLOR (1965) obtained
¢ theoretically depending on the Reynoldsnumber; the most frequently obtained value of € is between
14° and 16°. Similar results show the numerical integrations by LILLY (1966).

Cloud streets will be reorientated immediately when the direction of the mean wind changes, in each
case it should be possible to observe the angle €. This angle cannot be observed for seif-dunes since
these are fixed and cannot be reorientated for a changed direction of the prevailing winds. Figure 4
for instance shows a case of an aldb, where the prevailing wind coming from NE forms an angle of
about 25° with the direction of the chain of dunes. The direction of the prevailing wind in this case
may be seen from the direction of motion of the barchan dunes.

Sometimes a second vortex system is superimposed on the former system of “longitudinal” vortices.
This is shown for example in figure 5 which gives a schematic representation of distribution of clouds
in the neighbourhood of a troughline in the easterlies; the axes of vortices of the second system seem
to be almost perpendicular to the axes of the more longitudinal vortices. One notices, that the wave-
length in the wind direction is much larger than in the transversal direction as it should be according
to one of the main results of a theoretical investigation by KUO (1963). FALLER and KAYLOR
(1966) have obtained both these vortex systems in laboratory experiments; they found that the
spacing of the transversal vortex rolls is two to three times that of the vortex rolls with axis in the
more longitudinal direction. They also obtained cases with the two vortex systems existing simultane-
ously but these pictures are not very useful to measure the two spacings and the angle €. Very recently
the double system of vortices has been investigated in laboratory experiments by HORST (1969). He
creates the instable boundary layer by decelerating a rotating cylindric tank. The experiments are
similar to those described by STERN (1960). Figure 9 gives a photograph of one of his experiments;
looking into the rotating cylinder filled with water, the two vortex systems in the boundary layer will
be seen marked by sand on the ground.

The purpose of this paper is to show how the forementioned angle € depends on the two wavelengths
in the more longitudinal and the more transversal direction.
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Fig. 4

Isolated barchan-dunes showing
an angle of about 25° between
the direction of the mean wind
and an elb (after CLOS-ARCEDUC
1968).

Bild 4

Durch die Bewegungsrichtung
einzelner Barchan-Diinen wird ein
Winkel von etwa 25° zwischen
der mittleren Windrichtung und
einem Elb erkennbar {(nach CLOS-
ARCEDUC 1968)

Fig. 5

Cloud distribution in the neigh-
bourhood of a trough line in the
easterlics (after MALKUS and
RONNE 1960).

Bild 5
Wolkenverteilung im Bereich ei-

ner Troglinie in den Easterlies
{nach MALKUS und RONNE 1960)

1. The analogy of the longitudinal vortex rolls to TAYLOR-GORTLER vortices
and to thermo-convective vortex rolls

The longitudinal vortices caused by an instability of the EKMAN boundary layer are quite
analogous to the TAYLOR-GORTLER vortices on a wall with concave curvature or to the vortex
rolls on a plane but heated wall. The analogy between the latter two has been shown by GORTLER
(1959). The (negative) centrifugal force in the case of a concave wall and/or the buoyancy force in
the case of a heated wall have to be replaced by the Coriolis force in the atmosphere. This will be
shown for an assumed parallel shear flow in the atmosphere (not for an EKMAN shear flow as it
should be when Coriolis forces are acting).
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In a coordinate system with a concave curved x-axis, the y-axis horizontal and the z-axis in the vertical
direction (as usual in meteorology) the equations of motion and the continuity equation are:

ut+\ru,,+wu,—%—fv+f‘wcos?\=+i{(uw+uzz—%uz) (1a)

vt+wy+wvz+fu—f‘*wsin?\=—%p,.+K(vw+vzz_‘f1£vz) ' (1b)
u? : T* 1

Wyt vwy tww, o +f*(vsinA—u CCIS?\J=3¥ ‘EPz‘*K(Wyy*sz) (1c)

\ry+wz—%=0 (1d)

Herein all derivations with respect to x are put zero since the x-axis shall be the axis of symmetry for
the longitudinal vortices; this means e = O for the purpose of showing the analogy. The symbols are
chosen as usual, R is the radius of curvature of the x-axis, f = 2 Q sin g and f* = 2  cos v the two
Coriolisparameters with {2 the angular velocity of the earth and ¢ the geographical latitude, X\ is the
angle between the x-axis and the west-east direction and K is the coefficient of micro-turbulent
diffusion assumed to be constant. Use has been made of the BOUSSINESQ-approximation, which
enables to consider the buoyancy effect due to the heated wall; T* is the temperature deviation
from the mean value in the (x, y)-plane. To close the system for the five variables u, v, w, p, T* one
needs actually a fifth equation (the energy equation). This is avoided by assuming that T* does not
depend on z.

By restricting the considerations to a flow in the layer near the wall (i.e.: z < R) one has

1< int [F]< w3 <w
2

by which all terms containing R may be neglected, except the term %iﬂ the equation for w.

Using a basic current in the x-direction (u = u(z), v="w = 0) one obtaines a set of four equations for
the perturbations u’, v/, w', p'. These perturbations are assumed to be of the form

h'(y,z,t)=ﬁ(z)exp{ik(}"’ct}}, k=%ﬂ forh'=u',v,w', p' (2a)
T*(y, t)='i"'exp {ik (y—ct)} ; ' (2b)

one obtains the following wavenumber equations:

iked +u, w—fv+f*WcosA=K(,,-k*1) (3a)
A
ikchfa—f*\‘x‘rsmh+ik§=K(€-,_z—k’i‘;) . (3b)
A'\‘-
1kcﬁr+2ﬁﬁﬁ+f"'(3sinJ\—ucos?\)+=pz—g%=l((¢'zz—k1 W) (3¢)

ikv+w,=0 (3d)
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After having eliminated ¥ in (3a), (3b) und (3c) by making use of (3d) and having eliminated p by
" cross-derivation of (3b) and (3c) one obtains

A t
%wzm (i +2K)wu+(Kk’+1kc)w=—1£u +f*ucosh-%uﬁ+g'r? (4a)

Wy — *W cos A=, W (4b)

F‘I""b

~Kf,, + (KK +ikc)i

The system (4a), (4b) for the two variables ﬁ' and U shows the effects to be studied by the three last
terms of the right hand side of equ (4a):

f*ucos'a\—%uu+gﬂ (5)

This shows, that the vertical component of the Coriolis force acts in the same manner as the (negative)
centrifugal force or the buoyancy force. This component of the Coriolis force is different from zero
as long as the perturbated horizontal motion has a component parallel to the basic current and as long
as the direction of the latter one is not exactly meridional.

The horizontal component of the Coriolis force appearing in (4a) belongs to the imaginary part of the

fux has the effect of coupling the two equations.

equation, the term K

This conclision is in contradiction to that one by BARCILON (1965) that the Coriolis-force does not
effect the stability at least for large Reynoldsnumbers.

For the system (43, 4b) three essential cases can be distinguished:

(a) f=f*=0, T*=0 flow along a concave wall; on the right-hand side of equ. (4a) only
the third term is acting, representing the centrifugal forces. In this case
(4a) and (4b) give exactly the equations (2.4.1) and (2.42) investigated
by GORTLER (1940), if the real part ¢, of the phase velocity vanishes

and the imaginary part is put ¢; = --E

(b) f=f*=0,R—>o flowalonga plane wall which is heated (T* > 0). Only the last term
on the right hand side of equ. (4a) is relevant

A
(c) T*=0,R—ee flow along a plane and non-heated wall, Coriolis forces are acting; now
the second term on the right-hand side of equ. (4a) plays an important
IoIe

For the atmospheric boundary layer in general the conditions are those of case (c), but often (mainly
over land) the buoyancy force due to the heated earth surface and the Coriolis force act together in
producing longitudinal vortices in the unstable boundary layer flow. Photographs from satellites prove
this in showing well developed cloud streets which are interrupted over large lakes, where thermal
convection is prohibited.

For the conditions of case (b) longitudinal vortex rolls have been produced in laboratory experiments
already by AVSEC (1939); it is worth while to mention that AVSEC has obtained also transversal
vortex rolls, of course in separate expemnents
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III.  The longitudinal vortex rolls in the EKMAN boundary layer

In the EKMAN boundary layer (1 %, | = u,, independent of height) the basic current is no
longer parallel as assumed for the derivation of (4a) and (4b), but

u(z)= |§s||l—exp{—\/ ;—Kz)cus(\/ %z}} (6a)
v(2)=lwg lexp (- E% z) sin ( 2—%:) (6b)

or in a coordinate system (x y, z), which is rotated about an angle € around the z-axis and whose
%-axis forms therefore the angle e with the direction of the geostrophic wind (x-axis)

i;l(z)= IWE I{cos e—exp (*'v‘ 2:‘{ z) cos ( 2sz+€)| (7a)
E(z)= |\ H sin € —exp (—+/ 2; z) sin (: 2:; zte)) (7b)

In such a coordinate system, where the axis of the vortices has the direction of the k-axis (all the
derivatives with respect to X vanish) the set of wavenumber equations analogous to (4a, 4b) without
regarding the effect of a curved wall and of thermo-convection is:

K{@zm—Zk’\b +k41.lf}—ik{(€ c){@zzukz$]—1,$}=-fﬁz—ikf*coshﬁ (8a)
K (5 k2 8- ik (G-c) b +5,0) =0, +ik* cos § (8b)

r. . . - * - . #
Herein V' is the perturbation of the streamfunction in the (¥, z)-plane, u’ the deviation of the velocity
component in the X-direction; for both these quantities the form of a moving harmonic wave is
assumed

V' (y,2,8)= ¥ (@) exp |ik(y—ct)) (93)
E'(y,z,t)=ﬁ(z)exp lik(y —ct)) ' (9b)

With respect to the small scale of the vortices the variation of f and f* with geographical latitude has
been neglected (fy = fy = 0).

The lefthand side of (8a) is the ORR-SOMMERFELD equation for a motion in the G, z)plane; the
two terms on the righthand side couple the two equations (82, 8b). '

For 1 and V and their derivatives with respect to z in (83, 8b) the expressions (7a) and (7b) have to

be used. This has been done by LILLY (1966), who solved the equations (8a, 8b) numerically in order
to find critical values of the triple (Re, k, €) for the transition (c; = 0) from stable to unstable condi-
tions of the EKMAN boundary layer. For the Reynoldsnumber

Iwg Ihy
7K (10)

was used with by =v/ 2K, see (6a, 6b).

LILLYs equations, of course, do not include the last term in (8a) and the last one in (8b); they are

neglected as common in meteorology for large scale atmospheric motions. As shown in (4a) and (5)

these terms may be important for the formation of the vortices; there is some doubt if neglection is
justified in this case.
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Apart from this the numerical results show an angle € # 0; since € is also observed in the atmosphere
and obtained in laboratory experiments, the question arises how this angle € (between the axis of the
vortex rolls and the geostrophic flow) can be understood.

IV.  The angle between EKMAN-flow and the geostrophic flow

A simple explanation would be that this angle € is determined by the direction of the actual
flow averaged vertically over the total EKMAN layer. As height of the EKMAN layer one defines the
height z), where v (z), see (6b), vanishes for the first time, i.e.:

Iy =Ty %=ﬂ”hN, (11)

see (10). If the vertical mean value is symbolized by

mhy

N j(..'.)dz
1]

mhy
on gets for the averaged wind direction expressed by the angle 5
b =arc tg@’-"—arc tg:-:g: -(12)
Using (6a) and 6b) in (.l 2) one obtains

T=lwg -5 (1+e™)
'E;lwgl%(ne'“)

and therefore
F=11°16 : (13a)
Another figure can be obtained for the angle between the geostrophic flow and the actual flow in the

middle of the EKMAN layer, i.e. forz=m %‘ One gets

5(==ﬂ/2£f)= 11° 42 _ (13b)

These figures for € are somewhat small compared with the angles obtained in laboratory experiments
or observed in the atmosphere.

V. The angle between the axis of the more longitudinal vortices and the basic current

In this section it shall be shown how the angle € is related to the wavelength of the more
longitudinal vortices and also to the wavelength of a superimposed vortex system; it is assumed that
the axes of the two vortex systems are orthogonal.

At least in this case of two existing (orthogonal) vortex systems it can be ihow“ that also for a parallel
shear flow (8§ = 0) the angle €¥ 0; this means € cannot be explained by a & # 0 as tried in section IV,
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In the laboratory the effect of Coriolis forces is most easily simulated by experiments with rotating
disphans. This is also the reason for using a modified cylindrical coordinate system consisting of lo-
garithmic spirals and spirals orthogonal to them as may be seen in figure 10; such spirals should be
useful to handle the vortex axes deviating from the circular basic current. The NAVIER-STOKES
equation and the continuity equation will be transformed into this coordinate system (o, n, z) starting
from a system of pure cylindrical coordinates (r, ¥, z); the transformation relations are:

g=(re (14a)
) 1

Tid (alnr + 9) (14b)

=2 : (14¢)
The paramter &, more clear in the inverse relations

r=ge" ' (15a)

d=n—alno (15b)
gives the angle vy between the logarithmic spiral and the circle by

Ty = arc tg é (16a)

T, Sarctga ' (16b)

7y =arc cotg & (16c)

see figure 6. In the following the abbreviation
e %"

Jiia 17

will be used where

]
]

l = ¢os (12), -

m m =sin (13) (18a, b)

i)

Fig. 6
Bild 6
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From (15a), (17) and (18a) it is seen that
f cos (12)

o r

With the assumption K = const, necessary for an EKMAN layer, the equations of motion and the
continuity equation in the (o, n, z)-system are:

u +6 {uu, +v;u,,—%2+ %*%Pa} +wu, —f, +f*wcos(n—alno—713)—
—Kﬁz'{uw+al;um+% u, —(1 +‘ﬂ’)ﬂ%+%va-a%vﬂl—1{uu=0 (20aj
vi +6 {uv, +§Vﬂ—a§+¥+§;pn J+wv, +fu-f*wsin(n—alno—13)~
—Kﬂi{vw+;17vm+%va—(l +u2}‘:—1—%uo +U%u,!} ~Kv, =0 (20b)

Wi + B {““’a"'%“’nﬁ TW W, +%P= +g—f*{vsin(n—alno—7)—ucos(n—alno—1)}-

-K g {ww+al2wm+%wa}-1{wn=0 (200
Blu,+2+ly —Zy)sw, =0 (20d)

A homogeneous medium (p = ) is considered. The three components of the vorticity are:

m=bw,-v, (21a)
n=u,~fw, (21b)
q= g{(av),,—u,.'.—aul _ ' (21¢)

where (21a) gives the component perpendicular to the (n, z)-plane and (21b) that one perpendicular
to the (o, z)-plane, see figure 10. By cross-derivation of (20c) and (20b) an equation for m is obtained,
by cross derivation of (20c) and (20a) an equation for n; in both equations the pressure is eliminated.
Considering averaged values and small perturbations (symbolized by bar and prime) one obtains the
following linearized vorticity equations:

’ - — 1- 1 — 1— 1 - 1-— 1 -~
mg +8 {um:,+u*m,, +E\"m;1+5\'mq ‘l-Em]_:’+Em"1_1+aml.r;1,+Err1"v',-,,i +

¢ =1 - a=, 1=y = 4, ;=
+onu-gnu, +onu -onuy—u, g -u gl t

+wmy +w'm, +mw, + m'w, —fu; +f*wy sin(n—alno—1;)+

+ %[f*v'sin(17—r.tlno—r;)-f‘U'WS(ﬂ_ﬂan“Ta]]n_

, 1 1+a® 1 .2, _2 ,
-K@? {mw+a—2rn.:m—?—"m’+a'ma+?n,—;p;i}-'Kmn=0 (22a)
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- - ,1_ 1l - 00—, « - = —
ng+ B {Uing +u'fly, + 5V + 5V Ay + oAV +5n vy +Tu, +0'Y, +
. 11_ [ 1_' — —_— -—
+om'V-m'V g mv' - mv, -V, '~ qv; |+
+wny +w'n, +nw; +n'w, —fv; +f*w; cos(n—alno—13) -

-Bf*v'sin(n—alno—r)—f*u'cos(n—alno—12)], —

r l L) 1+ r 1 r 2a ] 2 r L
-Kﬂz{nua+a_:nw_ - n+EnU-qu+U_1mﬂ}_Kn“=0 (22b)

For the basic current the assumption of a circular flow constant in time is made
V(s) = V(o) (1, 2) (232)
V) =V =0  (23b)

which, of course, will not satisfy (20a) and (20b) for the mean values. One should be aware of that;
the basic current (23) will be used for the sake of simplicity. Between the vector components in the
two coordinate systems the following relationships are valid

1

Agy = Ay ———A
? V1+ad @ v 1+ad @
o 1
Am) = A 24b
" Vitd? T+ad (240)

As a consequence hereof regarding (23b) cne has

(24a)

A[r) +

u=-av (25)

(25) has been used to replace all the quantities u, m, n, q and their derivatives by v or by the deriva-
tives of v. Because of (23b) w =0.

Considering the o-spiral as the vortex axis and therefore as the axis of symmetry
(v'o); =0 (262)
Vo=Wg=0 (26b)
the divergence in the (n, z)-plane will vanish
B vy =av') +w, =0 @7)

and a streamfunction ¥’ (n, z) can be used
B B

W==GUn-agV . U9
vi=y) (28b)
by which (21a) becomes
B o’ §?

m'=-5 Yt vyl (28¢)

02
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Quite analogous expressions are obtained when the n-spiral is considered as vortex axis
tions with respect to 1 have to vanish

(v'e ), =0
=W =0

The vanishing of the divergence in the (o, z)-plane
Blug+5 I +wo=0

allows the use of a streamfunction ¢’ (o, z) by which
B,

w'==Byg,+5¢
u'=-g
and according to (21b)
g, B

n'=‘.l32 'P::u_?'qu +;',: 'pl'__"p;z

Making use of (28a), (28b) and (28c) in (22a) one obtains a differential equation for
containing also u’ (1, z, t) as a further perturbation quantity.

In the same manner using (31a), (31b) and (31c) in (22b) a differential equation for ¢’
tained which contains also v’ (o, z, t). The two differential equations are:

29 (W + (1 + @)1 +7, [0 U= 2 (1 + 0] 47, [+ ¥']) +

r
= Wi+ 0204 4K [2 U~ (1 +20%) g}y + 200, + 200 ) +

3
. -
+U—,Eva Yn = V¥nm! +

g

+
- 1la’rz:t +K {35, =0

27 [0 06l ~ (1 + @)V -T, [av+ 201 + @)V Ty oy +¢] ) +

2

g
+ Fav{a’w:,w+3a‘¢:m J+

g

+_
ot

K ‘U“'ﬂ::ww'FzU'}Eﬂ;ﬂo—(:”—“:)"z\o:m+(3—a2)ﬂ¢;—3(1 +o?) ¢

_'F"z:t +K'P'zu:=0

. The deriva-

(29a)
(29b)

(30)

(31a)

(31b)

(31¢c)

"M, 2, 1)

(o, z, t) is ob-

;;K!ﬁ%m—4aw;m+(l+2£}¢%~2aﬂ—2aﬁw;—3f(l+f)w?_

(32a)

ﬂ L r r
+ o {-d* Yoot = 0%t + 9t + K[207 00z, = (14207 ) ), +2 00, — 200V, +2av;] |+

]_

(32b)
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According to (23a) the basic current has been specified as axi-symmetric; in addition stationarity is
now postulated for the basic current and for its dependence on r it is assumed

;(,” = B(Z) I (33)
corresponding to the inner part of a RANKINE vortex. From (33) with (24b) and (15a) one gets

— _o B(z)

v(o,n,z)—‘B T+ o? (34)

Using the basic flow (34) in (32a) and (32b) in both these equations terms with /o as coefficient,
terms with 8° /¢® and terms with §* /o* will appear but also terms which are free of 8/a. According
to (19) /o is very small if r is very large. By the assumption of very large r (which may be in conflict
with(33) valid only in the inner part of a RANKINE vortex) all the terms containing * /o and
B*/a* may be neglected. Hereby the two equations are much simpler.

Equation (32a) contains ¥’ and u’, the second equation needed to close the system is equ. (20a) in
linearized form for the perturbation u’; in this equation the conditions (26a) and (26b) have to be
used and also p, = 0.

The form of a moving harmonic wave shall be assumed for the two perturbations
VM2, t)=¥ (@) exp linm—cit) (35a)
u'(m,z,t)=U@exp{inn=ct)) (35b)

Herewith one obtains for (32a) and the just described equatidn developed from (20a) the following
set of two wave number equations:

. 2 i+
KWy +it(er =75 o7 B) W + 5 7 BoW + 55 Bw~(2B+0U,-2B,U=0  (36)

a+i . ig+a '
-KUzz+llT$ B-iuc, U+'ﬁ?aﬁzw—(zu+ﬂxp,=0 (37)

On the other hand equation (32b) contains ¢’ and v'; here (20b) in linearized form and with regard
* of (29a), (29b) and p,, = O gives the second equation needed to close the system. The form of a
moving harmonic wave will also be assumed

¢'(u,z,t)=—fbexp{iv(lnTU+czt)} . (38a)

v'(a,z.l)=Vexp{iv(inTaﬂ:gt)] (38b)
Herewith one obtains for (23b) and the forementioned equation originating from (20b) a set of the
following two wavenumber equations:

o ivtaoa
+
1 +a? B, P, 1+a?

_K¢zuz+ii"{52_1f?ﬂ)¢n+ B,;-(2B+f)V;-2B,V=0 (39)

ativ ivta 1
——=B—-ivecy | V+ -
1+ 2 1+a* @

Kv“+{ B,&—(2B+f) &, =0 (40)
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The two systems of wavenumber equations (36), (37) und (39), (40) are symmetric with the exception
of the following deviations:

(a) The sign of the first term in (36) is opposite to the sign of the first term in (39)
(b) The sign of the first term in (37) is opposite to the sign of the first term in (40)

(c) Inthe third term of equation (37) appears the factor a but in the third term of (4!;'!) the factoré

The first equations of each set namely (36) and (39) are completely symmetric in the inviscid case

(Re = =), Let us assume this for further comparison. This is justified by the argument that the terms
containing ¥,,,, and/or ®,,,, are considered to be less important.

Then the amplitude functions ® (z) and V (z) obey the same differential equation as ¥ (z) and U (z);
in both cases the transition to instability of the boundary layer depends on B, B,, B;; and f. If instabi-
lity occurs vortex rolls of both systems should be formed where the wavenumber of the more longitu-
dinal vortices is 1 and of the more transversal vortex rolls is ». For a comparison of these two wave-
numbers one has to consider that » should be counted along o instead H‘ﬂ—"

v(]n U) =aygl . (41a)

a
where . 9=0
|= ——l9=2n _ 2
o 9=0 aex (H)
9=2m Pla

obtained with (15b) for n = const. Therefore (41a) is

exp (]
2w

Vo) = Ing

u(]n ,) ' | (41b)

It has been concluded that the two wavenumbers p¢5) and /1, 5, become unstable at the same time and

have to eaual each other with respect to the symmetry of (35} and (39):

H) = Ving ' (42)
21 |
(42) with (41Db) gives the ratio of the two wave numbers (each on the same measure)
exp {ﬁl
v_“le] ' .
K 2n (43)

Since an axi-symmetric basic current has been chosen (23) one notices from figure 6, that v =€ and

e=%—r1 or with use of (16b)

€=arc cotg a (44)

Inserting (43) in (44) one gets the relationship between the angle € and the wavenumber ratio

' LA
€=arctg {EI%E)-}

@5)
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The following table gives few values of the wavenumber ratio and the corresponding angle €.

£ a €
u

0.5 5.51 | 11°10
072 | 417 | 13°30
1.00 | 341 | 16°20'
2.00 | 248 | 22°00'

It is seen that for an observed angle € = 13°30' the wavelength in the longitudinal direction o is larger
than that one in the transversal direction 7, it is L, = 1.4 L,,. The experiments by FALLER and
KAYLOR gave 2 < L,/L,, <3 which would imply e < 11° according to formula (45).

VI. *  The verification of formula (45) by laboratory experiments

Recent experiments by HORST (1969), very briefly described in section I, see fig. 9, allow
to measure the angle € as well as the simultaneous wavenumbers  and ». This has been done for a
total of 72 runs giving €, u, v for varied experimental parameters (diameter of the cylinder, height of
the fluid, initial circular velocity, viscosity). Using the measured values of the wavenumbers y and v
in equation (45) a “theoretical” angle €, has been computed and has been compared with the measured
angle €. The result is shown in figure 7 where the rather large scattering of points is overcome by
comprehending them for equally spaced stripes. Indead, one notices a systematic deviation, however
the mean values agree very well

Eexp =13°11"; €upo = 13°19'

8

Fig. 7
Verification of formula (45) by labo-
_ ratory experiments (after HORST
7 1969); N/M in the figure means ¥/u
‘i‘—\___{__\ in the text.
) [ e S Bild 7
Nachpriifung der Formel.(45) durch
Laboratoriumsexperimente (nach
HORST 1969); N/M in der Figur be-
o , deutet ¥/U im Text.
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One should remember, that besides some other assumptions for the formula (45) orthogonality of the
two vortex systems has been assumed; in the experiments the angle between the axes of the two vor-
tex systems has not been measured, it is estimated to be about 60°—70°; this may be a reason for

the systematic deviation, Also one should keep in mind that the assumption (23a) of an axi-symmetric
basic current is inadequate for HORSTSs experiments where the basic current has a radial component
depending on height and therefore is similar to an EKMAN boundary layer flow,
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VII. The orientation of cloud streets and seif-dunes

There is no doubt that the cloud streets are formed by more or less longitudinal vortex rolls
due to instability of the EKMAN layer; for the destabilisation the Coriolis forces may be responsible
as well as buoyancy forces may do when convection occurs. If both vortex systems are perceptible and
the two wavenumbers are evaluable (as for instance from figure §) the direction of the geostrophic
flow can be determined; this would differ only very little from the direction of the mean wind at the
cloud base, ’

Cloud streets will be reorientated immediately when the mean wind changes its direction.

A completely different situation exists with respect to the seif-dunes. These are probably formed also
by the helical motion in vortex rolls due to Ekman layer instability. But the formation of seif-dunes
takes a very long time in which climatic changes are possible including changes of the direction of the
prevailing wind. Therefore the orientation of seif-dunes should give with about 14° to the right the
direction of the wind averaged over the whole time of the formation of these dunes except those peri-
ods in which the boundary layer has not been unstable. Comparison of this direction with the wind
direction given by climatological data of our time should allow conclusions on long term climatic
changes.

Since the interior part of the seif-dunes is firm (only the sand of the outer part can be moved by wind)
these dunes are fixed. When EKMAN layer instability occurs, the formation of vortex rolls does not
take place over a plane earth surface as assumed in the theory of instability but over a waved topo-
graphy prescribing already the angle € and the wavenumber p in the lateral direction, for which the
amplitude of velocity perturbations will amplify. This means only the wavenumber v in the more
longitudinal direction is not prescribed directly by the topographic features but, of course, is deter-
mined by € and u according to (45). It should be

|
v=u gp_zl%gf}, e>0 (46)

Some values of the wavenumber ratio are given in the following table

v v
€ u € u
10° | 0.485 30° 5.31
15° | 0.850 35° 13.0
20° | 1.57 40 31.9

25° | 3.39 45° 86.6

To give an example: If € = 40° and the wavelength in the transversal direction L,, = 3.5 km, a wave-
length in the direction along the dunes L, = 110 m should occur. In figure 8, after CLOS-ARCEDUC
(1968), one notices long chains of dunes showing a structure along these chains, which already have
been cut to pieces. It seems possible to explain such a structure as the effect of the superimposed
second vortex system having a rather high wavenumber because of a large value of €. This would mean
that the prevailing winds which had originally an almost east-west direction (from 85°, whereas the
chains of dunes run 72° to 252°) would have turned to get a southerly component, say from 110°

to 290° (i.e.: € = 38”) and remained in that direction. The effect of the superimposed second vortex
system now is supported by the basic current clearly shown by the sand blown to the right of the
chain. It has been formed a “lefthand side type™ of an Elb (after CLOS-ARCEDUC 1968).
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Fig. 8 “Left-hand side” type of seifdunes (after CLOS-ARCEDUC 1968).

Bild 8 ,,Linksseitiger* Typ ovn Seifdiinen (nach CLOS-ARCEDUC 1968).

The use of the logarithmic spirals for the coordinate system in the foregoing derivation excludes

cases with € <0; however the reasoning is also possible for € < 0 and allows also an explanation of
the so-called “righthand side type™ of an Elb.

If the prevailing wind would change for more than 45° from the original direction the vortices with
their axis in the lateral direction and the vortices perpendicular to them would have to change their
roles. In this case € and » would be prescribed by the existing seif-dunes where u would be determined
by (45).

It is felt that the gross-features of seif-dunes can be explained by the two vortex systems due to an
instability of the EKMAN boundary layer.
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Fig. 9. The double vortex system due to boundary layer instability as produced in laboratory experiments by HORST (1969).
Bild 9. Zweifaches Wirbelsystem infolge Grenzschichtinstabilitiit erzeugt in Laborexperimenten von HORST (1969)

Fig. 10

Schematic representation of the
(0, 1, z)-coordinate system.
Bild 10

i Schematische Darstellung des
"y (0, 1, z)-Koordinatensystems
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Beitrdge zur Physik der Atmosphére, 44. Band, 1971, S. 168—186

EinfluB der thermischen Schichtung auf die Stabilitédt einer Ekman’schen
Grenzschichtstromung

The Stability of an Ekman Boundary Layer Flow as Influenced by the Thermal
Stratification

D. Etling

Technische Hochschule Darmstadt Institut fiir Meteorologie

Eingegangen am 7. April 1971

Zusammenfassung: Die dynamische Instabilitit einer Ekman‘schen Grenzschichtstrémung in Form von hori-
zontalen Wirbelrollen wird mit Hilfe einer Storungsanaly se untersucht. Zwei Faktoren bestimmen die Bildung
solcher Wirbel in der Grenzschicht. Bei labiler Schichtung macht sich der Einfluf der thermischen Konvektion
mit einer kritischen Wellenzahl von etwa o= 0.5 bemerkbar, wihrend bei stabiler Schichtung ein reiner Sche-
rungseinflufs mit einer kritischen Wellenzahl von & = 0.2 iiberwiegt.

Es wird gezeigt, daB die kritische Reynoldszahl betrichtlich mit der statischen Stabilitiit variiert. Bei labiler
Schichtung setzt die dynamische Instabilitit schon bei kleinen Reynoldszahlen ein, bei stabiler Schichtung
erst bei sehr grofien.

Aufierdem kann gezeigt werden, daf die kritische Reynoldszahl noch von der Orientierung des Grundstroms
zur Ost-West Richtung abhingt, was auf den Einfluf der oft vernachlissigten Vertikalkomponente der Coriolis-
Kraft zuriickzufihren ist.

Summary: The dynamical instability of an Ekman boundary layer appearing as vortex rolls is investigated by a
perturbation analysis. The formation of such vortex rolls is caused by two effects. With unstable stratification
the influence of thermal convection is observed with a critical wave number of about & = 0.5, with stable
stratification shearing instability dominates according to a critical wave number of a = 0.2.

It is shown that the critical Reynolds number varies considerable with the thermal stratification. With unstable
stratification the dynamical instability appears even at low Reynolds numbers, with stable stratification high
Reynolds numbers are needed.

Besides it is shown that the critical Reynolds number is a function of the orientation of the mean flow to the
east-west direction, due to the vertical component of the Coriolis force, which is often neglected.

Résumé: A l'aide de la théorie des perturbations, 'auteur étudie I'instabilité dynamique qui apparait dans un
courant de la couche limite d'Ekman sous la forme d’une suite de tourbillons i axes horizontaux paralléles
(rouleaux). Deux facteurs déterminent la formation de tels tourbillons dans la couche limite. Pour une stratifi-
cation instable, I'influence de la convection thermique se marque lorsque le nombre d'ondes critique est d"environ
«=0.5. Par contre, pour une stratification stable, une nette influence de I'instabilité du vent n’est prépondérante
que pour un nombre d’ondes critique de a= 0.2.

L'auteur démontre que le nombre critique de Reynolds varie considérablement avec la stabilité statique. Dans le
cas d'une stratification instable, I'instabilité dynamique apparait i partir de petits nombres de Reynolds, dans
une stratification stable, que pour les grands nombres de Reynolds.

En outre, I'auteur démontre également que le nombre critique de Reynolds peut dépendre de l'orientation du
courant de base par rapport a la direction W —E, ce qui résulte de la composante verticale de la force de Coriolis,
laguelle est souvent négligée.
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Symbolverzeichnis

Stehen 2 Symbole nebeneinander, so bedeutet der kleine Buchstabe eine dimensionsbehaftete, der
grofe eine dimensionslose Grofe.

£ T u, U Geschwindigkeitskomponente
&C= hvg| g:?:;g:;hnfg:: igkeit, in x- oder X-Richtung
CI' = Realteil ' A v G‘eachWiﬂd]ngitﬁkﬂmpoﬂcnte
%, in y- oder Y-Richtung
D=v charak teristische Linge v, WV Geschwindigkeit
. vg geostrophischer Wind

Geschwindigkeitskomponente
in z- oder Z-Richtung

g
=
£

f =2wsing,F = Twol
Wg! Coriolisparameter

o dimensionslose Wellenzahl
*D d Operator
f‘liwmsv- F*= Iusl A _lntcm]ldistan:
, £ Ablenkungswinkel
f! fh“::is::;i::lgem liﬁh e A Orientierungswinkel des Koor-
X dinatensystems
kn ;::r};: t\;ﬁ?‘ sonskoelt- I komplexe Amplitude im Wellen-
r
km turbulenter Diffusionskoeffi- ansatz fir U . .
zient fiir Impuls @ 1. komplexe Amplitude im
Wellenansatz fiir die Strom-
1 - funktion '
LL D Wellenlinge v dimensionslose S tromfunktion
p Dichte
N Intervallzahl o komplexe Amplitude im Wellen-
p= P Druck ansatz fiir @'
o pvi tuwbulents Prandtizat] 8,0= -——ag potentielle Temperatur
t ! o9
L ) Maf fiir die statische Stabilitit, oz H
| 5. GL (9¢) E= (Y x Wy dimensionslose Vorticity
Ve - w Winkelgeschwindigkeit der
, T Zeit
D Erdrotation
1. Einleitung

Als Wolkenstrafien bezeichnet man die Erscheinung bianderférmig angeordneter Cumulusbewdl-
kung, die sich bis iiber 100 km Liinge erstreckt. Untersuchungen von PLANK (1966) und KUETTNER
(1967) haben gezeigt, dafl der Abstand der Wolkenbénder 2—5 km betrigt und diese einen Winkel
€ = 13°~16° mit der Richtung des geostrophischen Windes bilden. An der Erdoberfliche findet man ihn-
lich angeordnete Diinenketten, sogenannte Seifdiinen, die in Arbeiten von HANNA (1969) und WIPPER-
MANN (1969) niher beschrieben sind.

Beide Phinomene sind moglicherweise durch das Auftreten von Wirbeln mit horizontaler Achse in der
atmosphiirischen Grenzschicht zu erkliren. Die Bildung solcher Wirbelrollen kann durch Scherungsinstabi-
lititen der Ekmanschen Grenzschichtstrsmung oder durch thermische Konvektion ausgelést werden.
Einen direkten Nachweis dieser Zirkulationen in der Atmosphire erbrachten ANGELL, PACK und
DICKSON (1968) durch Bahnvermessungen von Tetroons.
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Eingehender konnte die Wirbelbildung in der Ekman-Schicht in Laborexperimenten untersucht werden.
FALLER (1963), FALLER und KAYLOR (1966) machten die Wirbelrollen in einem rotierenden Wasser-
tank durch Farbstoff sichtbar, HORST (1970) wies diese durch Anhiufung von Sand nach. TATRO und
MOLLO-CHRISTENSEN (1967), CALDWELL und v.ATTA (1970) untersuchten rotierende Luftstr-
mungen mit Hitzdrahtanemometern. Von allen Autoren iibereinstimmend wurden 2 Arten von Wirbel-
systemen gefunden,

Mit Typ I werden allgemein fast stationiire Wirbel bezeichnet, deren Achse gegen die geostrophische Stro-
mung um € = 14° nach links gedreht ist. Die mit der Ekman-Linge D normierte Wellenlinge betrigt L=12,
die kritische Reynoldszahl Reyz = 125. Wirbel mit grofer Phasengeschwindigkeit und Wellenlingen von
L = 2233 treten bei Rey; = 65 auf. Diese mit Typ II bezeichneten Wirbel bilden einen Winkel zwischen
0° und —20° mit der Richtung der geostrophischen Strémung.

Diese Ergebnisse werden durch theoretische Arbeiten von FALLER und KAYLOR (1966), LILLY (1966)
und BROWN (1970) im wesentlichen bestitigt.

Wirbel mit horizontaler Achse, die rein thermischer Natur sind, wurden fiir den Fall einer einfachen Scher-

stromung und ohne Beriicksichtigung der Coriolis-Krifte in Laborexperimenten von AVSEC (1939) und
auf theoretischem We ege von OGURA (1969) untersucht. Es treten hier vorwiegend Wirbel mit der Wellen-

zahl @ = 0.5 auf (o = §%), wobei die Wirbelachse parallel zur Stromungsrichtung ist.

Es ist bisher weﬂgehznd ungeklirt, ob die in der Atmosphire auftretenden Wirbel mit horizontaler Achse

hauptsichlich auf Konvektion zuriickzufiihren sind, oder ob es sich meist um Scherungsinstabilititen der

Ekman-Schicht handelt. .

In der folgenden Arbeit soll daher untersucht werden, wie sich eine Ekmansche Grenzschichtstromung

unter dem zusitzlichen Einfluf der thermischen Konvektion verhlt.

Aus einer Stérungsanalyse der thermohydrodynamischen Grundgleichungen erhilt man als Ergebnis Wachs-

tumsraten aC; der Storungen in Abhingigkeit von der Reynoldszahl Re, der Wellenzahl &, dem Orientie-

rungswinkel € und der thermischen Schichtung.

2. Formulierung des Problems

Das x, y, z Koordinatensystem ist so orientiert, daf die Wirbelachse mit der x»Achse die mit der
Ostrichtung und Winkel A bildet, zusammenfillt. Ein weiteres Koordmatensystem x°,y°, z ist im Uhr-
zeigersinn um den Winkel € um die z-Achse gedreht, so daB die x°-Achse die Richtung des geostrophischen
_ Windes hat.

Fiir Feldgrofen, die durch eine iibergreifende Mittelbildung geglattet sind, lauten im x, y, z-System die Be-
wegungsgleichungen, die Kontinuititsgleichung, sowie die Adiabatengleichung fiir eine inkompressible
Strémung entsprechend den Gleichungen (1a)—(1e); dabei wurde die molekulare Reibung gegeniiber der
turbulenten Reibung vernachlissigt.

d 1 P

a—rl-('u- V)uff\r+f‘w.cos}u+3 E""“ Viu=0 (1a)

0 1 aP '

£+(w-v)v+fu f*wsmh+ﬁa——k Viv=0 (1b)
+(v V)w +f*vsin\ - f‘ucos)\+5-5z-—k Viw+g=0 - (le)

V'w=0 (1d)

g+(‘,.v}a—k;v’ﬂ=0 (le)
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Es sind f = 2w siny und f* = 2w cos ¢ die Coriolis-Parameter, worin w die Winkelgeschwindigkeit der Erd-
rotation und ¢ die geographische Breite ist. kp, und kysind die als konstant angenommenen turbulenten
Diffusionskoeffizienten fir Impuls und Wirme. ¢ ist die potentielle Temperatur. Die iibrigen Bezeichnungen
haben die iibliche Bedeutung.

Fiir die potentielle Temperatur wird vorausgesetzt, da sich ihr (horizontales) Flichenmittel nur linear mit
der Hohe &ndert.
B . | |
:_9—3.,+azz+ﬂ 2)
U, ist der Wert fir z=0, -a-I-zder als konstant angenommene Gradient der mittleren potentiellen Tempe-

ratur und ¢’ die Abweichung vom Mittelwert.

Die Variablen in (1a)—(1e) werden dimensionslos gemacht, wobei die einzelnen Symbole durch ihre Grof-
buchstaben ersetzt werden. Benutzt man lwg |, den Betrag des geostrophischen Windes, als Normierungs-
geschwindigkeit, und bezeichnet man mit D eine charakteristische Liinge sowie mit H eine charakteristische
Hohe, so sind die dimensionslosen Grofien gegeben durch:

3 =%, z=%, o
”=1:,'|’ V=I;r.,l* VTV -' )
Tl v L n=i;§ (30)
F=I!;slf, F*=%f', .e=l_-5‘;-; (3d)

. dz

' : awv, -
Alle folgenden Betrachtungen gelten fiir eine barotrope Grenzs::h.ic:,ln(TzE = 0), so dafd le | als Normierungs-
grofe verwendet werden kann, D ist die sogenannte Ekman Linge.

D=y 5= | _ )
Mit den Gleichungen (1a)—(1e) wird fiir die dimensionslos gemachten Grofien eine Storunguechnung '
durchgefiihrt; es sei:
V=V+V, 0=8+0", n=M+1n" )
Auferdem wird in (1c) von der Boussinesq-Approximation
L a! . .
=—-= . 6

Gebrauch gemacht.
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Unter den Voraussetzungen eines stationiren Grundzustandes
===0 (7a)

eines horizontalen und horizontal homogenen Grundstromes
W=0 (7b)
aU_aU_aV_av_
aX oY oX oY ° | | (7¢)
sowie der Barotropiebedingung

00 _20_

aX "oy~ © | @d)
und einer Bedingung fiir die Unverinderlichkeit von Stérgréfen entlang der in der X-Richtung liegenden
Wirbelachse .

0 ;
Ef{‘ L) =0 (7e)
lauten die vollstindigen Stdrungsgleichungen:
oV, AU _ ' -.BE]_B_‘P_'_?*’_U'.:
Re|[SF+V oy ~FV +F*Weosh+W = Y 32> (8a)
[3V L GV L FU —F*W'si v iﬂ_’]. v _ v
Re_aT+VaY+FU’ me“w“azﬂw eV e =0 (8b)
(AW G dW | v s rarr ' W _3*w' s _
RE_BT +V aYi-F V sinA FUcos?\+az w: oz PrtRse 0 (8¢c)
v W'
oY "az” | (@d)
2,20,y 8] 20 _2e,
RePrelar*Var 'V ozl oy a2 ™0 (8e)
Als dimensionslose Parameter wurden hier verwendet:
W, 1D
Re= ks Reynoldszahl (9a)
m
km
Pr = E; turbulente Prendtlzahl (9b)
gg HD?
S=-—5 5 MaBzahl fiir die thermische Schichtung (9¢)
mXh
Ubrigens hingt S mit der hiufig benutzten Rayleighzahl Ra wie folgt zusammen
D’ a9 gH*
§=Ra— -0 8 (94)
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" Die Randbedingungen fiir die Gleichungen (8a)—(8e) lauten

Z=0:U=V=W=0'=0 (10a)
w: QU_V'_ 30
oz~ V== (10)

Wegen (8d) kann eine dimensionslose Stromfunktion ' eingefiihrt werden, wobei fiir die Storungen V'
und W' gilt

- w =2 | (¢8))]

Differenziert man (8b) nach Z und (8¢) nach Y, so liit sich durch Subtraktion der Gleichungen der Druck
I1" eliminieren. Nach Einfihrung der dimensionslosen Vorticity &’ '

' %‘%’" %; vy (12)
erhilt man das Gleichungssystem
Re 35 (V¥ + Vg (V2 w')—:—j— N-r e
—F'g—l-\{.cosl]*aa—;,(vlﬂfp)‘a_a;;{Vztﬁ"}"prisRe %%=0 (13a)
Rc[%:r+‘_r’%'+%g %%+F%%+F‘%‘%'cosh]*%%q-%=0 (13b)
Re Pr, [%@f’;fsg;',,sﬁi%%]_ﬁ _ae_, (13¢)

aY’_ YA

Die Stérungen ¢', U', ®' sollen durch Wellen mit der Wellenlinge  und der Phasengeschwindigkeit ¢ dar-
gestellt werden. Die Wellenansitze lauten mit den komplexen Amplituden ¢, u, 0, der komplexen Phasen-
geschwindigkeit C und der Wellenzahl & in dimensionslosen Grofen:

V' (Y,Z,T) = ¢(Z) exp [ia (Y - CT)] . (14a)
U'(Y,Z,T) = u(Z) exp [ia (Y - CT)] (14b)
©' (Y,Z,T) = o(Z)exp [ia (Y - CT)] (14c)
mit 2 ' .
EMy T~ _C -
':D'L'C'Iw,i : s

Setzt man (14a)—(14¢) in (13a)—(13c) ein und bezeichnet die Vertikalableitung durch einen Punkt, so
erhilt man die folgenden Stabilitéits- oder Frequenzgleichungen:

¥- 20?3 +a*p—iaRe [(V-C) (p—a’y)— Vip— uF* cosA] + Re Fii + ia PI:SRB

=0
"6
ji—o?u—ia Re [(V—C) u+ Up + 9F* cos A] - Re Fp =0 (16b)

t—-alo—iaPry Re [(V-C)o+6y]=0 : (16¢)
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Die zugehérigen Randbedingungen (10a), (10b) lauten:

Z:ﬂ:n:w:@:g:ﬂ (173)
Zroo:fi=p=p=06=0 (17b)

Fiir die Amplituden ¢, u, und o der Stérgrofien ', U', ©' erhilt man mithin ein System von 3 gekoppelten
gewohnlichen Differentialgleichungen, von denen die erste (16a) vierter Ordnung, die beiden anderen (16b),
(16¢) zweiter Ordnung sind. Fiir F = F* = 0, also eine nichtrotierende Erde, entfillt die Kopplung zwischen
Gleichung (16a) und (16b), fir S = 0, d.h. adiabatische Schichtung, entfillt die Kopplung zwischen Glei-
chung (16a) und (16c). Wenn beide Fille gleichzeitig erfiillt sind (F = F* = S = 0) reduziert sich Gleichung
(16a) auf die ORR-SOMMERFELD-Gleichung und behandelt reine Scherungsinstabilitit in der (dann
zweidimensionalen) Grenzschicht.

Zur Lésung der Gleichungen (16a)—(16¢) bendtigt man noch die Grundstromkomponenten Uund V. Im
x°%, y°, z-System lauten die Gleichungen (1a), (1b) fiir die gemittelten horizontalen Geschwindigkeits-
komponenten unter den Voraussetzungen (7a)—(7d) in dimensionslosen GréBen:

Go , ol ]_aL°
Re[—F\-’°+—u—}——=0 18
ax°l az? (182)
=, O] 3*V°
Re[FUﬂ+——]~—=o 18b
- ay*J  az? (18)
Voraussetzungsgemis ist die X°-Richtung senkrecht zum Druckgradienten orientiert.
an
" 0 _ . (19a)

1 ol

1m__, 19b

F 3y0 | (19b)
Weiterhin ist gemif (3&), (4)und (9a):

Re F. =2 (19¢)

Es ergibt sich als Lésung von (18a), (18b) die bekannte Ekman-Spirale

U°(Z) =1- exp(- Z) cos (Z) (20a)
Vo (Z)=  exp(—2Z)sin(Z) " (20b)

oder im X, Y, Z Koordinatensystem

U(Z)= cos(e)—exp(-Z)cos(Z +¢€) (21a)
V(Z) =- sin(e) + exp(- Z) sin(Z + €) (21b)

Die Untersuchung des Stabilitdtsproblems besteht nun in der Lésung der Stabilititsgleichungen (16a)—
(16¢) fir verschiedene Wertekombinationen von Re, €, &, C und S unter Verwendung der in den Glei-
chungen (21a), (21b) angegebenen Vertikalprofile fir die beiden Grundstromkomponenten U(Z) und
V(Z).




- 287 -

3. Das Losungsverfahren

Die Stabilitdtsgleichungen (16a)—(16c) mit den Randbedingungen (17a), (17b) und den Grund-
stromkomponenten (21a), (21b) stellen ein Eigenwertproblem dar, Bei vorgegebenen Parametern Re, a,
€, S werden die zu den Eigenwerten C = C, + i C; gehirenden Eigenvektoren g, y, o bestimmt. Es werden
Eigenwerte mit C; > 0 gesucht und die Wachstumsrate «C; als Funktion von Re, a, €, S dargestellt. Das
System (16a)—(16¢) reduziert sich bei neutraler Schichtung (S = 0) auf (16a), (16b). Bis auf die Terme
F* cos Ap und F* cosAu ist dies das von LILLY (1966) geloste Gleichungssystem.

Wie schon gesagt erhilt man fiir F = F* = S = ( als Stabilititsgleichung fiir eine zweidimensionale Grenz-
schicht die bekannte ORR-SOMMERFELD-Gleichung

- 22p+a*p—iaRe [(V-0C) (u;b;aigp)—ﬁw] =0

die von zahlreichen Autoren behandelt wurde. BETCHOV und CRIMINALE (1967) geben einen Uber-
blick iiber Losungen dieser Gleichung. Zur Losung des vollstindigen Gleichungssystems (16a)—(16c)

werden die Differentialgleichungen durch Differenzengleichungen ersetzt. Dabei wird die Grenzschicht,
wie in Bild 1 dargestellt, in N-Intervalle der Linge A aufgeteilt, so daB sich die untere Grenze bei Z=0

und die ubere bei Z = NA befindet. Bei der D1skrens|erung werden die Funkuonen u, o nur an den Stellen

Z= (n-;).fl und gobelZ nAfirn=1.2,..., Ndefiniert.

~Z=NA P=P=fi:0=0

—t—

Y
oL
— 9

Bild 1
— o Aufteilung der Z-Koordinate in diskrete Intervalle.
Fig. 1 ‘
Z =0 I P Palh-0-0 Division of the Z-coordinate in discrete intervals.

Nach dem Ersetzen der Differentiale durch zentrierte DLfferenzen erhalt man ein lineares Gleichungs-
system mit 3N-1 Gleichungen fiir die Unbekannten u (5,34,...), ¢ %.24,...), ¢(A,24,...).
In Matrixschreibweise lautet es:

(A=BXM)Xn=0 (22)

wobei A und B komplexe Matrizen, A, der n-te Eigenwert und X, der n-te Eigenvektor sind.
Das System (22) ist losbar, wenn '

IB'A-MEl=0 (23)

E = Einheitsmatrix

(23) ist das Matrixeigenwertproblem, wobei A,, die’ Eigenwerte dcr Produktmatrix B™* A sind. Die Eigen-
werte wurden mit dem L-R Algorithmus fir komplexe Matrizen berechnet, wie er von WILKINSON und
MARTIN (1968) entwickelt wurde.
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Bei 20 Intervallen A erhilt man eine 59 x 59 Matrix, so daf sich 59 Eigenwerte C = C, + iC; ergeben. Es
wurde der Wert verwendet, bei dem C; > 0 war. Fiir die Rechnungen mit § =0 und S <0 ergab sich je-
weils nur 1 Wert mit C; > 0, wihrend bei S > 0 mehre positive C; auftreten konnten.

Die Rechnungen wurden fiir mehrere hundert Kombinationen der Parameter Re, a, €, S durchgefiihrt. Die
Losungsmethode wird ausfithrlicher im Anhang beschrieben.

4, Ergebnisse der Stabilititsuntersuchungen
Bei der Losung der Stabilititsgleichung wurden folgende Vereinfachungen vorgenommen:
Pry =1 (242)
A =0° X-Achse in Ostrichtung (24b)
¢ =45°>F=F*->ReF*=2 , (24¢)

Sodann wurden Fille unterschieden mit (A) statisch indifferenter Schichtung (S = 0), statisch stabiler
Schichtung (S < 0) und schliefilich (C) statisch instabiler Schichtung (S > 0). Im Falle der statisch in-
differenten Schichtung wurde auch noch die Voraussetzung (24b) fallen gelassen und untersucht, wie
sich das Stabilititsverhalten mit einer Umorientierung des Koordinatensystems &ndert.

A, Statisch indifferente Schichtung (S = 0)

Es wird € = 14° gesetzt und C = C; + iC; in Abhiingigkeit von Re und a berechnet. Das Ergebnis
sind Linien gleichen Amplitudenwachstums aC; = konst., wie in Bild 2 dargestellt. Innerhalb der Kurve
aC; = 0 ist die Grenzschichtstromung instabil, die gestrichelte Linie zeigt C, = 0 an.

- Als Resultat 146t sich aus Bild 2 entnehmen:

a
- E =14°
e r s =0
o oask
00 1 l | L
[ 100 200 © 300 400 500

— Re

Bild 2. Wachstumsrate aC; (ausgezogene Linien) als Funktion der Wellenzahl & und der Reynoldszahl Re fiir den Ab-
lenkungswinkel e = 14° und den Schichtungsparameter S = 0. Gestrichelte Linie: Phasengeschwindigkeit Cy = 0.

Fig. 2. Growth rates &C; (solid) as a function of wave number tcand Reynolds number Re for orientation angle e = 14°
and stability number 8 = 0. Dashed line: phase velocity C; =0,
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Fiir alle beriicksichtigten Reynoldszahlen liegt das jeweilige Maximum von aC; bei etwa a = 0.5, stationiire
Wirbel (C; = 0) treten bei @ =0.53 auf. Auffallig sind 2 Maxima in der Kurve aC; = 0, die 2 kritische
Reynoldszahlen zur Folge haben.

Rﬂkm' 1= 143 beia=0.5
Reyyit, 2 = 145 beia=0.2

Wie LILLY zeigen konnte, ist Rey  auf den Unterschied zwischen der ORR-SOMMERFELD-Gleichung
und dem System (16a), (16b) zuriickzufithren, in dem bei LILLY allerdings auch noch F* =0 ist, Er
stellte fest, dafd Reyy 2 bei einem Winkel € = — 20° und Reyry, g beie = 8° auftraten, wihrend bei der
Losung der ORR-SOMMERFELD-Gleichung (allerdings mit dem Ekmanschen Grundstrom) sich eine
kritische Reynoldszahl in der Nihe von Reyy , ergab.

Ein Vergleich von Bild 2 mit den Ergebnissen von LILLY fiir € = 15° zeigt, daB fiir eine gegebene Reynolds-
zahl (Re > Rey,;) die von LILLY berechneten zugehorigen Werte von aC; groBer sind. Es wird vermutet,
daB dieser Unterschied auf die Beriicksichtigung des bei LILLY fehlenden Termes F* cosA in den Stabili-
titsgleichungen zuriickzufihren ist. Fiir A = 90° wiire das hier verwendete Gleichungssystem mit dem von
LILLY identisch. Dabei wurden auch die aC; fiir « = 0.5 und verschiedene Reynoldszahlen berechnet.

Die Ergebnisse stimmen mit denen von LILLY gut iiberein. Zusitzlich wurde eine Rechnung mit A = 180°
durchgefiihrt. Das Ergebnis ist in Bild 3 dargestellt. Fiir eine gegebene Reynoldszahl haben Lingswirbel

in einem Grundstrom, der nahezu nach Osten gerichtet ist, den kleinsten, in einem solchen, der nahezu
nach Westen orientiert ist, den groften Wert von aC;. Fiir die kritischen Reynoldszahlen ergibt sich:

A Reyyit
0° 143
90° 110
180° 70
aC;
1= K* . Bild 3
024f Wachstumsrate ®C; als Funktion der Reynolds-
20k zahl Re fira=0.5, e = 14°, 8 = 0 und verschie-
dene Werte des Orientierungswinkels A,
016 ++ = Ergebnisse von LILLY (1966) fiir e = 14°
012} und A = 90°.
008~ Fig. 3
ook Growth rate C;j as a function of Reynolds number
Re for @= 0.5, e = 14°, S = 0 and different values
0 of the deviation angle A.
- 004} ++ = results by LILLY (1966) for e = 14° and

A= 90%

Eine Ekman‘sche Grenzschichtstromung wird am frithesten instabil, wenn die Achse der Lingewirbel
zonale Richtung hat und der Grundstrom nach Westen gerichtet ist. An diesem Verhalten macht sich der
Einfluf der Vertikalkomponente der Coriolis-Kraft bemerkbar, der bei anderen dynamischen Problemen
oft vernachlissigt wird.
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a
- e=14"

e~ 5 i-fﬂla =1
= -'-—_—_'_'_,_.—l—'_'——
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sk ¢, >0 S LRy A A
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Bild 4. Wie Bild 2, jedoch fiir § = - 1710 (stabile Schichtung).
Fig. 4. Same as Fig. 2 except § = - 1710 (stable stratification).

a
e =14°
Lo = -7870 .
05}
00 [ 1
0 100 200 _ 300 400 500

—» Re

Bild 5. Wie Bild 2, jedoch fiir § = - 7870 (stabile Schichtung).
Fig. 5. Same as Fig. 2 except S = - 7870 (stable stratification).
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B. Statisch stabile Schichtung (S <0)

Fiir die aus Zweckmifigkeitsgrinden gewihlten beiden negativen Werte S=—1710und S
S =-7870 wurde das vollstindige Gleichungssystem (16a)—(16c) ebenfalls gelost. Die Ergebnisse in
Bild 4 und Bild 5 sind wie in Bild 2 dargestellt. Ubereinstimmend mit dem neutralen Fall liegt
(2Cj)max bei e = 0.5. Die Kurven C; = 0 sind zu groferen Werten von « verschoben, d.h., mit zunehmen-
dem S werden die Phasengeschwindigkeiten der Wirbel mit maximalem Amplitudenwachstum groBer. Fir
die kritischen Reynoldszahlen ergibt sich nachstehende Tabelle.

s Regrit, 1 | Regrit,2 | Regrit, 1 — Regyit, 2
-1710 235 167 68
- 7870 395 250 145

Wihrend sich die kritische Reynoldszahlen mit zunehmender Stabilitit der Schichtung zu hoheren
Werten verschiebeh, vergrofert sich dabei die Differenz Reyyi, | — Rejyit, 2- ' _

Die Ekman‘sche Grenzschicht kann also auch im statisch stabilen Fall (dynamisch) instabil werden, die
Anfangsstorungen haben aber bevorzugt grofere Wellenldngen. -

Die Vermutung liegt nahe, daff das 2. Maximum bei @ = 0.2 wie im indifferenten Fall mit negativen Werten
von € gekoppelt ist. Fiir den Fall S = — 1710 wurden deshalb fiir die feste Reynoldszahl Re = 275 Werte
von aC;j in der &, e-Ebene berechnet und in Bild 6 dargestellt.

Der maximale Wert von «C; liegt bei € = 20° und beia = 0.5. Storungen mit & = 0.1-0.3 und grofien
Phasengeschwindigkeiten liegen bevorzugt zwischen e = 0° und e = - 50°.

Bild 6

Wachstumsrate @:C; (ausgezogene
Linen) als Funktion der Wellen-
zahl @ und des Ablenkungs-
winkels e fiir Re = 275 und

§ =-1710. Gestrichelte Linie:
Phasengeschwindigkeit C; =0.
Fig. 6

Growth rates &C; (solid) as a
function of wave number & and
orientation angle e for Re = 275

and S =- 1710, Dashed line:
phy se velocity G = 0.

C. Statisch labile Schichtung (S > 0)

Bei ausreichender Erwlirmung der Erdoberfliche tritt in der Grenzschicht kleinrdumige ther-
mische Konvektion auf, die sich in einer Erh6hung von k, dufert; sie fiihrt zu einer statisch instabilen
Schichtung. Auch in einer solchen Grenzschicht kénnen Lingswirbel entstehen, natiirlich modifiziert
durch die wirksam werdenden Auftriebskrifte. Physikalisch handelt es sich um das gleiche Phinomen
wie die erstmals von GORTLER (1959) unteruchten Lingswirbel an erwirmten Winden.

Fiir 2 verschiedene thermische Schichtungen, charakterisiert durch S = 170 und § = 460 wurden die
Wachstumsraten der Storungen berechnet und in Bild 7 und Bild 8 dargestellt.

R —

- —
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wk s=170

os -

a0

Bild 7. Wie Bild 2, jedoch fiir § = 170. (Labile Schichtung.)
Fig. 7. Same as Fig. 2 except S = 170 (unstable stratification).

a
- oE=14"
wr 5 =460 : :
o5k
| c<Q-~
7 c>0
0.0 1 1 1 i

] 100 200 300 %00 500

—» Re

Bild 8. Wie Bild 2, jedoch fir S = 460 (labile Schichtung).
Fig. 8, Same as Fig. 2 except § = 460 (unstable stratification).
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Im Vergleich zur indifferenten Schichtung sind die Kurven aC; = konst. zu kleineren Reynoldszahlen
verschoben. Die Extremwerte findet man wie im neutralen und stabilen Fall bei etwaa =0.5. Die Linie
C, = 0 ist zu kleineren Werten von & verschoben, d.h., die Stérungen mit maximalen aC; haben negative
Phasengeschwindigkeiten, bewegen sich also gegen den Grundstrom. Das im neutralen Fall noch ausge-
priigte 2. Maximum bei a = 0.2 verschwindet mit zunehmender Labilitét der Schichtung, was besonders
deutlich bei S = 460 zu erkennen ist.

Fiir die kritischen Reynoldszahlen ergibt sich:

s Regrit, 1 | Rekrit,2 | Rekrit, 1 — Rekrit, 2
170 128 140 =12
460 15 —~ -

5. Diskussion tler Ergebnisse .

Die Losungen der Frequenzgleichungen haben gezeigt, fiir welche Werte a und C einer An-
fangsstérung eine Ekman‘sche Grenzschichtstromung, charakterisiert durch Re und e, instabil wird.

Der Einfluf der thermischen Schichtung auf das Stabilititsverhalten wird beim Vergleich der Indiffe-
renzkurven aC; = 0 deutlich. Bild 9 zeigt, da bei statisch stabiler Schichtung die kritischen Reynolds-
zahlen zu gréBeren Werten, bei statisch labiler Schichtung zu kleineren Werten von Re verschoben
sind.

Q
- e=14"
10
L ____________._
- =170
- -?ﬂ?ﬂ
j Q
0p I
0 100 200 ) Joo 00 500

——» Re
Bild 9, Indifferenzkurven aCj =0 fiir verschiedene Werte des Schichtungsparameters . (S >0 instabile, S = 0 neutrale
und § <0 stabile Schichtung.)

Fig. 9. Neutral curves &C; = 0 for different values of stratification number S. (S >0 unstable, S = 0 neutral and § <0
stable stratification.)
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Wihrend das Maximum bei & = 0.2 fiir eine statisch stabile Schichtung sehr stark ausgeprigt ist, ver-
schwindet es unter dem Einfluf der thermischen Konvektion.

Anfangsstorungen haben im neutralen und labilen Fall bevorzugt Wellenlingen von L = 12, entsprechend
einem @ = 0.5, im stabilen Fall L = 31, entsprechend a = 0.2.

Fiir die Phasengeschwindigkeiten der Stérungen bei den kritischen Reynoldszahlen ergibt sich folgen-
des Bild:

s -7870 | -1710 0 170 460
C; (x=0.5) 0.020 | 0.016 | 0.0004 -0.0047 -0.040
G (@=10.2) 0.297 | 0.230 | 0.136 0.122 -

Stérungen mit grofien Wellenldngen haben eine weit groBere Phasengeschwindigkeit als solche mit dem
maximalen aC;-Wert. Allgemein nimmt C, (@ = 0.2) mit wachsender Stabilitit der Schichtung zu.
Storungen mit & = 0.5 haben im neutralen Fall die geringste Phasengeschwindigkeit, sie konnen hier
als fast stationir bezeichnet werden. Bei stabiler Schichtung nimmt C, (a = 0.5) zu positiven Werten,
bei labiler Schichtung zu negativen Werten zu. .

Negative Phasengeschwindigkeit bedeutet, daB die Stérungen entgegen der V-Komponente des Grund-
stroms wandern.

Speziell liBt sich zu den einzelnen Ergebnissen sagen:

A. Statisch stabile Schichtung (S < 0)

Mit wachsendem S wird das 2. Maximum bei a = 0.2 stirker ausgepriigt, d.h., bei der kritischen
Reynoldszahl kénnen nur Stérungen mit groBen Wellenlingen auftreten. Die Tendenz der Rechnungen fiir
S=-1710und S =- 7870 14t vermuten, daf fiir ein weiteres Wachsen von S das sekundire Maximum
bei a = 0.5 giinzlich verschwindet. Wie aus der Rechnung fiir variables e zu sehen ist, treten Wirbel mit
grofen Wellenldngen, bzw. kleinen Wellenzahlen, bevorzugt bei negativen Werten von € auf.

Dieses Ergebnis stimmt mit den Untersuchungen von FALLER und KAYLOR (1967) iiberein. Sie er-
halten fiir Re = 600, & = 0.25 und Ra=—2.4 - 10”ein primires Maximum von aC; bei € = + 20° und
ein sekundires Maximum bei € =— 20°, '

Die mit dem sekundiren Maximum verbundene Phasengeschwindigkeit der Stérungen liegt dabei im
Bereich der Phasengeschwindigkeiten fiir interne Schwerewellen. Die Autoren vermuten, dafl das be-
vorzugte Auftreten von Typ II Wirbeln bei statisch stabiler Schichtung moglicherweise auf Resonanzer-
scheinungen mit internen Schwerewellen zuriickzufihren ist.

Die hier durchgefiihrten Untersuchungen geben iiber diese Vermutung keinen Aufschluf, jedoch kénnen
in den Losungen der Frequenzgleichungen bei stabiler Schichtung interne Schwerewellen enthalten
sein. Es ist nicht auszuschliefen, dal Schwerewellen bei dem Entstehungsmechanismus von Stérungen
mit grofer Wellenlinge und groBer Phasengeschwindigkeit, die bevorzugt bei stabilen Verhiltnissen
auftreten, beteiligt sind.

B. Statisch labile Schichtung (S > 0)

Wihrend beim stabilen Fall zusétzlich interne Schwerewellen auftreten kénnen, ist im
labilen Fall eine Kopplung von Konvektionswirbeln mit den Wirbeln, die auf Grund von Schwerungs-
instabilitit entstehen, moglich. Der Einfluf der thermischen Schichtung bedingt, daB die kritischen
Reynoldszahlen kleiner werden, d h., die Grenzschichtstrémung frither instabil wird als im neutralen
Fall.
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Die Kurven «C; = konst. verschieben sich mit wachsendem S zu kleineren Reynoldszahlen, wobei
dieser Effekt bei kleinen aC;-Werten stiirker ist als bei groflen. Quantitativ 1aft sich der unterschied-
liche Einfluf von thermischer Konvektion einerseits und reiner Scherung andererseits auf das In-
stabilwerden der Grenzschicht am besten zeigen, indem man aC;(th) =aC;(S>0)—aC;(5=0)
bildet. Fiir die maximale Wachstumsrate beia = 0.5 und fiir S = 170 und S = 460 wurde aC;(th) als
Funktion von Re in nachfolgender Tabelle dargestellt.

aCi(th)
Re §=170 | S=460

150 0.0026 0.0061
175 0.0019 0.0050
200 0.0014 0.0038
250 0.0009 0.0024
300. 0.0006 0.0018
400 0.0003 0.0009
500 0.0002 0.0006

In Ubereinstimmung mit Ergebnissen von FALLER und KAYLOR wird die durch die thermische
Schichtung bedingt Wachstumsrate a C;(th) mit wachsendem S gréfer und nimmt dabei mit steigen-
der Reynoldszahl stark ab.

Die Stabilitit der Grenzschichtstrémung wird durch thermische Effekte am stirksten bei kleinen
und damit kritischen Reynoldszahlen beeinflufit, wihrend bei groBen Reynoldszahlen Scherungs-
instabilitit wie im neutralen Fall vorherrscht.

Aus den Rechnungen kann allerdings nicht geschlossen werden, ob dieses Verhalten der thermischen
Konvektion direkt zuzuschreiben ist, oder ob das durch sie bedingte Vorhandensein einer labilen
Temperaturschichtung die Grenzschichtstrémung frilher instabil werden lifit.

Obwohl die Rechnungen nur fiir 2 Werte von S durchgefiihrt wurden, kann man annehmen, daf bei
S = 460 thermische Konvektion auftritt. Hier verschwindet nimlich das 2. Maximum beia =0.2, so
daB nur noch eine kritische Wellenzahl & = 0.5 auftritt. Dieser Wert von & stimmt mit der in den-
Arbeiten von AVSEC (1939) und OGURA (1969) erhaltenen Wellenzahl fiir rein thermische Wirbel
iiberein. .

Wegen der Stérungsrechnung geben die vorstehenden Stabilititsuntersuchungen zwar Aufschlu iber
das anfingliche Amplitudenwachstum, sowie Wellenlingen und Phasengeschwindigkeiten beim ersten

Auftreten der Storungen, sie kénnen aber nicht den zeitlichen Ablauf der Wirbelbildung wiedergeben.
Mit diesem Problem haben sich FALLER und KAYLOR niher befafit. J

Die Autoren untersuchen die zeitliche Entwicklung von Stérungen der Ekman‘schen Grenzschicht-
strémung. Als Resultat erhalten sie Stromfunktionen der Stérungen in der Y, Z-Ebene fiir verschie-
dene Zeitintervalle. Im Fall einer labilen Temperaturschichtung mit Re = 300, Ra=10° und € = 14°
bilden sich als Endzustand der Entwicklung Wirbel mit einer Wellenkinge yon L = 12, entsprechend
a = 0.5, und negativer Phasengeschwindigkeit.

Diese, mit einer vllig anderen Untersuchungsmethode gewonnenen Ergebnisse, stimmen mit den
Resultaten der Stabilitdtsrechnungen fiir § > 0 itberein.

Man kann deshalb vermuten, daB die in der Grenzschicht entstehenden Wirbel schliefilich die Ab-
messungen derjenigen Stérungen annehmen, die bei Erreichen der kritischen Reynoldszahl als erste
auftreten, zumal diese Wirbel auch noch die maximale Wachstumsrate besitzen.
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SchluBbemerkung

Um den Rechenaufwand in Grenzen zu halten, wurden in dieser Arbeit keine ausfithrlichen
Untersuchungen fiir variables e durchgefiihrt, so daf nur ein kleiner Teil der méglichen Wirbelbil-
dungen erfaBt wurde. Die hier durchgefiihrten Rechnungen und die Ergebnisse anderer Autoren
zeigen aber, daB zumindest im neutralen und labilen Fall, Stérungen mit « = 0.5 und € = 10°-20°die
maximalen Wachstumsraten besitzen, also fiir Wirbelbildung hauptsichlich verantwortlich sind. Durch
die Festlegung auf € = 14° wurden vor allem Wirbel des Typ I erfafit. Dieser Wirbeltyp scheint die in
der Atmosphire auftretenden Phinomene am besten zu erkliren. BROWN findet fiir die atmosphi-
rische Grenzschicht D-Werte von 200—400 m, was mit a = 0.5 eine Wellenlinge von 2,4—4,8 km fiir
Lingswirbel ergibt. Dieser Wert stimmt mit den gemessenen Abstiinden der Wolkenstrafien gut iiber-
ein.

Bei stabiler Schichtung scheinen Wirbel des Typ II fiir vertikale Transporte hauptsichlich in Frage zu
kommen. Fiir eine genauere Kldrung dieser Frage sind noch weitere Untersuchungen fiir verschiedene
Wertekombinationen von S und e erforderlich.
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7. Anhang

Numerische Losung der Stabilititsgleichungen
Die Z-Koordinate wird, wie in Kapitel 3 dargestellt, in diskrete Intervalle der Linge A unterteilt. An
Stelle der Differentiale werden zentrierte Differenzen eingefihrt. Die Umwandlung erfolgt durch folgende
Beziehungen, wobei die Vertikalableitungen wieder durch einen Punkt bezeichnet werden.

p=081p, $=08zp, $=04yp (A1)
Dabei bedeutet:

siv=k [ofe-3)oleed]

5:'.0"'“ [0 (Z~ )= 20(Z) +p(Z + A)] - (A2b)

Bup =3 [W(Z~28)~49(Z~ 8) + 69(2) - 49(Z+ &) + 6(Z + 20)) (A2¢)

Anden Stellen Z=(n— %}A firn=1,2,...N, an denen ¢ nicht definiert ist, wird ein Mittelwert ¢
verwendet, :

on=toz-4)roa+s)) (A3)

In den mit dem relativ grolen Parameter a Re multiplizierten Termen der Stabilititsgleichungen werden
fir die Differenzenbildung Mehrstellenformeln verwendet. Diese erhohen die Ordnung des Gleichungs-
systems nicht, reduzieren aber betrichtlich anfallende Rundungsfehler. Sie lauten fiir die 2. Ableitung

ﬂ.:
p= (5: -5 54)'.0 (Ada)

und fiir die Mittelbildung

wm-(———ﬁ) (z——)-r (z+ , _ (Adb)
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Analog werden Differenzenformeln fiir 4 und o gebildet. Setzt man die so erhaltenen Beziehungen zwi-
schen Differentialen und Differenzen in die Stabilititsgleichungen (16a)—(16c) ein, so erhilt man das
folgende System von Differenzengleichungen:

— 2 s
(64 — 2025, +o*) 9 it Re[(v— C)(a, —f‘—z—f)gp—w}

K
+ie2un, +281n+ia%(am_—%5, am) =0 _ (A5a)
— Fe ﬂz
(82 -0 u~ia Re [(V-C)u + Ulgm = G 82 vm) | ~ia 20 21020 (ASb)
— N ﬂi .
(5, —a*)o—iaRe [(V- C)o +'8(qpm ~5 82¢m ):r =0 (A5c)

Die Randbedingungen lauten in Differenzenschreibweise:

Z=0 :¢=8¢n=Um =0,=0 (A6a)
Z=NA : ¢ =8¢ =8u=25,0=0 (Aé6b)

Die Umwandlung des Differentialgleichungssystems in ein System gekoppelter linearer Gleichungen
fiilhrt, wie in Kapitel 3 beschrieben, auf ein Matrixeigenwertproblem, das nach einem Verfahren von
MARTIN und WILKINSON (1968) gelost wurde.
Die Genauigkeit der gefundenen Eigenwerte hingt im wesentlichen von der Intervalldistanz A und von
der Grenzschichthéhe NA ab. Bei konstantem N und A wire bei kleinen Wellenlingen der Stérungen die
Maschenweite zu groB, wihrend bei grofen Wellenlingen die Hohe N A zu gering wire.
Es wurde daher bei festem N = 20 ein variables A gewihlt, fiir das LILLY (1966) eine empirische Formel
angibt. .

A=—— (A7)

vV Na

Die Formel bewirkt, dafl bei wachsender Wellenlinge A und damit NA grofer wird.
Obwohl die wegen der Speicherkapazitit der Rechenanlage begrenzte Anzahl der Intervalle von 20 gering
erscheint, ist die Ubereinstimmung mit den Werten von LILLY, der 35 Intervalle verwendete, recht gut.
Eine VergroBerung der Intervallzahl wird sicher eine Verbesserung der einzelnen aC; Werte bringen, die
allgemeine Tendenz der Ergebnisse wird aber erhalten bleiben.
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CHAPTER 7

The Dispersion of Windborne
Material in the Planetary
Boundary Layer

In recent years the efforts at environmental protection
have pushed forward the investigations of the turbulent dif-
fusion in the atmospheric boundary layer; the turbulent dif-
fusion from an isolated continuous point source as well as
that from multiple sources (urban pollution) is studied; A
great many papers appeared on this topic and their number is
still increasing every year.

In this chapter, however, the reproduced papers are re-
stricted to speciallaspects of the turbulent diffusion. As
mentioned in the foreword, this chapter is concerned with
such problems of the dispersion of material, in which para-
meters of the planetary boundary layer are involved.

In almost all diffusion formulae the assumption has
been made that the mean wind does not vary with height and
that the turbulent diffusion coefficients ks,y and ks,z
(or in the statistical theory expressed by c& and o, )
are independent on z . Very few attempts only have been ma-
de to take into account a vertical wind profile and a verti-
cal profile of the diffusion coefficient. Such theories are
restricted to the surface layer; they may be sufficient, if
the source is located at the ground or has a low elevation
only. For very elevated sources (e.g. tall stacks with a
large over-rise of the plume) the turning of the mean wind
with height and the vertical profile of the diffusion coef-
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ficient (with a maximum) should be taken into consideration,

For this purpose it may be advantageous to make use of
some results of the theory of the PBL: if correctly nondimen-
sionalized, the vertical profiles of the eddy diffusion co-
efficient km and of the velocity defect are universal.
These profiles should be applied in the diffusion theory.

The first of the reproduced papers attempts such an ap-
plication. Unfortunately, the resulting field of the mean
concentration S of the dispersed material is not univer-
sal, although it is non-dimepsionalized correctly. This is .
due to the fact that the mean velocity W has not a univer-
sal profile but only the shear d\W/dZ or the defect Wb‘Wé-
Therefore the non-dimensional concentration field remains
depending on external parameters, expressed by the nondimen-
sional roughness-length Zo . This, of course, enables to
take into account the surface roughness of the area over
which the diffusion takes place.

The second paper studies the difference in the maximum con-
centration amax at the ground when either a PBL-model is
applied or a time-dependent boundary layer model. For this
in both cases are formed vertical averages of the mean'wind
velocity and of the turbulent diffusion coefficients; these
averages are inserted in the common diffusion formula.

In the third paper, finally, should those meteorological pa-
rameters be found, which are relevant in a statistical ana-
lysis of air quality data. Here again use is made of the
Rossby-number similarity in the PBL.

It is believed that there are many points beside these
three examples where the results of the PBL-theory can be
applied to problems of the turbulent diffusion and that im-
provement can be achieved by that.
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A PERSPECTIVE FOR A ROUTINE PREDICTION OF
CONCENTRATION PATTERNS

F. WipPERMANN and D. YORDANOV*
Department of Meteorology, Technical University Darmstadt, Germany

(First received 27 January 1972 and in final form 10 May 1972)

Abstract—A method by which it should be possible to predict the steady-state concentration
pattern in the lee of one (or more) point sources is suggested. The height and strength of the
sources, together with some characteristic parameters for the area over which the diffusion
takes place (e.g. the roughness-length and the Coriolis parameter) must be given. If in addition
some parameters which are important for the planetary boundary layer (PBL) can be predicted
by the methods of numerical weather forecast, corresponding internal parameters for the PBL
can be computed. Provided that the actual atmospheric boundary layer can be considered as
a PBL (e.g. horizontal homogeneity and a steady state exists), these internal parameters deter-
mine completely the turbulent state in the PBL and therefore the turbulent diffusion in the
PBL; that means the predicted concentration pattern depends on these (predicted) internal
PBL parameters only. To each set of (predicted) internal PBL parameters belongs one and only
one (predicted) concentration field. In order to get the latter a relationship between both has
still to be established, either by measurements or by a numerical solution of the three-dimen-
sional diffusion equation. Both aspects are discussed. In the final section those parameters are

discussed which should be used as independent variables in evaluating long term measure-
ments of concentrations at a fixed point.

Zusammenfassung—Es wird ein Verfahren beschricben, welches es gestattet, die stationire
Konzentrationsverteilung im Lee einer (oder mehrerer) Punktquellen vorherzusagen, fiir welche
die jeweilige Hohe und die Quellstirke gegeben sind. Weiterhin miissen einige fiir das Aus-
breitungsgelinde charakteristische Parameter gegeben sein wie z.B. die Rauhigkeitslinge und
der Coriolisparameter. Wenn zusitzlich noch einige fiir die planetarische Grenzschicht (PBL)
wichtige Parameter mit den Methoden der numerischen Wettervorhersage vorausberechnet
werden, lassen sich (vorhergesagte) sogenannte innere Parameter fiir die PBL berechnen. Wenn
man fiir die aktuelle atmosphérische Grenzschicht die Voraussetzungen der PBL (Station-
aritdt und horizontale Homogenitit) gelten ldBbt, dann bestimmen diese inneren Parameter
eindeutig den Turbulenzzustand der Grenzschicht und damit auch die turbulente Diffusion
in ihr; d.h. die vorhergesagte Konzentrationsverteilung hiingt nur von diesen (vorhergesagten)
inneren Parametern der PBL ab. Zu jeder Kombination von vorhergesagten inneren Parame-
tern der PBL gehdrt eine und nur eine (vorhergesagte) Konzentrationsverteilung. Um letztere
zu erhalten, muB allerdings noch eine Bezichung zwischen beiden hergestellt werden; dies kann
entweder durch Messungen oder durch eine numerische Losung der dreidimensionalen
Diffusionsgleichung erreicht werden. Beide Moglichkeiten werden erdrtert, In einem letzten
Abschnitt werden diejenigen Parameter eriéirtert, welche als unabhingige Variable benutzt
werden sollten, wenn man tiber lingere Zeit reichende Messungen der Konzentration an einer
festen Station auswerten will.

NOMENCLATURE
Qo (knlkmo
b strength of the source [gs~!]
C, w+/( | ¥4 | Jo Geostrophic drag coefficient
Cn 8 4/{d(z;) — #(zo)} Thermal drag coefficient
f 2 2sin ¢ Coriolis parameter
4 acceleration of gravity
H ku'o/f Internal scale height of the PBL
k unit vector in the vertical direction (z-coordinate)

* On leave from the Bulgarean Academy of Science, Department of Geophysics, Sofia, on a fellow-
ship by the A. von Humboldt-Foundation.

AE. 6/12—a



- 302 -

F. WirpERMANN and D. YorpaNOV

K eddy viscosity

ky turbulent diffusion coefficient for heat

K. kmf(c® u2/f) nondimensional eddy viscosity

K., K,, K, nondimensional diffusion coefficients

L. —c, pP ud/(x g go) Monin-Obukhov stability length

M, (g, As, A;) Universal function in the resistance law
M, (u, A., A,) Universal function in the resistance law
N(g, As, A,)  Universal function in the resistance law
PBL Planetary Boundary Layer

P w(d — wuy)/u+ nondimensional velocity defect in the x-direction

Q k(6 — v,)/u+ nondimensional velocity defect in the y-direction

Rog | %4 | o/(f 2o) surface Rossby number

8 mean concentration [g cm™?]

S § 23/(b f*) nondimensional mean concentration

i mean wind velocity in the x-direction

Iy geostrophic wind in the x-direction

U friction velocity

] mean wind velocity in the y-direction

by geostrophic wind in the y-direction

¥ vector of the geostrophic wind velocity

x° unit vector in the direction of the surface stress

X = x/H. Y = y/H nondimensional horizontal coordinates

z vertical coordinate

Zo roughness-length

4 approximative height of the PBL

Z z/H nondimensional vertical coordinate

Zy 2/ H nondimensional height of the point source

Zg zo/H nondimensional roughness-length

ag cross-isobar angle (between ¥,, and the surface stress)

s 2f dVfdze (V,0)° external parameters for the

Ny x?[fd¥y/dz+ [k X (¥,0)°] S baroclinicity (x* has the direction of ¥,0)
v time averaged potential temperature

g reference value of the potential temperature (average over the whole PBL)
#. . —gol(keppus) characteristic potential temperature

K 0-4 von Karmans constant

As «?[f dd,/dz internal parameters for the

A, w?[f db,/dz baroclinicity

" HJL . internal parameter for the thermal stratification

a x2g{3(z,) — B (20)} (3 f | %40 | ) external parameter for thermal stratification

1. INTRODUCTION

THE PLANETARY boundary layer (PBL) is defined as a steady state and horizontally
homogeneous boundary layer of the atmosphere. In recent years our knowledge of
the PBL has grown considerably and the authors believe that one is now able to
predict the vertical profiles of the wind and of the eddy viscosity in the whole PBL,
if the values of some external PBL-parameters can be predicted. These external para-
meters may now be calculated by the methods of numerical weather prediction (NWP)
on a routine basis.

The vertical profiles of wind and of the diffusion coefficients appear in the diffusion
equation as variable coefficients, they determine the concentration pattern in the lee
of a continuous point source, if stationarity can be assumed. Therefore the concentra-
tion patterns can be predicted by solving this equation, in which the predicted profiles
of wind and of the eddy viscosity (for the coefficient of turbulent diffusion of matter)
have been used. It will be demonstrated, that the concentration pattern depends on
five parameters only, namely on the height of the point source, on the roughness—
length, on an (internal) parameter for the thermal stratification and on two (internal)
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parameters for the baroclinicity. For each possible set of these five parameters the
diffusion equation has to be solved (only) once in order to be able to apply the method
proposed here.

By a simple superposition one is also able to compute the concentration pattern
caused by multiple sources.

Any prediction of the concentration patterns will apply to that time for which the
external parameters have been determined by NWP: At that time, of course, station-
arity has to be assumed; any variation with time, for instance the daily variation, has
to be understood as a sequence of different steady states.

The procedure described in the following sections remains in part empirical; never-
theless the authors believe that it will be superior to the present procedures, which
apply classifications of dispersion types and make a much larger use of empiricism.

2. THE PROPOSED METHOD

The method of calculation follows the flow-diagram shown in F1G. 1. It gives the
sequence of steps (solid lines with arrows), which have to be followed in order to
obtain the concentration pattern S(X,Y,Z).

In this section a description of each step is given.

The parameters which have to be given are listed on the left-hand side of the
diagram. There are three kinds of parameters, namely the local ones, the technical
ones and the flow parameters predicted by NWP. The first category include the
acceleration of gravity g, the Coriolis parameter f = 2@ sin (¢) (2 = 7-29 10=° s~*

Given

local
parameters External PBL Internal PBL
parameters parameters
Predicted
by numerical @
weather forecast __@.ﬁ___
e Ay
2
(W]
Given technical
parameters 4

- 95 . d
(P-M\,2) 92 oW, 2) a—fin(x@gf.,
—--”*@‘ g (K,%f)'«im;ash-a—(x, Z)I

X=0:5:8(2-2,7) :
X—*ws5—0,Yy—%o 50
Z:2y:K, 95, 2—®» S—0

Hs[x. Y, Z, 2250 RN, )

L

Fic. 1. A flow-diagram showing a sequence of steps to be done in order to predict concentra-
tion patterns by the proposed method. (The steps are described in section 2).
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speed of rotation of the earth, ¢ the geographical latitude), a reference potential
temperature & (for example the potential temperature averaged over the whole PBL)
and the roughness-length. z,. This length must be determined once for each site by
conventional methods (e.g. measurements of the wind profile in the surface layer for
neutral stratification); if z, varies with the wind direction it has to be determined for
different sectors, if it varies with the cycle of vegetation it has to be determined for
different seasons too.

The technical parameters are the height z, of the point source and the strength b
[g =] of this continuous source. In the case of a source of hot gases the height z,
must be replaced by the effective height z, ., which consists of z, and the rise A z, of
the plume. Az, can be computed by one of the numerous formulae, in which of course
the quantities have to be made nondimensional in the same way as described later.

The third category of input parameters contains the predicted flow parameters;
they can be obtained by NWP. These comprise the geostrophic wind and the potential
temperature on the lower and on the upper border of the PBL. In most cases the upper
border z; will not coincide with that level next to the ground (z,), for which the NWP-
model predicts the flow parameters. The difference in height between this level and
the upper border z; of the PBL depends on the surface Rossby number Ro, =

| %50 | /(f2o), which is available.* In the case of no coincidence the values at z, have
to be inter- or extrapolated from the values at the lowest levels of the NWP-model.
The potential temperatures & (z,) and & (z,) as well as the geostrophic winds ¥.(z4)
and 9,(z,) are representative of an area of about 300 x 300 km?2, since the usual grid
size in the present NWP-models is about 300 km. Of course, meteorologists are
developing so-called nesting-models, which allow reduction of the grid size to about
50 km over a restricted area. Applying such a NWP-model the predicted flow para-
meters would be representative of an area of about 50 X 50 km.? This is almost the
scale needed for diffusion processes. It should be mentioned, that the roughness-
length z, should not be representative of the area of about 50 x 50 km?, but rather
for the site where the concentration patterns are to be determined.

Step 1. From the given parameters mentioned before one has to form the surface
Rossby number

Rog = | V50 | [(f20), (1
the external parameter for the thermal stratification
o = kg {Hzy) — F @)Y | 950 | ) (2)
and two external parameters for the baroclinicity
e = K2[fd,ldz. (7,0)° (3a)
e = k2[fd¥[dz. [k X (3,0)°] (3b)
where the vertical shear of the geostrophic wind is approximated by
d¥,/dz = {V,(z,) — ¥,(z0)}/z, 4)

* Actually the difference between z, and the lowest level in the NWP-model depends also on an
internal parameter for the thermal stratification and on two internal parameters for the baro-
clinicity. However this dependence can be obtained iteratively only, since these parameters are not
known in advance. For the purpose of an application of the method to be described it may be suffi-
cient to consider the dependence on Rog only.
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« is the Karman constant. Now these external parameters (2, 3a and 3b) have to be
converted into the corresponding internal parameters, namely into an internal
parameter p for the thermal stratification

p=HL. or p=x>gd.,)(ffu.) (5)
and into two internal parameters for the baroclinicity
A, = k*fd¥,/dz.x° (6a)
A, = k2[fd 9,/dz. [k X x°] _ (6b)
where
H=xulf | (7)
is the internal scale height of the PBL, u . the friction velocity and
Lo=—c¢,p8ud/(cgqo) ®
the Monin-Obukhov stability-length.
0= —gof(x c, pu) OR

is a characteristic potential temperature describing the turbulent heat flux g, at the
ground. x° is the unit vector in the direction of the surface stress. The angle between
this direction and the direction of the geostrophic wind at the ground is the so-called
cross-isobar angle a,.

The next two steps provide the conversion from the external into the internal
parameters. .

Steps 11 and 1II. The relation between the external parameter o for the thermal
stratification and the internal parameter p for it can be written

plo = k Cy/C, ' (10)
where
Co=ud | V50 | (11)
is the geostrophic drag coefficient and
Con =34/ {¥(z1) — 9(z0)} (12)

is the thermal drag coefficient. Unfortunately C, and C,, are not yet known but they
can be obtained from the (predicted) inputparameters by applying the resistance laws
for a PBL (see YORDANOV and WIPPERMANN, 1972):

«[Cg sin( | a9 | ) = N(p, A, ')‘y) | (13a)
" In(Rog C,;) — «/C, cos(ag) = M,(p, A, A) (13b)
In(Rog C,) — @uo/Cin = My(pt, As, A,). ' (13¢)

These resistance laws permit computation of C,, C; and a, for a given Ro,. Of course,
the functions N(u, A,, A,), M, (1, A, A,) and M,(g, A,, A)) have to be known, they can
be determined only by measurements or for special models of the PBL. Evaluations
of measurements in order to obtain N, M,, and M, have been reported by MoNIN
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and ZILITINKEVICH (1967) and by CLARKE (1970, a); unfortunately the baroclinicity
has been disregarded in these evaluations. ZILITINKEVICH (1970), FIEDLER (1972) and
WIPPERMANN (1972) have computed N and M,, by using models of the PBL; almost
all of these computations are restricted to barotropic conditions. Nevertheless further
research work on the PBL will provide us in the future with a satisfying knowledge
of the functions N, M,, and M,, so that an application of the resistance laws will be
possible in order to obtain C,, Cy; and a, also in baroclinic conditions.

However, the resistance laws can be applied only if the internal parameters g, A,
and A, are already known. In steps II and III the laws are applied in order to obtain
C,, C,, and a, and to use these in equation (10) for obtaining p, which itself is needed
for an application of the resistance laws. That means the procedure of conversion of «
into p has to be applied iteratively. ZiLITINKEVICH (1970) gives a preliminary diagram
for this conversion, the construction of the diagram is based on the O’Neill data. In
order to obtain a more correct conversion diagram, which takes into account the
baroclinicities too, much more precise measurements are needed. Nevertheless
correct conversion diagrams should be available in a not too far future.

The iterative procedure of the construction of a conversion diagram has also to
include the parameters of baroclinicity, for which the same difficulties arise. For the
conversion of the (predicted) external parameters 7, . and 7, . into the needed internal
parameters and A, and A, of the baroclinicity the following formulae should be applied

Ar = 7e s €08(ag) — 7y e sin( | oo |) (15a)
A, = neesin( | ap | ) + 7, . cos(ap). (15b)

That means that the cross-isobar angle a4 has to be already known; but it is obtained
by an application of the resistance law (13a, 13b) for which A, and A, itself already have
to be known. Again the determination has to be done iteratively. At the present time
a diagram for the conversion of external into internal parameters of baroclinicity is
not yet available, but certainly it will be available in the future.

It should be noticed that the construction of such conversion diagrams or conversion
tables has to be done only once; they will be used then in the procedure to predict
the concentration patterns in steps II and III.

Step IV. When the internal parameters p, A, and A, are obtained one has to find the
values of N and M,, belonging to these parameters. For this purpose the evaluations
of datas or the results of numerical computations with PBL-models will be used
which have been mentioned in the steps II and III; of course, these sets of measure-
ments as well as the mentioned BPL-models have to be improved considerably.

Step V. With the value of Ro, obtained by step I and with the values of N and M,,
obtained by step IV the geostrophic drag coefficient C, and the cross-isobar angle a,
will be computed by using the resistance law (13a, 13b).

Step VI and VII. With the cross-isobar angle e, obtained by step V and with ¥,
as predicted by NWP the x-direction of the coordinate system (= direction of the
surface stress) can be fixed. The unit vector in this direction is x°. Furthermore, with
the geostrophic drag coefficient C, also obtained by step V and with ¥,, the friction
velocity u . can be obtained. With this friction velocity and with the Coriolis parameter
f the internal scale height H of the PBL can be formed according to equation (3).

Step VIII. The internal scale height H of the PBL as obtained by step VII is used
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in order to non-dimensionalize the three coordinates as well as the height of the point
source and the roughness-length:

X =xIH Y=y/H (16a)
Z =z|H Z, = z,/H Z, = zp/H. (16b)

Step IX. The mean concentration § [g cm™?] is made dimensionless by us:ng the
strength b [g s~ !] of the source

= $2°/(bf) | (17)

3. THE CONCENTRATION PATTERNS

In the assumed conditions (steady state and horizontally homogeneous) for one
set of the four parameters Z,, p, A, A, there is one and only one set of the statistical
characteristics of the turbulence in the PBL. That means that for one set of these four
parameters the turbulent state of the PBL is completely determined and therefore also
the turbulent diffusion in the PBL is completely determined. It follows that also the
field of the nondimensional concentration S in the lee of one (or more) point source(s)
must be determined completely (in the nondimensional coordinates X, Y and Z) if
an additional fifth, sixth or more parameter(s) is (are) given, namely the nondimen-
sional height(s) of the point source(s) Z,.

Actually the problem would be solved, if for each possible set of these five para-
meters the concentration field S(X,Y,Z) were measured in diffusion experiments; in
this way S(X, Y,Z,Z,,Zq,p,A,A,) would be obtained, which is the final box in the flow
diagram FIG. 1.

However, it is quite unrealistic to expect the problem to be solved in this way.
Although for each set of these five parameters only one diffusion experiment with
measurements has to be made there are too many possible sets of these parameters
and also too many difficulties since the actual boundary layer during a diffusion
experiment does not satisfy the conditions of a PBL (stationary and horizontal homo-
geneity). Even if one assumes that for a practical application measurements in only
one level z,, close to the ground may be satisfying, there are still too many measure-
ments required. Therefore some other way must be chosen to obtain S(X, Y¥,Z,Z,,Z,,
1,A54,). A possible way seems to be a numerical solution of the steady state three-
dimensional diffusion equation, in which the velocities and the diffusion coefficients
are consistent with the conditions in the PBL. Such an approach is represented in the
- flow diagram Fi1G. 1 by those boxes, which are connected by broken lines with arrows;
it will be discussed in the section V.

Diffusion experiments cannot be carried out for each possible set of the five para-
meters Z,, Zo, i, Ay, A, but only for very few of the possible combinations of these para-
meters; such measurements can be used to verify the S(X, ¥,Z,Z,,Zo,1,A,A,) obtained in
other ways. If diffusion experiments are carried out for this purpose they have to
include, of course, measurements which allow to determine z, of the site as well as
the meteorological parameters g, A,, A, and H; the latter will be used to nondimen-
sionalize the x, y, z, z, and z,.

The five parameters Z,, Z,, p, A,, A, are a minimum of the parameters to be con-
sidered, except one assumes barotropy (A, = A, = 0). In more realistic conditions
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other parameters have to be added, for instance for the absorption of diffusing gases
at the ground or for a loss of diffusing gases by chemical reactions.

It should be noted that diagrams are available (ZILITINKEVICH, 1970; CLARKE,
1970b), which allow (at least in the barotropic case) to obtain C, and a, for given o
and Ro,. Although these diagrams combine the steps II, III, IV and V to one step
they cannot be applied in the proposed procedure, since finally also g, A,, A, are
needed and therefore the steps II and III cannot be done together with steps IVand V.

4. THE USE OF THE DIFFUSION EQUATION

As mentioned before a possible way to obtain S(X, Y,Z,Z,,Z,,u,A,,A,) is a numerical
solution of the three-dimensional diffusion equation.

as 0§ i ds d a8 Fij as
i — b — = — 4k, — — 3k, — — {1k, — 18
u3x+ dy Bx{ 3x}+5y{y3y}+ﬁz{,é‘z} (182)

which is in non-dimensional notation

(P-—M,,.+A,ZJj—‘;—P(QHN-;-A,,Z)g—m(KZO)g;:
- (18b)
a8 oS
=< e 5t 50 )+ e 2l
In this notation are

P=x(i—d)u. Q=x(®—9)u. (19a, b)

the non-dimensional velocity defects and
K, =k /(*ullf) K, = k,J(2ullf) K, = k,)(Pul]f) (20a, b)

the non-dimensional coefficients of turbulent diffusion. In the PBL exists for Z > Z,
Rossby number similarity (see WIPPERMANN and YORDANOV, 1972a), which means
that P, O, M,, and N as well as the turbulent diffusion coefficients K, K,, K (if they
are proportional to the eddy viscosity K,,) are universal functions of g, A,, A, and (for
the vertical profiles) of Z only.

In FiGs. 2 and 3 such universal profiles are shown of the eddy viscosity K,, and of
the velocity defects P and Q. In FIG. 2 datas (dots) are given from the Leipzig wind
profile, which probably resembles a barotropic and near-adiabatic case; in FiG. 3
the data from the profile Helgoland II are plotted valid for an unstable stratification
and a moderate baroclinicity (cold air advection). In both figures the observations
are compared with the universal profiles (solid lines) computed with the aid of a model
for the PBL (see WIPPERMANN, 1972). In this model the parameter for the thermal
stratification is L., the non-dimensional asymptotic mixing-length; an empirical
relationship between L, and p has been found.

Incidentally, it may be mentioned, that the vertical profiles of the turbulent diffusion
coefficient K,, can be ‘modified considerably by baroclinic effects. FIG. 3 gives an
example showing a reduction of the diffusion coefficients to 3, the minimum occurs
at Z = 0-35 which corresponds to z = 325 m in this case. A more detailed description
of such minima in the vertical profiles of the turbulent diffusion coefficients are
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FiG. 2. Universal vertical profiles of the eddy viscosity K., and the velocity defects P and Q for .
a probably barotropic and near-neutral case.
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FiG. 3. Universal vertical profiles of the eddy viscosity K, and the velocity defects P and Q for
a baroclinic (cold air advection) and unstable case. In the profile K,(Z) appears a minimum
caused by the baroclinicity.
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discussed in another paper, WIPPERMANN and YORDANOV (1972b); this paper also
contains citations of the sources of data. Such layers with a reduced diffusion
coefficient may be important for the diffusion of noxious gases emitted from tall stacks.

The last term on the left-hand side of equation (18b) contains the non-dimensional
roughness-length Z,, which is by definition, see (16b),

Zo = (x C, Rog)~". Q1)

It is the only term which depends on the surface Rossby number, With regard to this
term the resulting concentration patterns will also depend on the surface Rossby
number and therefore not obey Rossby number similarity.

The following steps have to be done in order to obtain S(X, Y,Z,Z,,Z,u,A;,A,) as
a solution of the diffusion equation (18b) with the boundary conditions given in the
flow diagram FiG. 1.

Step 1V. To each set of the three internal parameters p, A, and A, belong not only
the values of the two functions M, and N but also the three universal profiles K,(Z),
P(Z) and Q(Z), for which examples are given in FiGs. 2 and 3. These universal profiles
can be obtained only by measurements or in an approximative form by models of
the PBL. At the present time the measurements of the structure of the PBL are still
too rare and too deficient to obtain these profiles in a satisfying form. Therefore such
profiles must be used, which are obtained by numerical integrations of the equations
of a PBL-model. Such integrations are described by WIPPERMANN (1972).

Step X. The turbulent diffusion coefficients K, K,, K, in equation (18b) are those
for matter, they are not identical with the turbulent diffusion coefficient for momentum
K, i.e. with the eddy viscosity. Since profiles K,(Z), K,(Z) and K,(Z) are not known it
seems reasonable to use K,,(Z) instead of these. This may be justified most easily for the
coefficient K,(Z). For the two others it is proposed to put K(Z) = K,(Z) = ¢ K(Z),
where the factor of proportionality ¢ must be determined empirically.

At some time or other in the future vertical profiles K,(Z) will be available, where
K, is the turbulent diffusion coefficient for heat. At that time, K,(Z) should be put
equal to K,(Z) instead to K,(Z).

A disadvantage of the proposed use of the diffusion equation would be that the
increase of the turbulent diffusion coefficients with travel time would not be considered.
To overcome this disadvantage the turbulent diffusion coefficients should depend also
on a nondimensional travel time [(X2 4+ Y?)/{(P — M,, + \.Z — 1n(xZy))* + (Q —
© N+ AZ)?}]'/? until they reach their asymptotic value. Of course, this dependence,
which is different for K, and K, (or K,), is determined by the parameters Zo, y, A,
and A,, it varies with Z. Since one is not able at the present time to get this dependence
by theoretical reasoning one should attempt to obtain it empirically.

Step XI. Several difficulties will arise in attempting to solve the diffusion equation
(18b) numerically, some of them should be listed here:

(a) A numerical solution could be easier obtained when the equation would be
parabolic. In order to have a parabolic type of equation the turbulent diffusion in
the direction of the mean wind has to be neglected (compared with the turbulent
advection in this direction) as it is done usually. But by using the universal profiles for
the wind velocity (with vanishing ¥ at Z = Z;) such an assumption is no longer
~ justified in the lowest part of the PBL.

(b) The boundary conditions for X - + o0, ¥ - 4- 00, Z -+ + oo cannot be
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applied in a numerical solving procedure, since only a finite volume can be considered
in which the diffusion takes place. That means that at the border of this finite volume
new artificial boundary conditions have to be defined.

(c) The d-function in the boundary condition at X = 0 cannot be handled in a
numerical scheme; the point source at X = 0 has to be replaced by an equivalent
area-source in the (¥,Z)-plane at X = a AX.

(d) Since after discretization Z, <€ AZ (with AZ the grid size in the vertical direc-
tion) it is probably necessary to use a logarithmic vertical coordinate in the lowest
part of the PBL and a linear one in the upper part.

If one overcomes these difficulties equation (18b) can be solved by applying an
appropriate numerical solving procedure, the solution S(X,Y,Z,Z;,Zy,p1,AA,) will
be obtained. _

For a routine prediction of concentration patterns this solution must be available
for each possible set of the five parameters Z,, Z,, g, A,, A,. That means many inte-
grations have to be carried out; nevertheless, it is believed that in this way the problem
can be solved easier than by a very large number of diffusion experiments as described
in the preceding section.

If an approximative solution is satisfactory the diffusion equation (18b) may be
simplified by additional assumptions, for instance by the restriction to barotropic
cases (justified for sources at the ground or with small z,) or by the use of Gaussean
distributions in the lateral direction.

5. STATISTICAL EVALUATION OF CONCENTRATION MEASUREMENTS

Today many measurements of concentration are carried out at many places in the
industrial countries. The evaluations of these measurements are as different as the
places are, mostly the concentrations are considered as depending on the surface wind
(speed and direction) and on.the surface temperature. These three parameters are not
able to describe completely the turbulent state of the PBL and therefore the diffusion
conditions in the PBL. One has a similar situation with the so-called diffusion cate-
gories as introduced by PasqQuiLL (1961).

For continuous recording of the concentration of a specific gas at a fixed point the
sources causing this concentration are not known. If one assumes that the positions
and the strengths of the sources are constant with time, the concentration at the point
under consideration must depend only on the external parameters as given in the
flow-diagram of TABLE 1. These parameters determine the turbulent state of the PBL-
completely and therefore also the turbulent diffusion in the PBL. That means it is
recommended to evaluate such measurements as

5/3, depending on Roy, (¥50)°; 0, 7xe; Nye.

The non-dimensional concentration §/$,, should not be mixed up with the non-
dimensional concentration S = §/(b f°/g?); the former one is non-dimensionalized
by a mean concentration §, measured at the point. (¥,,)° is the unit vector of the
geostrophic wind at the ground. The external parameters are defined in the equations
(1, 2, 3a and 3b), they can be obtained from the parameters g, &, f, z, given for the
fixed point and from the parameters 9,(z,), 9,(20), #(z;) and §(z,) computed by a
NWP-model for the time of the concentration measurement.
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If one neglects the baroclinicity 7, s, 7, « as a first approximation there are only three
parameters left, on which §/§, will depend:

flrjm =f(R0|}! (?gﬂ)ur o)' (22)

This is the same number of parameters for which evaluations of concentration measure-
ments are made usually, namely for the speed and the direction of the surface wind
and for the surface temperature. These latter parameters are chosen arbitrarily or
conditioned by the possibilities of measurements; they do not describe the turbulent
state of the PBL completely and therefore also not the turbulent diffusion. For that
reason it seems to be more logical to evaluate measurements of concentrations at a
fixed point as depending on the three external parameters given in (22).
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IN this paper the concentration § [g cm™~3] has been non-dimensionalized arbitrarily,
see equation (17) by

S = 5¢°/(f*)

where g is the acceleration of gravity, f the Coriolis parameter and & the strength
[g sec™!] of the source. However, the equation of continuity in the stationary case

j f @§dydz=>b
tells, how the concentration has to be non-dimensionalized, namely
S = § xu,Y/(bf?)

with « the Karman constant and u,, the friction velocity. This should be used instead
in equation (17); results and conclusions remain unaffected by this change.
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Ein Vergleich zeitlich verinderlicher Konzentrationen
von Luftbeimengungen mit denjenigen der entsprechenden

stationdiren Fille

F. WIPPERMANN

Technische Hochschule Darmstadt

Zusammenfasming, In den derzeitigen Modellen zur quantita-
tiven Erfassung der Ausbreitung luftfremder Stoffe werden
die Ausbreitungsbedingungen nach Klassen (im wesentli-
chen der thermischen Schichtung entsprechend) eingeord-
net; zu jeder Klasse kennt man empirisch gewonnene Dif-
fusionsparameter, Fiir jede Klasse mull man den Ausbrei-
tungsvorgang als einen stationiren Vorgang ansehen, es
wirg nicht unterschieden, ob und in welchem zeitlichen
Abstand der betrachteten Ausbreitungsklasse eine solche
mit stabilerer oder mit weniger stabiler %::hichtung vorange-

gen ist. In Wirklichkeit hingen die zu einer Ausbreitungs-
Ela:'.se gehorenden Diffusionsparameter nimlich sehr merk-
lich von der ,Vorgeschichte™ ab; es wird gezeigt, dall an
einem normalen Strahlungstag der turbulente Diffusions-
kocffizient sich fiir eine Ausbreitungsklasse maximal um den
Faktor 2 unterscheiden kann, je nachdem ob die zeitlich
vorangehende Klasse eine stabilere oder weniger stabile
Schichtung aufwies. Der tigliche Gang der relevanten meteo-
rologischen Parameter wird durch die numerische Integra-
tion eines zeitabhingigen Grenzschichtmodelles echalten,
fiir welches als Input der Tagesgang der thermischen Schich-
tung vorgegeben wird, Die Ergebnisse werden nach einer
vertikalen Mittelbildung auf die Maximalkonzentration (am
Boden) eines sich von einer kontinuierlichen Punktquelle
ausbreitenden luftfremden Stoffes und auf die Quellentfer-
nung dieser Maximalkonzentration angewandt.

Summary. In the present models for the turbulent diffusion
of polluting material “dispersion categories™ are used which
vary mainly with the thermal stratification. For each of these
categories diffusion parameters are known which have been
obtained empirically. For each category the process of dis-

ersion has to be considered as a stationary one; neither the
influence of the category preceding in time is considered nor
the time, in which the change from one category to another
takes place, In reality the diffusion parameters of any of these
categories depend on the “history” of the considered cate-
gory, namely if the preceding category had a less stable or
a more stable stratification. It will be shown that on a day
with normal conditions of radiation the coefficient of tur-
bulent diffusion for a certain category can differ by a factor
of 2 depending on the category preceding in time. The
diurnal variation of the relevant meteorological parameters
has been obtained by a numerical integration of a time-
dependent boundary layer model; the input for this model was
the diurnal variation of the thermal stratification. The results
(averaged in the vertical) are applied to the formulas for the
maximum concentration at the ground of a material dispers-
ing from a continuous point source and for the distance of
this maximum.

1. Einleitung

Ausnahmslos ist allen Modellen zur quantitativen Erfas-
sung der Ausbreitung luftfremder Stoffe die Voraus-

a1

setzung zu eigen, daB es sich um einen stationiren Aus-
breitungsvorgang handelt, d.h. daB die meteoroclogi-
schen Parameter (Diffusionskocffizienten und Hori-
zontalwind) wie auch die Quellstirke des oder der Emit-
tenten zeitlich konstant bleiben. Einer zeitlichen Verin-
derung, etwa dem Tagesgang der meteorologischen
Parameter, pflegt man dadurch Rechnung zu tragen, dafl
man diese als eine Folge von stationiren Zustinden auf-
faBt; dabei ist natiirlich der stationire Zustand zur Zeit ¢
vollig unabhingig von dem zur Zeit #— A# betrachteten.
Dies wird einigermaBen zutreffen, wenn einmal die bei-
den Zustinde nicht sehr verschieden voneinander sind,
und wenn die Zeitpunkte, an denen sie gelten, betricht-
lich auscinander liegen. Im Allgemeinen sind aber die
zeitlichen Verinderungen (z.B. durch den normalen
Tagesgang) so stark, daB der Zustand zum Zeitpunkt #
merklich beeinfluft ist von dem vorangehenden Zu-
stand, also von demijenigen zur Zeit #— A2

Bei den meisten Modellen der Ausbreitungsrechnung
bedient man sich einer Einordnung der zu behandeln-
den Fille in sogenannte Ausbreitungsklassen, =z B.
solche nach Pasquill (1961), fir welche dann die Dif-
fusionsparameter, in diesem Falle oy und o, gegeben
sind, Die Ausbreitungsklasse charakterisiert die ther-
mische Schichtung der Grenzschicht, in welcher die
Ausbreitung erfolgt; die zu einer thermischen Schich-
tung (zu dieser Ausbreitungsklasse) gehdrenden Dif-
fusionsparameter sind aus Messungen bei Diffusions-
experimenten gewonnen worden und miissen wohl als
zum jeweiligen stationiren Zustand gehérig angesehen
werden. Betrachtet man =z B. die Ausbreitungsklasse
fiir neutrale Schichtung, so wird diese an einem Tage mit
{iberdurchschnittlicher Einstrahlung sowohl am Vor-
mittage auftreten, wenn die stabile Schichtung der Nacht
und des frithen Morgens abgebaut ist, als auch am spitea
Nachmittage, wenn der iiberadiabatische Temperatur-
gradient verschwunden ist, der um die Mittagszeit und
am frithen Nachmittage herrschte. In beiden Fillen
hitte man in den derzeitigzen Modellen der Ausbrei-
tungsrechnung die gleiche Ausbreitungsklasse und
damit die gleichen Diffusionsparameter zu beriicksich-
tigen. Ganz sicher sind aber die Diffusionsparameter
verschieden, je nachdem ob man sich dem (hier betrach-
teten) neutralen Fall von der Seite der stabilen Schich-
tung oder derjenigen der labilen Schichtung genihert
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hat; im ersten Fall werden die Diffusionsparameter klei-
ner, im zweiten Fall jedoch gréBer sein als im statio-
niren Fall mit nentraler Schichtung. Ahnliches gilt fiir
alle andern Schichtungen natiirlich auch.

In dieser Arbeit werden die Ergebnisse einer Unter-
suchung vorgelegt, in welcher die Differenzen zwischen
den Diffusionskoeffizienten im instationdren Fall (bei
Vorgabe eines normalen Tagesganges) einerseits und
im entsprechenden stationiren Fall andererseits ermit-
telt worden sind; die gleichen Differenzen sind auch fiir
dic horizontale Windgeschwindigkeit ermittelt worden,
Mit diesen Differenzen in den meteorologischen Para-
metern lassen sich dann die entsprechenden Differenzen
fiir die Maximalkonzentration am Boden im Lee einer
hochgelegenen kontinuierlichen Punktquelle (z.B.
Schornsteinmiindung) und fiir die Quellentfernung die-
ses Konzentrationsmaximums berechnen.

IL. Ein Beispiel fiir den Tagesgang der relevanten
meteorologischen Parameter

Im Zusammenhang mit Untersuchungen des Effektes
der Instationaritit auf die planetarische Grenzschicht
(d.h. auf eine als stationir und horizontal homogen
definierte Grenzschicht) wurden fiir einen vorgegebenen
Tagesgang der thermischen Schichtung der zugehérige
Tagesgang gewisser meteorologischer Parameter mit
cinem numerischen Modell ermittelt. Einzelheiten iber
dieses Modell, nimlich iiber die SchlieBung des Glei-
chungssystems und iiber das numerische L&sungsver-
fahren, findet man bei Wippermann, Etling und Ley-
kauf (1973); hier soll sich auf die Wiedergabe einiger in
diesem Zusammenhang wichtiger Ergebnisse beschrinkt
werden.

Vorgegeben wird in diesem Modell der Tagesgang
der thermischen Schichtung, welche durch den internen
Schichtungsparameter pu reprisentiert wird

p=H|[ Lo &)

p ist das Verhiltnis der internen charakteristischen
Grenzschichthshe H (internal scale height)

H=xulf @
zur Monin-Obukhov’schen Stabilititslinge
Lo = — ¢cp B4, | (% B q0) 3

Es ist die {ibliche Bezeichnungsweise gewihlt worden,
nimlich #=]Tro[/p fir die Schubspannungsge-
schwindigkeit, f fiir den Coriolisparameter und » fiir
die von Karman'sche Konstante; es ist ¢p die spezi-
fische Wirme, p die Dichte, gp=¢p o #" #° der turbu-
lente Wirmestrom am Boden und schlieBlich ist § =g/#
mit g der Schwercbeschleunigung und # einer (poten-
tiellen) Referenztemperatur.

Meteorol. Rdseh.

Die u-Werte werden fiir jede halbe Stunde vorgegeben,
in Tabelle 1 sind aus dieser Vorgabe die Werte zu jeder
vollen Stunde zusammengestellt.

Man erkennt in dieser Tabelle, daB der Parameter fiir
die thermische Schichtung symmetrisch zu 12 Uhr mit-
tags vorgcgcbcn ist; zu diesem Zeitpunkt soll die stirkste
Instabilitit der Schichtung herrschen, Um 06 Uhr mor-
gens und um 18 Uhr abends ist nach der Vorgabe die
Schichtung neutral, die ganze Nacht iiber herrscht eine
stabile Schichtung, die von 21 Uhr bis 03 Uhr konstant
bleibt. Diese Stabilitit wihrend der Nacht ist betrags-
miBig gering verglichen mit der Instabilitit am Tage.
Wie vom Verfasser frither dargelegt (Wippermann 1972)
existiert in der planetarischen Grenzschicht eine obere
Grenze fiir den abwirts gerichteten turbulenten Wirme-
strom am Boden und damit fir positive Werte des
Schichtungsparameters u; dieser Grenzwert ist von der
Boden-Rossby-Zahl Rog=|V;o|/ (20 f) abhingig, fir
kleine Boden-Rossby-Zahlen st es etwa der fiir die Nacht
vorgegebene Wert. (Es bedeuten |Wyq | den Betrag der
geostrophischen Windgeschwindigkeit am Boden und
zp die Rauhigkeitslinge).

Inwieweit diese Vorgabe realistisch ist, 1iBt sich am
besten durch einen Vergleich mit Messungen beurteilen.
Zu diesem Zweck wird der zu jedem Schichtungspara-
meter p gehorende turbulente Wirmestrom am Boden
go betrachtet; es besteht folgender Zusammenhang

p=—q0](¢Cy G)

wobei Cyg=ws | [Wgo| der geostrophische Widerstands-

koeffizient (drag coefficient) ist und b eine Abkiirzung

fiir .
b=cpaf [Voolt] 2 ) ©)

Mit ¢p=0.24 cal g1 grad-1, f=3.5cm sec? grad-,
x=04, 5=1210"3 gem3, f=1.110-4 secl, |V |=
1:103 cm sec! hat & den Wert #=56.6 mcal cm~2
sec-l, Die Werte fiir C; konnen im stationiren Fall
fiir eine gegebene Boden-Rossby-Zahl Rog aus dem
sogenannten Widerstandsgesetz fir die planetarische
Grenzschicht erhalten werden. Der sich damit ergebende
Wirmestrom g ist wiederum zu 12 Uhr symmetrisch,

* et ist als kraftig ausgezogene Kurve in der Abb. 1 einge-

tragen. Die iibrigen Kurven sollen den Vergleich mit
Messungen von gy erméglichen; es sind die MeBergeb-
nisse dargestellt worden, die Berz (1969) bei Messungen
in der Nihe von Miinchen erhielt. Man erkennt, dalB ein
durchaus verniinftiger Tagesgang vorgegeben wurde.
Die kriftige, gestrichelte Linie in Abb. 1 erhilt man,
wenn in Gl (4) diejenigen Widerstandswerte Cp be-
nutzt werden, die sich im instationiren Fall ergeben und
mit denjenigen des stationiren Falles nicht mehr {iber-
cinstimmen; insbesondere zeigt sich, dal mit diesen
Werten der Tagesgang schon nicht mehr zu 12 Uhr
symmetrisch ist.

Die vorgegebenen u-Werte reichen aus, um in einer
horizontal homogenen Grenzschicht den Tagesgang

Tabelle 1

Tages- 00 01 02 03 04 05 06 07 08 09 10 11 12

zeit 23 22 21 20 19 18 17 16 15 14 13

m 13.4 134 12.4 0 —20.6 —39.1
13.4 13.4 9.0 —11.0 —29.1 -37.7
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Abb, 1, Der vorgegebene Tagesgang des turbulenten Wirmestromes am Boden, verglichen mit

MeBergebnissen

einer Reihe anderer meteorologischer Parameter zu
berechnen, man erhilt diese in Abhingigkeit von der
Hohe z und der Zeit # Dabei wird mit einer dimen-
sionslosen Zeit F=1f und einer dimensionslosen Ver-
tikalkoordinate Ze=2z[H+ operiert. Die charakteristi-
sche Grenzschichthéhe A gem. (2) ist ja zu jeder Zeit
eine andere, da die Schubspannungsgeschwindigkeit
s natiirlich auch einen Tagesgang hat. Wenn also die
Vertikalkoordinate z mit /A dimensionslos gemacht
wiirde, hitte man zu jeder Zeit eine andere Normierung.
Um aber alle Werte miteinander vergleichbar zu machen,
wurde diejenige charakteristische Hohe He=x uasf
verwendet, die sich im stationiren Fall bei neutraler
Schichtung ergibt. Der zugehirige Widerstandskoeffi-
zient ist Cps=0.0324 fiir das verwendete Rog=1 107,
d.h. #es = 32.4 cm sec fiir ein angenommenes |Vgo|=
1-103 cm sec~! und H.=1180 m, wenn weiterhin an-
genommen wird, dal f=1.1 10-4 sec-1.

Die berechneten meteorologischen Parameter sind ein-
mal die von der Zeit F abhingigen Grofen

CAF) = w(F)[|Veo| und a(F)  (6)

und zum andern diejenigen, die sowohl von der Hihe
Zs als auch von der Zeit F abhingen

Lu(Z., F) = l|H. (74)
Kme(Ze, F) = kn|(H3) (b)
Xo(Zs, F) = t/(g uis) (79)
Yo(Ze, F) = 7y(g 424) (7d)
Pu(Ze, F) = w(li—dy) use (7e)
Ou(Zs, F) = x(v—1vy)|uss (7
Ou(Z+, F) = § q0/90+ (7g)
Kne(Ze, F) = ka(H2 f) (Th)

Es ist ap der sogenannte Ablenkungswinkel, der von
der Bodenschubspannung rp und dem geostrophischen

Wind am Boden Wy eingeschlossen wird. Weitethin
sind L+ der dimensionslose Mischungsweg, Kme der
dimensionslose turbulente Diffusionskoeffizient fir Im-
puls, X+ und Y% die dimensionslosen Komponenten der
Reynolds’schen Schubspannung, P« und Q. die dimen-
sionslosen Komponenten des Geschwindigkeitsdefek-
tes, @« die dimensionslose potentielle Temperatur und
Ky« der dimensionslose turbulente Diffusionskoeffi-
zient fiir Wirme. Es ist noch anzumerken, dafi das
Koordinatensystem mit der x-Achse in die Richtung
der Bodenschubspannung ry orientiert sein muf,

Im Zusammenhang mit den Luftbeimengungskonzen-
trationen interessicren vor allem die Groflen Kpye
gem. (7b), welche anstelle des benétigten turbulenten
Diffusionskoeffizienten £, verwendet werden soll, und
die horizontale Windgeschwindigkeit, welche aus den
Defekten (7€) und (7f) bestimmt werden kann:

V1] Vg0 [(Ze, F) = Cy(F)-
{ [P(Zey ) = P(Zow, P + (80
HQ(Ze, F) — Q(Zo, AP [ %
GL. (8) gilt nur fir eine barotrope Grenzschicht, die bei
den Rechnungen immer vorausgesetzt wurde, Es sind

P(Zow, F) = — xcos {ao(F)} | C(F)  (99)
OZow, F) == sin {JaolF) [} | Co(F) (9b)

Die Gln. (9a) und (9b) sind nichts anderes als die untere
Randbedingung fiir die Geschwindigkeiten, wonach
diese bei 2=z verschwinden.

Sowohl fiir Kpe(Ze, F) als auch fir [V ][ [Vgo|(Zs, F)
sind in der bereits zitierten Arbeit (Wippermann u.a.
(1973) Isoplethendarstellungen gegeben, aus welchen
der Tagesgang der beiden Grélen in jeder Hohe ent-
nommen werden kann. In der Abbildung 2 sind die
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Abb. 2. Errechnete Vertikalprofile des turbulenten Diffusionskoeffizienten Kpe fiir die Tages-

zeiten 00, 06, 12 und 18
stationiren Falles

resultierenden Profile Kppe(Z4) fiir 00, 06, 12 und 18 Uhr
als gestrichelte Linien dargestellt und verglichen mit
denjenigen Profilen, die man in den entsprechenden
stationdren Fillen (ausgezogene Kurven) erhilt. Man
sicht, dal} mittags K« kleiner ist als im entsprechenden
stationdren Fall, um Mitternacht hingegen grofler. Um
06 Uhr und um 18 Uhr herrscht die gleiche thermische
Schichtung (entsprechend der Vorgabe Tabelle 1 nim-
lich neutrale), die Kp»-Profile sind jedoch sehr verschie-
den. Wie man sicht, hingt es davon ab, ob der Zustand
neutraler Schichtung von der stabilen Seite aus (mor-
gens) oder von der instabilen Seite aus (abends) erreicht
worden ist. Zu den bemerkenswerten Unterschieden
gehort auch die Lage des Maximums: es findet sich um
06 Uhr bei Z, =0.14 (d.h. =119 m fir F/=1180m,
siche oben) um 18 Uhr bei Z, =0.05 (d.h. =42 m),
wihrend es im stationiren Fall bei neutraler Schich-
tung bei Z, =0.09 (d.h. z=76 m) festzustellen ist.
Eine ihnliche Abbildung ist fiir [V |/ [Wgo| in der be-
reits zitierten Arbeit (Wippermann u.a. 1973) als Figur
12 gegeben; sie zeigt, daB um Mitternacht der Hori-
zontalwind stirker ist als im entsprechenden stationiren
Fall, mittags jedoch schwicher. Freilich ist der Unter-
schied zur Mittagszeit betrichtlich geringer als in der
Nacht, wofiir zur Erklirung wohl die zu den beiden Ter-
minen unterschiedliche thermische Schichtung heran-
gezogen werden mul,

In allen derzeitigen Diffusionsmodellen benutzt man ei-
nen hohenkonstanten Horizontalwind und héhen-
konstante turbulente Diffusionskoeffizienten k&, und 4;

hr jeweils werglichen mit den Kmpe-Profilen des entsprechenden

(oder entsprechende mittlere Verschiebungsquadrate
oy und of der Partikel). Eine Anwendung der zuvor
genannten Ergebnisse auf die Diffusionsmodelle nitigt
also zu einer vertikalen Mittelbildung von Kpe einer-
seits und [V |/ [Wgo | andererseits; derartige Mittelwerte
kénnen dann als héhenkonstante Werte benutzt werden.
Solche vertikalen Mittelbildungen sind durchgefithrt wor-
den fiir den Hohenbereich zwischen dem Boden und
Ze=015(d.h. 2=170 m fir He=1180 m). Die er-
haltenen Mittelwerte sind in Tabelle 2 zusammengestellt.
Aus der Tabelle 3 sind die Verhiltnisse von jeweils
zwei turbulenten Diffusionskoeffizienten K+ oder von
zwei Horizontalgeschwindigkeiten |V |, die bei gleicher
thermischer Schichtung auftreten, essichtlich. Es zeigt
sich, daff Diffusionskoeffizienten, die zur gleichen ther-
mischen Schichtung, also zur gleichen ,,Ausbreitungs-
klasse® gehéren, um den Faktor 2 verschieden sein kéin-
nen, nur aufgrund der Instationaritit. Durch die zeit-
liche Verinderlichkeit, also durch die Kopplung mit dem
vorangegangenen Zustand, hinkt die wirkliche Ent-
wicklung immer etwas hinter derjenigen hinterher,
welche durch den stationiren Zustand bei dieser thermi-
schen Schichtung gegeben ist. Wenn in zwei zu verglei-
chenden Fillen der zeitliche Ablauf so ist, dal der be-
trachtete Zustand (also die betrachtete thermische
Schichtung) von den beiden unterschiedlichen Seiten
her, also einmal von der mehr stabilen Schichtung und
zum andern von der mehr labilen erreicht worden ist,
wird ein besonders groBer Unterschied zwischen den
dann auftretenden Kp«-Werten bemerkbar.
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Tabelle 2. Vertikale Mittelwerte (zwischen Boden und etwa 170 m) fiir den turbulenten Dx}fmm:kaﬁefﬁzim!m Kme und die borizontale

Windgeschwindigheit |V |/ |\",u‘b Auflerdem ist das Verhdlinis dieser Griffen im instationdren
aff sich fir |V|] |Vgo| ein Maximum wibrend der Nacht, also bei verminderser vertikaler Durch-
ﬁ’, mit dem starken Uberschieflen des geostrophischen Windes wibrend der Nacht

den siationdren Fall angegeben.
mischung, ergibt und micht wie erwartet am Tage, muy
{z.B. 209, in etwa 200 n Hibe) erklirt werden

all zu denjerigen im entsprechen-

Tageszeit Kme, 1nst Kpe, stat Kme, tnst ¥/ |Vaal IV1/ |Vsa) W linst
) m*, stat instat. stat. ‘v Lm
00 0.0047 0.0039 1.22 0.97 0.90 1.08
01 0.0047 0.0039 1.22 0.96 0.90 1.07
02 0.0045 0.0039 1.16 0.95 0.90 1.06
03 0.0042 0.0039 1.10 0.94 0.90 1.05
04 0.0046 0.0045 1.02 0.92 0.89 1.03
05 0.0064 - 0.0070 0.93 0.89 0.87 1.02
06 0.0153 0.0217 0.71 0.84 0.82 1.02
07 0.0314 0.0519 0.61 0.81 0.82 0.99
08 0.0460 0.0713 0.65 0.79 0.82 0.97
09 0.0537 0.0780 0.69 0.80 0.82 0.97
10 0,0588 0.0802 0.73 0.81 0.82 0.98
11 . 0.0637 0.0807 0.79 0.82 0.82 1.00
12 0.0687 0.0813 0.84 0.82 0.82 1.00
13 0.0737 0.0807 0.91 0.83 0.82 1.01
14 0.0782 0.0802 0.97 0.83 0.82 1.01
15 0.0816 0.0780 1.05 0.82 0.82 1.00
16 0.0817 0.0713 1.14 0.82 0.82 1.00
17 0.0693 0.0519 1.34 0.80 0.82 0.97
18 0.0276 0.0217 1.27 0.74 0.82 0.90
19 0.0074 0.0070 1.07 0.74 0.87 0.84
20 0.0034 0.0045 0.75 0.78 0.89 0.88
21 0.0031 0.0039 0.80 0.86 0.20 0.96
22 0.0038 0.0039 0.97 0,92 0.90 1.02
23 0.0044 0.0039 1.13 . 0.95 0.90 1.06
24 0.0047 0.0039 1.22 0.97 0.20 1.08

Tabelle 3. Das Verbalinis der turbulenten Diffusionskoeffizienten
Kums zu denjenigen, die bei gleicher thermischer Schichtung auftre-
ten; das gleiche fiir die borizomtale Windgeschwindigkest |V} (Ver-
tikale Mittelwerte zwischen Boden und etwa 170 m). Die Klammer-
von 21 Ubr bis 03 Ubr soll andeuten, daff in dieser Zeit standig
die gleiche thermische Schichtung berrscht und daber das Verbdiltnis
atich zwischen andern Siunden als den zw 12 Ubr symmetrisch lie-
genden gebildet werden kinnte

Tageszeit Kome, {l}m

(0] (II) Ko, (11) ¥l
00 - —

0 23 1.07 1.01
02 22 1.18 1.03
03 21 1.39 1.09
04 20 1.35 1.18
05 19 0.87 1.20
06 18 0.55 1,13
07 17 0.45 1.01
08 16 0.56 0.96
09 15 0.66 0.98
10 14 0.75 0.98
11 2 13 0.86 0.99

In der Abb. 3 sind die zur jeweils gleichen thermischen
Schichtung gehérenden Werte des turbulenten Diffu-
sionskoeffizienten (vertikal gemittelt) bezogen auf den-
jenigen des jeweils entsprechenden stationiren Falles
dargestellt. Beim Ordinatenwert 1.0 ist gerade derjenige
Ky-Wert erreicht, der im entsprechenden stationiren
Fall auftritt; dies ist morgens kurz nach 04 Uhr und am
Nachmittage zwischen 14 und 15 Uhr der Fall. Die vielen
unterschiedlichen Kps-Werte bei gleicher thermischer
Schichtung wihrend der Nacht sind dadurch bedingt,
daf} bei der Vorgabe von u dieses zwischen 21 und 03
Uhr konstant gehalten wurde.

Die verglichenen Werte sind natiirlich auch etwas davon
abhingig, bis zu welcher Héhe die vertikale Mittelbil-
dung vorgenommen wurde. An einem kleinen Beispiel
1Bt sich der Unterschied demonstrieren: bei einer Mittel-
bildung zwischen Boden und 170 m ist das Verhiltnis
Kms(08) | Kme(18y=0.55, bei einer Mittelbildung zwi-
schen Boden und 85 m erhilt man fiir dieses Verhiltnis
den Wert 0.46. Fiir das Verhiltnis der Werte um 07 Uhr
und 17 Uhr (beide male g = — 11.0) erhilt man fiir die
beiden entsprechenden Zahlen 0.45 bzw. 0.42.

An dieser Stelle sei dem Verfasser noch eine Anmerkung
erlaubt, die zwar nur mittelbar im Zusammenhang mit
dem Ubrigen steht, die aber nichts desto weniger sehr
wichtig ist. Nach seiner Meinung ist die in Gl (1) de-
finierte GriBe p derjenige meteorologische Parameter,
der anstelle der bislang verwendeten empirischen Aus-
breitungsklassen zu benutzen wire. Dieser Parameter u
wiirde eine korrekte Quantifizierung der Ausbreitungs-
verhiltnisse erlauben. Einer Verwendung von g steht
nicht so sehr die Schwierigkeit gegeniiber, aus den ge-
messenen externen Parametern zu dem bendtigten inter-
nen Parameter p zu gelangen (fiir diese Konvertierung
bat z.B. Zilitinkevich 1970 bereits Diagramme ange-
geben) als vielmehr die Schwierigkeit, fiir eine durch
Messungen gegebene Situation die einer planetarischen
Grenzschicht (stationir und horizontal homogen) dqui-
valente zu finden. Die planetarische Grenzschicht ist ja
eine fiktive Grenzschicht, die — solange die Divergenzen
von Strahlungsfliissen nicht beriicksichtigt werden, wie
das z.Z. noch der Fall ist — nur monoton mit der Hshe
sich dndernde Temperaturen, aber beispielsweise keine
Inversionen kennt. Fiir eine irgendwie gegebene Grenz-
schicht miiBte also die zugehérige fiktive planetarische
Grenzschicht gefunden werden, um an dieser den zuge-
horigen u-Wert abzulesen. Diese Schwierigkeiten wer-
den in abschbarer Zukunft sicher wesentlich geringer,
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Abb. 3. Das Verhiltnis des turbulenten Diffusionskoeffizienten Kp+ im instationiren

Fall zu demjenigen im entsprechenden

Tageszeit an

wenn es durch weitere Forschungen auf dem Gebiet der
Grenzschicht gelingt, in diese quantitativ die Divergen-
zen der Strahlungsstréme aufzunchmen; damit lieBe
sich die fiktive planetarische Grenzschicht der wirklichen
bedeutend dhnlicher machen.

III. Eine Abschitzung des Effektes der Instationari-
tit auf die Ergebnisse der Ausbreitungsrechnung

Fast ausnahmslos wird in den heute benutzten Formeln
fiir die Ausbreitung luftfremder Stoffe eine zweidimen-
sionale Gauli’sche Verteilung in der Ebene senkrecht
zur mittleren Rauchfahnenachse angenommen:

Tt G )_‘[ (1)
-{ﬂp (- %)JF“P(‘%)]

Dabei ist s die Konzentration des sich ausbreitenden
luftfremden Stoffes, x ist die Entfernung von der Quelle
in Richtung des mittleren Windes 4, d.h. in Richtung
der Rauchfahnenachse, y ist die horizontale Koordinate
senkrecht zu x, und z ist die Vertikalkoordinate. b ist
die Hhe der Quelle und © die Quellstirke, £, und £;
sind die beiden Diffusionskoeffizienten in den Richtun-
gen senkrecht zur Rauchfahnenachse. Die obige Formel
(10), iibrigens die Lésung der Fick’schen Diffusions-
gleichung fiir das Konzentrationsfeld im Lee ciner kon-
tinuierlichen Punktquelle, benutzt rdumlich konstante
Diffusionskoeffizienten, obwohl man weil, daB diese von
der Reisezeit der emittierten luftfremden Stoffe und damit
von der Quelldistanz x abhingen. Wie schon zuvor er-
wihnt wird daher in den meisten Formeln fir die Aus-
breitung luftfremder Stoffe

;(xay; Z) =

ky x =3 0,}(x) (112)

ke x =3 0%(x) (11b)

stationdren Fall, Die Zahlen geben die

gesetzt, wobei fiir die oy(x) und o.(x) empirische Werte
benutzt werden, welche zu der jeweils angewandten
Ausbreitungsklasse gehéren,

Fiir das, was hier betrachtet werden soll, ist es jedoch
véllig unerheblich, ob mit den konstanten Diffusions-
koeffizienten &, und £, operiert wird oder mit den sich
indernden o,(x) und o,(x); wir betrachten daher die
Konzentration auf der Projektionslinie der Rauch-
fahnenachse auf den Boeden (y =0, 2=0) in der Form
mit £y und £,

o ( i b2
2r kg k)% P\ Yk

3(2,0,0) = ) (12)

Gl. (12) gestattet mit der Bedingung

ddx =0 (13)
eine Festlegung der Entfernung Xmax, in welcher das
Maximum der Konzentration Spax am Boden auftrite,

Xmax = #b% [ (4 &;) (14)

und des maximalen Konzentrationswertes Fmax selbst
20 [k
embin E

Um die im Tagesgang erhaltenen meteorologischen
Parameter in den Formeln (14) und (15) anwenden zu
kénnen, soll der turbulente Diffusionskoeffizient &,
fiir luftfremde Stoffe gleichgesetzt werden dem turbu-
lenten Diffusionskoeffizienten &, fiir Impuls. Der dabei
entstehende Fehler ist sicher sehr klein in dem Héhen-
bereich, in dem die Ausbreitungsvorginge im Allge-
meinen betrachtet werden; dieser Fehler braucht um so
weniger beriicksichtigt zu werden, als im folgenden nur
noch Verhiltnisse der Art £m(1) [ £m(2) betrachtet wer-
den. Es wird also #&; durch den vertikalen Mittelwert
(Boden bis 170 m) von £y, ersetzt, & wird durch den ver-
tikalen Mittelwert von |V | ersetzt. &, betrachten wic

Smax =

(15)
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Abb. 4, Das Verhiltnis der Ent-
fernungen Xmax im instationiren
Fall zu denjenigen im entspre—
enden stationdren Fall. Die Zah-
len geben die Tageszeit an. Die
ausgezogene Kurve gilt fiir das
Verhiltnis im Falle (a), die gestri-
chelte im Falle (b) entsprechend

den Gln. (16) bzw. (18) -0

als zeitlich unverindert, da Angaben hieriiber aus dem
Grenzschichtmodell nicht zu erhalten sind; wenn jedoch
eine zeitliche Verinderung auch von £, beriicksichtigt
wiirde, kisnnte diese in Formel (15) den Effekt der zeit-
lichen Anderung von £, zum Teil auskompensieren
(bei gleichgerichteter zeitlicher Anderung, vermutlich
bei instabiler Schichtung) oder aber noch verstirken
(bei entgegengesetzter zeitlicher Anderung von &y und
k., vermutlich bei stabiler Schichtung).

Es miissen jetzt zwei Fille unterschieden werden, nim-
lich

(a) sowohl £; als auch 7 werden der entsprechenden
Ausbreitungsklasse (flir den stationiren Fall) entnom-
men

(b) nur £, wird der Ausbreitungsklasse fiir den statio-
niren Fall entnommen, fiir 4 wird ein beobachteter
Wert eingesetzt,

Dann ergeben sich fiir den Fall (a):

Xmax,instat |V |instat K stat

= . 16
Xmax,stat |V ktat Ko, instat (16)
Imu.mut _ [V Lm Km'l_lu‘.t 1z (17)
Smax,stat |V linstat | Koms,stat

140

Smax.non-stat

10{ | Smax, stationary

und fiir den Fall (b)

Xmax,instat Km'.ntn

= 1
Xmax,stat K= 1nstat ( 8)
Smax,instat - Kms tnstat | 1/2 19)
fmax,stat Km» stat

In der Abb. 4 ist das Verhiltnis der Entfernungen der
Maximalkonzentration im instationiren Fall zu demjeni-
gen im stationiren Fall sowohl fiir den Fall (a) — ausge-
zogene Kurve — als auch fiir den Fall (b) — gestrichelte
Kurve —im Tagesablauf dargestellt. Da die Abszisse ent-
sprechend dem Parameter u fiir die thermische Schichtung
geteiltist, kann man sofort erkennen, welche Tageszeiten
die gleiche Schichtung aufweisen; diese miiSten auch den
gleichen Wert fiit xmax haben, wenn der Effekt der In-
stationaritit nicht spiirbar wire. Die Abbildung 5 ent-
hilt die gleiche Darstellung fiir die Maximalkonzentration
Jmax.

Zu den Tageszeiten mit der gleichen thermischen Schich-
tung lassen sich die in Tabelle 4 mitgeteilten Verhalt-
nisse der Maximalkonzentrationen bzw, der Entfer-
nungen Xmax berechnen,

SU——
= ———
S

Abb. 5. Das Verhiltnis der
Maximalkonzentrationen Smax im
instationiren Fall zu denjenigen
imentsprechendenstationdren Fall,
Die Zahlen geben die Tageszeit

an. Die ausi;ﬁogene Kurve gile o

fiir das Verhiltnis im Falle %n),

die gestrichelte im Falle (b) ent-

sprechend den Gln. (17) bzw. (19) I mEr-amar

3 Meteorol. Rdsch., 26, Jahrg.

-20 =10 -5 [*} 5 0 15




- 321 -

Tabelle 4. Dar Verbaltnis der Mascimumsentfernungen xmax 28
Zeiten mit der pleichen thermischen Schichiung; ebenso das Vierbaltnis
der Maximalkonzentrationen selbst. Die Unterscheidung in die
Falle (a) und (b) gilt entsprechend den Gln. (16), (17) bzw. (18),
(19). Wegen der Klammer von 21 Ubr bis 03 Ubr siebe die Unfter-
sehrift der Tabelle 3

Tageszeit Xmue 1) [ Xmax, (1) Smaxin) [ Smax,(m)
[y I (a [© (2 (b
00 - — — —
01 23 0.97 0,93 0,99 1.04
02 22 0.87 0.84 1.05 1.09
03 21 0.80 0.73 1.07 1.16
04 20 0.86 0.73 1.00 1.16
- 05 19 1.38 1.16 0.76 0.93
06 18 2.04 1.80 0.63 0.75
07 17 2.24 2.20 0.66 0.67
08 16 1.73 1.77 0.75 0.75
09 15 1.49 1.53 0.83 0.81
10 14 1.30 1.34 0.89 0.87
11 13 1.14 1.16 0.94 0.93
12 — — - -

Um einen extremen Fall herauszugreifen: man sicht, daf3
Fmaxs(m um 18 Uhr um mehr als die Hilfte gréBer ist
als diejenige Maximalkonzentration, die (bei gleichen
Schichtungsverhiltnissen) um 06 Uhr auftritt. Da dies
nur fiir einen normalen Strahlungstag gilt (vgl. den
dem wu-Wert dquivalenten turbulenten Warmestrom in
Abb. 1) muB an Tagen mit einer noch groBeren Ampli-
tude von u mit auch noch griBeren Unterschieden der
Maximalkonzentrationen bei gleicher thermischer

Schichtung gerechnet werden. Fir das Verhiltnis der
Maximumsentfernungen wird bereits bei dem hier be-
handelten Tagesgang der Faktor 2 iiberschritten,

IV. SchluBfolgerungen

Fiir cinen (hier behandelten) ,,normalen Strahlungstag®
ergeben sich Maximalkonzentrationen 3pex und Quell-
entfernungen xmax dieser Maxima zu den einzelnen
Tageszeiten, die z. T. sehr verschieden sind von denjeni-
gen Werten, welche zu diesen Tageszeiten im station-

Meteorol. Rdsch.

ren Zustand gelten wiitden und welche mit den derzei-
tigen Diffusionsmodellen bestimmt werden. Wie die
Abbildungen 4 und 5 zeigen, kann die Maximalkonzen-
tration Smax zwischen dem 1.25fachen (18 Uhr) und dem
0.79fachen (07 Uhr) derjenigen im entsprechenden sta-
tioniren Zustand schwanken; fir die Maximumsent-
fernung xmax tritt eine Schwankung zwischen dem 1.63-
fachen (07 Uhr) und dem 0.71fachen (18 Uhr) auf. An
Tagen mit einem noch ausgeprigteren Tagesgang, d.h.
an ,,reinen Strahlungstagen®, werden diese Abweichun-
gen noch groBer sein.

Es sind hier — wohl erstmals — quantitative Angaben
iiber diejenigen Fehler gemacht worden, die man mit
den derzeitizen Diffusionsmodellen dadurch begeht,
daB man nur stationire Verhiltnisse betrachtet. Gleich-
zeitig scheint die vorgelegte Untersuchung auch eine
Méglichkeit aufzuzeigen, wie diese Fehler kiinftig
gemindert werden konnten: aufgrund einer griBeren
Anzahl von Modellrechnungen mit verschiedenen Ta-
gesgingen miifite sich eine empirische Beziehung fiir
einen Korrekturfaktor (abhingend von der Art des Ta-
gesganges) fiir Fmax und fiir Xmax ermitteln lassen.
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Meteorological Parameters Relevant in a Statistical

&
Analysis of Air Quality Data )

Abs tract : Applying the arguments of Ross-
by-number similarity to a planetary boundary lay-
er (steady state and horizontally homogeneous) it
can be concluded, that the concentration of a pol-
luting material is determined uniquely by two pa-
rameters: the internal parameter ¢ (i.e. the ra-
tio of the internal scale height of the PBL to the
Monin-Obukhov stability length) for the thermal
stratification and the surface Rossby-number. Two
additional parameters have to be considered in the
case of a barocliniec PBL, however for much eleva-
- "ted sources only.

The considerations are made for the concentration
(a) of a horizontal area source, (b) of a conti-
nuous point source and (c) of multiple sources.

Introduction

Today many measurements (continuous or at discrete ti-
mes) of the air quality are carried out at many places in
the industrial countries. The statistical evaluations of the-
Sse measurements are as different (and therefore incomparab-
le) as the places are. Mostly the concentration of a gaseous
component or of particulate matter are considered as depen-
ding on the surface wind (speed and direction), on the sur-
face temperature and sometimes on the humidity. However the-
se three or four parameters are not able to describe comple-
tely the turbulent state in the atmospheric boundary layer
and therefore not the diffusion conditions in it.

This paper intends to show which meteorological parame-
ters can be considered as relevant in a statistical analysis

*

) Paper presented at the Symposium "Statistical Analysis of
Air Quality Data" Nov. 9-10 1972 Chapel Hill, N.C., USA
sponsored by the Triange Universities Consortium.on Air
Pollution (TUCAP)
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of air quality data. However, the drawn conclusions are va-
1id only if the atmospheric boundary layer satisfies the
conditions of a planetary boundary layer (PBL), i.e. statio-
narity and horizontal homogeneity. In general the actual
boundary layer differs from the PBL, the conclusions are
therefore only appfoximatively correct.

The basic concept has been developed together with D. YORDA-
NOV (Séfia, Bulgaria) and is subject of a recent joint pa-
per (WIPPERMANN and YORDANOV 1972).

The planetary boundary layer (PBL) and Rossby-number simi-

laritz

" The PBL is defined as a stationary and horizontally ho-
mogeneous boundary layer. In a PBL exists for 2z >> z, (zg
= roughness-length) the so-called Rossby-number similarity,
which means that the vertical profiles of certain variables
(non-dimensionalized correctly by internal parameters) are
independent of the given external parameters; they depend
only on an internal parameter v- for the thermal stratifi-
cation and on two internal parameters lx and LY' for the
baroclinicity in the PBL. Of course, also the height above
the ground as the independent variable has to be made non-

dimensional by a scale height H of the PBL
Z = z/H H = >xu,/f ' (la), (1b)

where x 1is the von Karman constant, u, = V%;?%ﬂ the fric-
tion velocity, T the Reynolds stress, g9 the density and £
the Coriolis parameter. Variables for which the Rossby-num-
ber similarity is valid are for instance

P

x (ﬁ—aqa/u, 0= x c'G-Gg}/u.

T

X% /(f u?)

n

T/(g ul) £
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= 2 _ " Y
K, = km/{H £) E, = ?{u )? /(g u,)
= q(v')* /(g us) E, = q(w")* /(g ul)
(2)
Ex Tx{n) Ey_tfy(n) E, boz(n!

]

80 = (&, - S)/% s = (8, - § )/s,
P and Q are the non-dimensional velocity defects, 4 and
v are the velocity components in a coordinate system, the
x-axis of which coincides with the direction of the surface
stress 'E'o (an internal parameter); € is the rate of the
dissipation of turbulent kinetic energy. u" , v" and w" are
the velocity fluctuations, Ex . EY and ]E:z are th'e three
| parts of the turbulent kineti;: enerqgy. _tfx ’ _‘fy and Y 2 are
the spectral density functions with the frequency n . 00 is
the non-dimensional difference of the potential temperatu-
res at the top (5) and the bottom () of the PBL. bS is the
analogous difference for the water vapor content. 4, = - a,/
/( x§ cp u,) is a characteristic temperature fluctuation
with cp the specific heat and dq the turbulent heat flux at
the ground. s, =-jo/( x § u,) is a characteristic moisture
fluctuation with jo the turbulent moisture flux at the ground,
i.e. the rate of evaporation.
All these variables listed in (2) have universal verti-

cal profiles, depending only on the three internal parame-
ters tx ’ lx ’ 1? , for instance

T=T(Z,tA,lx,ly) for 2 >> 2 (3)

where
(«~=H/L, : (4)

is the 1nterna1 parameter for the thermal stratification with
L, = Sp o u,/( qu ) the Monin-Obukhov stability=-length;
= q/& with § a reference temperature.

X, = *Y/f &b /az ly = x/f aGg/az (5a) , (5b)
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are the two internal parameters of the baroclinicity of the
PBL; they are internal ones because they have components of
d‘ﬁg/dz in a coordinate system orientated with the x-axis in
the direction of the internal parameter T ..
For all the variables listed in (2) the same as in (3)

is valid; that means the vertical profiles deﬁend only on

M e lx p }'Y . That means furthermore that the state of
turbulence in the PBL and therefore also the turbulent dif-
fusion is completely determined by these three parameters.

The vertical profile of concentration caused by a hori-

zontal surface source

_ The condition of horizontal homogeneity of the PBL is
satisfied as léng as the source of a gas or of particulate
matter is a horizontal and infinite surface source. That
means, that the concentration is [g cm_a], made dimension-
less by the characteristic fluctuation of the concentration
r, =1 /(x § u,), with 1 [g em™2 sec-l] the source
strength, must have a universal vertical profile

R =r—f(3,t&,l,};y}forz>ﬁ-zo (6)
Actually the Rossby-number similarity is valid for the non-
dimensional difference {RB)T - R only; here {RB)T , the
concentration at the top of thé PBL, is put zero (vanishing
background concentration).

Examples for natural sources of that kind are an evapo-
rating sea surface or a very large sand desert with sustai-
ned strong winds. Water vapor, respectively sand, is added
to the air; the vertical profile of the concentration of the-
Se admixtures depends only on the three parameters tu ’ Xx
and :ly.
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The concentration in the case of a continuous point source

If one considers a continuous point source the condi-
tion of horizoﬁtal homogeneity is violated, Rossby-number
similarity can not longer be used in order to conclude on
which meteorological parameters the concentration pattern
depends. (In the case of an instantaneous point source al-
so the condition of stationarity is violated).

One can attempt to make a statement concerning the re-
levant meteorological parameters by assuming that the dif~
fusion process is described by the steady state Fickian
diffusion equation ' :

AD s L ad > 2
v o e v
° - ? o -
or Uy agel * 5 (e %)

and by replacing the velocities U and v and the turbu-
lent diffusion coefficients kx,lc N kz by variables, for
which universal vertical profiles exist. The horizontal co-
ordinates should be non-dimensionalized by the internal

scale height H given in (1b), X = x/H and Y = y/H and
2

the diffusion coefficients by H"f
Since
A A~ A A
ug{z] = ugo + [dug/dz]c z = ugo + u,/x lx Z
vg(z) = Y90 + [dvg/d?]c Z = Voo + u,/x lY Z
and
Ugo = Iwgol cos(«,)
M A
- vgo ='|wqo| sin(|x.])

it results
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u/(Hf) = {P + x cos(a)/C }/x (8a)
v/(Hf) = {0 - x sin(|x.])/C ) /% (8b)
oLy is the cross-isobar angle and Cg = u,/ '§q0| the geo-
strophic drag coefficient. Both, X and Cg ; can be eli-

minated in (8) by making use of the resistance law for the
PBL

* cos(at)/cg - M (e lx' ky] + ln(ROO'CgJ (9a)

¥ sin( rx.,)/Cg N(Q{», ).x,kym (9b)

M ¢
Herein RO, =| v |/(£ z ) is the surface Rossby-number, a

non-dimensional gglbination of the given external parame-
ters. The functions N and Mm appearing in this law are
universal functions, i.e. they are independent of the ex=-
ternal parameters and depend only on o kx and ky . The-
resistance law was first derived by KAZANSKII and MONIN in
1961 for the barotropic and neutral case, it was extended
to the diabatic case by BLACKADAR (1967) and by MONIN and
ZILITINKEVICH (1967); recently it was extended to barocli-
nic cases by YORDANOV and WIPPERMANN (1972). By using the

resistance law (9a), (9b) and the definition
72 = (x RO_cC_) T . (10)
o o “g

one obtains for the diffusion equation (7) the following
non-dimensional form

®

- A 2 - A S r -
(p Mm + xz}'bx b + (0 N + YZJ'EY o
(11)
- 1In( x ZO)-E_R =
?x P

T R () S (% ]
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The boundary conditions are

X —= ¥ o=

v . * oo . R =0 (12a)
2 + =0 - p

X=0 , Y=0 , 2= Zb 3 RP =1 (12b) 2
zZ = Zo s 'bRp/bZ =0 (12c)

A 5 _3
It is R =r b £
P p/( g

caused by a continuous point source {p), b [g sec"ll is

) the non-dimensional concentration

the strength of the source, Zb = zb/H is the non-dimensio-
nal effective height of the source. |

If one assumes that the vertical profiles of the nondi-
% * KY and Kz

are universal ones like the vertical profile of the diffusi-

mensional diffpsion coefficients for matter K

on coefficient Km for momentum, all coefficients in the
% and ljy
and, of course, some of them on the independent variable 2

eg. (11) - except z, - depend only on (> v A

They all are universal functions. However the non-dimensio-
nal roughness-length Zo depends on ROO and C as seen
in eq.(10), Cg itself depends on ROD ’ (u. ’ lx ' ly as
seen in the resistance law (%9a) , (9b). Since therefore 2
depends on ROO o )\ ’ k'Y the non-dimensional con-

o

X
centration Rp must depend on ROO also:

Rp=Rp(x,Y,z,zb,Roo,fA,lx,ly) (13)

The universality is now lost; the dependence from Roo (1.e.
from external parameters) enters because of the violation of
the condition of horizontal homogeneity by having a continu-
ous point source. A comparison of Rp in (13) with Rs in

(6) shows the difference.

The concentration at a fixed point caused by multiple sources

A statement can be made only if one assumes that all the
sources do not change their coordinates and their strengths
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durinq the period of measurement. Furthermore one has to as-
sume that this period of measurement is long enough to co-
ver all possible cases (wind direction, Rossby-number, ther-
mal stratification and possibly the baroclinicity) to almost
equal parts. This later assumption has to be made in almost .
all sﬁatistical analyses of measured concentrations; however
the first assumption will be satisfied only incompletely and
causes therefore errors.

For each direction (d) (of the geostrophic surface wind)
the mean concentration Ed at the poirit under consideration
should be evaluated and a non-dimensional concentration

R, = T/ Ty : (14)

should be formed -herewith., Fluctuations of Rd should be in-
dependent of the source positions (xb)i ’ (Yb}i ' (zb)i and _
of the source strengths b, , they should depend only on the

i
parameters remaining in (13)

Ry = Rg( RO, A, ky,) | (15)

The surface Rossby-number ROO can be determined directly
from the given geostrophic surface wind, when z, 1in the
denominator is known; that can be obtained by the conventio-
nal measurements of the wind profile near the ground, but it
should be representative for the whole area in which diffu-
sion takes place. It may vary with the wind direction (and
is therefore a "meteorological" parameter) and possibly with
the vegetation period.

The internal parameter (¢ for the thermal stratification
has to be found by converting the external parameter o for
the thermal stratification

6 = D /A (16)

into the internal one. D is the external scale height of the
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PBL and /\. 1is the external stability length of the PBL

‘D = x3 ]({'rgojx £ | (17a)
A = x3 ]Qrgo|2/((36§r) . (17p)

with‘ Bg‘ = '5“,1. - f§‘o . When the (potential) temperature
difference 6% from top to bottom and \sgo- the geostro-
phic wind at the ground are given, the parameter ¢ then
can be formed; this must be converted into the parameter (A

ZILITINKEVICH (1970) for instance gives diagrams for the con-

version of the given external parameter o into the wanted
internal parameter “ 7 for this conversion again ROO “is
needed.

Of course, difficulties will arise in forming the ex-
ternal parameter o from the given parameters &T Y

A

o
go because the first two are difficult to find. A PBL

can only have a monotonically decreasing or increasing tem-
perature profile é&{z), it does not know temperature inver-
sions or layers with unstable stratification or similar
things frequently observed in the real atmospheric bounda-
ry layer. Therefore an observed temperature profile has to
be smoothed in order to obtain the corresponding profile'
hglongigg to the PBL. From such a profile the difference

&T - *30 should be taken.

The baroclinicity seems to be less important, it has

to be considered only for much elevated sources, for instan-
ce for very tall stacks. An example has been given by WIP-
PERMANN and YORDANOV (1972) showing a cse with a pronounced
minimum of the eddy diffusivity km in 320 m caused by the
baroclinicity. When the baroclinicity must be considered one
has to form first the two external parameters (in a coordi-
nate system x*, y* orientated with the x-axis in the di-
rection of the geostrophic wind at the ground)
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)C:' A o o P

N gr = T {( Vo) 7 Vp - ‘“’go} (18a)
x* A 40 A '

(R ks [ (W) Won] (18b)

where Zn is the height of the top of the PBL. For a con-
version into the internal parameters 1x ’ l'y of .the baro-

clinicity the cross-isobar angle EKO is needed:

)‘x = Y «cos() + qy;sintiocpn (19a)

)‘y = = Nesin(le])  + N yecos (%) (19b)

The cross-isobar angle o, can be obtained from the resi-
stance law (9a),(9b). (For this purpose, however, 'kx and
A have to be known already; again an 1terative procedu-

Y
re is necessary).

Concluding remarks

The baroclinicity of the boundary layer has an effect
on the concentration pattern only when this is caused by
much elevated sources; the effect can be neglected in most
cases. The remaining meteorological parameters are the in-
ternal parameter f‘ for the thermal stratification of the
boundary layer and the surface Rossby-number ROO. Both the-
se parameters determine the concentration uniquely (as long
as the assumptions of a PBL are satisfied).

It seems that the paramefer CL is just that one which
is searched as a measure for the diffusion characteristics
depending mainly on the thermal stratification; the empiri-
cal "dispersion categories” cﬁn be repldced possibly by this
parameter, if one succeeds to determine that PBL, which is
equivalent to the measured actual boundary layer.
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List of Symbols

The symbols used in chapter 6 have not been entered
in this 1list, since they are somewhat different from
those used in the chapters 1 - 5 and 7. Of course,
they are explained in the papers reproduced in this

chapter.

A.,A,,A,,A, = abbreviations (pages 51-52)

177277374 -8 -1 = 2

A = 2,389 10 cal g cm sec , mechanical equivalent
of heat

a = 0.4343

a = abbreviation in eq. (6b) on page 181, = b on page
234 and 315

a, = kh/km

a = k_/k

5 sy m , _

B = b“/u.”, nondimensional turbulent kinetic energy,
(pages 46 - 57, 106)

Bx = 1/f dag/dz = A /1c2 Internal parameters for

BY = = 1/f dﬁg/dz = - lx/1<2 } the baroclinicity

b = abbreviation in eq. (40) on page 234 and eq.(5) on pa-
ge 315, = a on page 181

b = ?ﬁv”P'f(2§}, turbulent kinetic energy per mass unit
[cm* sec™]

b = (w")* , twice the turbulent kinetic energy per mass
unit [ cm?® sec™®] , pages 66-75

b2 = (w")*/2 , turbulent kientic energy per mass unit,
used on pages 46 - 57 and 106

bm = 6\52/2 , kinetic energy (of the mean flow) per unit
volume, pages 111 - 119

ht = q(v")* /2 , turbulent kinetic energy per unit volume,
pages 111 - 119 )

cg = u,/[\&gol » geostrophic drag coefficient

C,, = 0.0324, i.e.: C_for # =0, A =0, A =0
and for stationgry condition R ¥

ngr used on pages 46-57, 66-75, 89-94, 167-176, 184
=191
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3;/-65-, “thermal drag coefficient”, Stanton

h
} =. number
Cth
Cg = s,/ bs , "drag coefficient for moisture"
C(ZEI,EZ) = rate of the conversion of energy El into
enerqgy E2
Cp = specific heat at constant pressure [cal g—l grad_lj
c, = specific heat at constant volume [cal g-1 grad-l]
D = x5|$g0|/f , external scale height of the PBL
D = ,@ OI/f , external scale height of the PBL, used on
g pages 46-57, see also A
%z’ D z = abbreviations for terms containing the molecu-
y lar friction, see page 32
d = =zero plane displacement
IE = & 34 + j % + kik , unit tensor
E,6 = Q(u")* /(Qui)
E - —T;;F:/(_uij nondimensional parts of the turbu-
v A Qu. lent kinetic energy, page 324
— WAL = 1
E, = Q") /(@Qu)
= f t , nondimensional time, independent variable
IF = tensor of molecular friction, see eq. (1) on page 8
Fu,FV,E;F,F3 = nondimensional functions in eq. (7), page 186
f = 2!151n(g:] , Coriolis parameter
£* = 2Qcos(y) , second Coriolis parameter
G,_,G_,G,,G = nondimensional functions in eq. (9) on page
u’ " v'a’'"s 187
g = gravitational acceleration, 981 cm SEC_Z
H = xu,/f , internal scale height of the PBL
H' = scale height in Lettau's mixing-length hypothesis
page 48
h = height of the Prandtl-layer, defined by <7(h) = 0.97, ,
pages 66-75
h = Zp s height of the PBL (pages 184-191)
h = Z, height of the point source (page 319)
I = §lch+§ } , averaged internal and potential energqgy
Ix’Iy = Integrals in eqgs.(35a),(35b) on page 203
i, = strength of a surface source [g em™2 sec™t)
i = unit vector in the x-direction
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j o= qw“s" , turbulent vertical flux of water vapor
[g cm? sec™*)

Ji = unit vector in the y-direction

Kh = h/(H f) , nondimensional turbulent diffusion coef-
ficient for heat

K, = km/{H f) , eddy viscosity nondimensionalized by in-
ternal parameters

Kmn = km/(DZf) , eddy viscosity nondimensionalized by ex-
ternal parameters

Ks = ksftﬂzf) , nondimensional turbulent diffusion coef-

ficient for moisture

Kx,K 'Kz = ki/(Hzf} i = x,v,2 , nondimensional turbulent
Y . diffusion coefficient for matter

k = (cp - cv)/ cp = 0,285

k = integer for the vertical steps in the iterative pro-

cedure on pages 227-230

[k = unit vector in the vertical (z-) direction

km = eddy viscosity, turbulent diffusion coefficient for
momentum [cm* sec™]

k,, = turbulent diffusion coefficient for heat [cm2 sec-l]

kS = turbulent diffusion coefficient for the water vapor
[em* sec™]

kh = turbulent diffusion coefficient for the turbulent
kinetic energy [cm® sec™’

x’k ,kz = turbulent diffusion coefficients for matter

Y (for the diffusion in the directions x, y and z)
[cm* sec™]

L = 1/H , nondimensional mixing-length

Ln = 1/D , mixing-length nondimensionalized by external
parameters

L, = =-_c¢ qu./(:c(}q ) , Monin-Obukhov stability length

L, = -c u./{k:f3(q +q » Monin-Obukhov stability
lenBth includina tﬁg latent heat flux (used on pages
184-191)

LMO = L4 , Monin-Obukhov stability-length, used on page 315
I’ = condensation heat per unit mass [cal g -]

1l = mixing-length
1, = asymptotic mixing-length for z——+ oo :
M, Hm = universal function in the resistance law (for mo-

mentum)
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me = Mmfc*' lx' ly] - Hm{E*'O'D) , see page 191

Mh = universal function in the resistance law (for heat)

Ms = universal function in the resistance law (for water
vapor) _

m = coefficient in the Ekman solution, page 45-50 or eq.
(23) page 70; see also n

N = universal function in the resistance law (for momentum)

ON = N{(& ). ) - N{C‘C,O,O) , see page 191

n = power in the stress profile (24), page 71 _

= (f/ZRmE)l/2 , coefficient in the Ekman solution eq.
(15) page 195, see.also m
n = frequency , page 324
P = »(u-u_)/u, , nondimensional velocity defect, x-compo-
| 9 nent

PBL = Planetary Boundary Layer

p = pressure

p = power in the vertical profile of km

p = power in the mixing-length hypothesis by Wippermann,
page 45, = g on page 90

Py = p/r, , nondimensional pressure

Q = x(v-v )/u, , nondimensional velocity defect, y-compo-

nent

Q0 = source strength [g sec™} ] of a point source, in diffu-
sion formula on page 319

oQ* = diahatic heating per unit mass per unit time

[ cal g ''sec ]

q = power in the vertical profile of km , page 39

q = abbreviation for a power in eq. (26) on page 51

a = power in the mixing-length hypothesis by Wippermann
eq. (5) on page 90, = p on page 45

q = 1integer in the iterative procedure, pages 59-62

q = cp Q w" &" , turbulent vertical flux of sensible heat

[cal em™ sec™'] )

R = gas constant, 2.868 10% cm? sec™ 2 grad-1 for dry air

IR = radiative flux |cal . sec t]

Rif = Richardson flux number, page 118

RO

Ro = r@qolfif zD} surface Rossby number
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r/fa , nondimensional concentration from multiple
sources for the direction d of the surface
geostrophic wind

T g3/[b fs) = S , nondimensional concentration of
P dispersed matter from a continuous point sour-
ce, see note on page 313

§$/r, nondimensional concentration of dispersed mat-
ter from a surface source

abbreviation (35) on page 72
abbreviation in eg. (27) on page 52
integer in the iterative procedure, pages 59-62

integer for the time steps in the iterative procedure
pages 227-=-230

concentration of dispersed matter [g cm >

1.

mean concentration of dispersed matter for a fixed
direction of the surface geostrophic wind

concentration of dispersed matter from a continuous
point source

concentration of dispersed matter from a surface
source

i,/(xq u,) , characteristic fluctuation of the con-

centration
Qfs“r , nondimensional content of water vapor
od /(£ P&gof) , external parameter for the thermal

stratification, see eq. (10c) on.
page 187

stability parameter in the hypothesis for km(z) by Ko-
vetz et al., page 38

s 93/(b f5) = R_ , nondimensional concentration of
dispersed matter, see the note
on page 313

abbreviation in eq. (29) on page 52

integer in the iterative procedure (pages 227-230)
moisture (specific humidity or mixing-ratio)
concentration of dispersed matter [ g cm-3}

- jo/T xQ u,) , characteristic fluctuation of the
moisture

A A

Sp = Sq » used in the resistance laws

amount of water vapor condensated (6s < 0) or evapo-
rated (6s > 0); used in the energy equations
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temperature [grad K|
T /7T, nondimensional Reynolds stress
time (independent variable)

)cﬁfu. , nondimensional velocity component in the di-
rection of the surface stress

a[ , nondimensional velocity component in the
g direction of the surface geostrophic wind

unf[w
velocity component in the x-direction

component of the geostrophic wind in the x-direction
(x,/ /2

1:G/u, , nondimensional velocity component in the di-
rection perpendicular to the surface stress

, friction velocity

v /[& ol nondimensional velocity component in the
n g direction perpendicular to the surface
geostrophic wind

x @/u, , vector of the nondimensional wind velocity
velocity component in the y—directioﬁ
component of the geostrophic wind in the y-direction
vector of the wind velocity
vector of the geostrophic wind
vector of the horizontal wind

x w/u, , nondimensional vertical component of the ve-
locity

vertical component of the velocity

x/H , nondimensional horizontal coaqrdinate, used in
chapter 7 only

‘rx/(§ uf) nondimensional stress-component in the di-
rection of the surface stress

T&/( §1&Br§ nondimensional stress-component in

the direction of the surface geo=

strophic wind

2
go| )

horizontal coordinate in the direction of the surface
stress

horizontal coordinate in the direction of the surfa-
ce geostrophic wind '

horizontal coordinate in the direction of the mean wind

(used in chapter 7 only)

= distance of the maximum ground concentration from
the source, used in chapter 7 only
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y/H , nondimensional horizontal coordinate, used in
chapter 7 only

v,/ uf) nondimensional stress component in the di-
y rection perpendicular to the surface stress
T}./(ﬁ KBIQ nondimensional stress-component in

the direction perpendicular to the
surface geostrophic wind '

horizontal coordinate perpendicular to the surface
stress

2
go|

horizontal coordinate in the direction perpendicular
to the surface geostrophic wind

horizontal coordinate in the direction perpendicular
to the mean wind (used in chapter 7 only)

z/H vertical coordinate nondimensionalized by inter-
nal parameters

z/D vertical coordinate nondimensionalized by exter-
nal parameters

( x Cg R*:)t__!)“1 , nondimensional roughness=length

vertical coordinate

height of a point source

height where the wind w, for the first time has the
direction of the geostroBhic wind (for barotropic
cases only) _

roughness=length
height above which Rossby-number similarity exists

upper boundary for the km(z)-hypothesis by Rossby,
see pages 35-36

angle between ‘&g and T '
cross—-isobar angle {betweef Vgo and '!OJ
ang}'e between W= \G’go and w

g/ <

undetermined constant, pages 175-176
abbreviation in eqg. (9c¢), page 60

abbreviation according to eq. (33c), page 228
factor in the (log + linear) profile, page 212

factor in the linear dependence of @m on the stra-
tification, page 102 ’

angle between Voo and ﬁ%ﬁ

go
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-

5 = displacement thickness of the boundary .layer

) ,bz = exponents in expressions for 1. , eq.(8), p 182
Ei = E.x;/(f u%) the rate of kinetic energy dissipated

per unit volume per unit time, nondi-
mensionalized by internal parameters

€ = rate of kinetic energy dissipated per unit volume
- per unit time, [cm? sec"®]
index m for the kinetic energy of the mean motion,
index t for the turbulent kinetic energy
th = uff/icz dissipation rate for nondimensionalization
[cm?* sec-?]
§ = z/z_ nondimensional vertical coordinate
N = angle between T and T, (pages 66-75)
n = (@2 = Z2,) /K, r abbreviation on pages 129-135
Nygs = x¥f dw_/dz-( v o)o External parameters
Nyv = KYE [k - {\Ggo)o‘x d @g/dz] for the baroclinicity
® = ~/% nondimensional potential temperature
? = T (pO/p}k , potential temperature
> = a (potential) reference temperature
Jy = - qo/Pm c ﬁ u,) , characteristic fluctuation of the
P temperature
Yo = - (q, + g, )/(xc §u,) , here the turbulent flux
P of latent heat is included, pages
184-191
X = 0.4 , von Karman's constant )
A = Pw 0]/f , external scale height of the PBL, pages 184-
g 191, see also D
A = x3IWgo,2x((s &8 ) external stability length, see eq.
(17b) on page 330
A = factor in the stress-profile (26a) on page 71
lx = x*/f A w_/dz +( @']o Internal parameters
}‘y = xYf Ik - “To}o v d {rg;’dz] for the baroclinicity
4 -1 -1

= viscosity, 1.81 10 g cm — sec — for air at 20°C
= factor in the stress-profile (25a) on page 71

= H/L, , internal parameter for the thermal stratifi-
cation

= t‘(qo'min) , See pages 181-182

= (+/3 . kinematic viscosity, 0.15 cm® sec™l for air
at 20°c

*

- "¢ 7%

<
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v = power in the stress-profile (25a) on page 71
Yy = coefficient of molecular heat transfer [cm2 sec-l]
yg = molecular diffusion coefficient for water vapor
[em?* sec-*] _
= 1og10{2) , on pages 59-62, 227-230
q = density
@h = z/9, d9/dz = 2 d©/dZ , nondimensional function
for the temperature pro-
file in the surface lay-
er :
¢, = x2z/u.du/dz = 2 dU/dZ nondimensional function
for the wind shear in the
surface layer
® = geopotential [cm? sec”™?)
® = abbreviation in eq. (48) on page 75
= geographical latitude
S Gy G, = universal functions in eqgs. (15a)-(15d)
Fur fvr fo' Fs page 189
(n), (n), (n) = spectral density functions (n =
box- ‘\fy 502_ frequency), page 324
Y = Et/km used in the mixing-length hypothesis page 44
Y = angle between -~ ( w- @g) and T , pages 66-75
' ’ ’ = universal functions in the eqgs. (14a) -
Yur Yvr ¥s '¥'s (14d), page 188
o = P 6{}/(r§go\ f) external parameter for the thermal
stratification, see also S
o‘x, (o = mean square deviations of particles, diffusion
Y parameter, see page 319
T = - gw" w" , Reynolds stress
{2 = vector of the angular velocity of the earth
L = ngf = 7.29 10_5 sec_l
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Indices
ad = adiabatic
BL = by BLACKADAR

b = for turbulent kinetic energy

E = for Ekman's spiral

F .= by an empirical formula, pages 105-106
g

= qeostrophic; Z_ means the height where the wind w
f8r the first time has the direction

the geostrophic wind

Bs

H, h , th = for heat ; H is used on pages 184-191 only,
th is used as index to C only

h = horizontal

L = for the logarithmic prbfile (pages 100-102)

m = for momentum )

m = for the kinetic energy of the mean motion

s = for water vapor

s = at the sea surface

T = taken at ZT , 1.e. at the top of the PBL

X = the x-component

y - = the y-component

z = the z-component

o = taken at Zy i.e..at the lower boundary

10 = taken at 10 m above the sea surface _

o = as index to 1 means the asymptotic mixing-length

—_—

[ ]

L]

R
-
Il

d(..)/dz , pages 66-75, 129-135
d(..)/dz , pages 66-=75

— =
. .
. .
—
- ¥
o

pages 227-230
d"(..)/3z™ , used on the pages 129-135

—
" .
. -
S e
-
|
Il

final iteration in the iterative procedure on the

normalized by Cg-/cg , see pages 145-150, 234-243

The integers in the several iterative procedures are not
listed in this table.
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Rider N.E. 24
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225

Yagihashi A, 282 295
Yamamoto G. 44 104 172
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Yordanov D. 4 39 51 56 85
89-94 95 99 120-128 131
157 162 177 184-191 202
301-313 323 327 330 ;

36 96

Yasuda N.

Yudin M.I.

Zabransky J. 250
Zaitsev A.S. 247

Zilitinkevich S.5. 1 44 49
50 54 55 89 96 107 108
109 156 157 162 171 172
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308 318 327 330

The authors of the papers lis-
ted in the bibliography on the
low-level jet (pages 151-153)
have not been entered in the
author index.
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